E T l Solutions Manual for . . 
"^. Síngle-Variable Calculus I1- 
with Applications in the Sciences 


Contents 


Applications of Integration 


6.1: Areas between Curves |... hene enne eese sene rne nennen 


6:45 WORK ee erret eese oet reyes idee teri beept eet tvtedeeBésvasene ceo eese Ur 


Techniques of Integration 


Tl: Integration by Parts: uere ettet tee ere isinsi ee ie p n 
7:2; Trigonometric Integrals deer eterne ra Ree pde 
7.3: Trigonometric Substitution |... 
7.4: Integration of Rational Functions by Partial Fractions | ....................... 
7.5: Strategy for Inte gration iecore duo tede rte te ba Reid 
7.6: Integration Using Tables and Technology ........................ ees 
7-1: Approximate Integration’ etre ro cedes Ete pete n Delon 
7.8: Improper: Integrals: «42:22 nei de e io e tiii 


Further Applications of Integration 


8.1: Arc Length. eco tie eere eH IEEE E PPM E EE E eI UP E 
8.2: Area of a Surface of Revolution ................... sese 
8.3: Applications to Physics and Engineering... 
8.4: Applications to Economics and Biology ....................... eese 
8-3: Probability AP 


Differential Equations 


9.1: Modeling with Differential Equations | .................. eee 
9.2: Direction Fields and Euler's Method .......................... eee 
9.3: Separable Equations ................ esee nee 
9.4: Models for Population Growth .................... eene 
9.5: Linear Equations ........s cc eeeeecesceecseecesaeeeeeeeceeeceeecescaeeseeeecneeesseeenenaeess 
9.6: Predator-Prey Systems ............. essen eene 


Parametric Equations and Polar Coordinates 


10.1: Curves Defined by Parametric Equations | ................. ee 
10.2: Calculus with Parametric Curves | ........... eee 
10.3: Polar Coordinates ..............seeeee ee nennen nnn 
10.4: Calculus in Polar Coordinates | ................ eee 
10.5: Conie Sectlons- .. o e oett etra E pea ae 
10.6: Conic Sections in Polar Coordinates .................... eee 


VDE SOQUGNCES © veces deeded EET 
112: Series operire E Ho ERROR ORO ELTON 
11.3: The Integral Test and Estimates of SUMS .................... eee 
11.4: The Comparison Tests |... nennen 
11.5: Alternating Series and Absolute Convergence  ....................... ss 
11.6: The Ratio and Root Tests ............... sese 
11.7: Strategy for Testing Series |... 
11:8: Power Series: iiie n eet feierte ese Led EES itasse ESEE EERS 
11.9: Representations of Functions as Power Series |... 
11.10: Taylor and Maclaurin Series ....................... see 
11.11: Applications of Taylor Polynomials ....................... enn 


809 


809 (e-219) 
819 (e-229) 
830 (e-240) 
846 (e-256) 
849 (e-259) 


871 


871 
876 
883 
897 
907 
916 


e-281) 
6-286) 
e-293) 
e-307) 
e-317) 
6-326) 


a ex eS ex es aS 


935 


935 (e-345) 
955 (e-365) 
972 (e-382) 
988 (e-398) 
1004 (e-414) 
1016 (e-426) 


1039 


L] APPLICATIONS OF INTEGRATION 


Areas Between Curves 


a=2 2 2 
= = ex 2 = 2 
1. @ A= f s (yr — yp) dx T [((3z — z^) — x] dx if (2a — x^) dx 
2 
(b) ; (2x — x?) dz 5 sl (4 :) 0 : 


.A- L [(z? — 3a) — z] dz 4 [e (a? — 3a)| dz symmeny 2 fe — (a? — 3z)] dx 


0 


; A- f. Ie >) | as f (2048) - las 


Oo 
LA 
Lom 

= 
+ 
Oo 
wi = 
Ny 
ud 
ow 
WR 


(1096-5 Ceon 


. By inspection, we see that the curves intersect at x — 0. 


1 
A- f (3* — 2”) dx 
0 


0 1 Be 
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594 CHAPTER 6 APPLICATIONS OF INTEGRATION 


8. By inspection, we see that the curves intersect at x = 1. 


A= f me^ — ln z] dx 


9. The curves intersect when 2 — x = 2x — x 


x? —3r+2=0 (x — 2)(2—1) =0 


x=lorx=2. 


A= f ie z^) — (2 — z)] dx 


10. The curves intersect when y^ — 2 — y 


y ry -2-0 (y? + 2)(y? — 1) 20 


y=+1 


y=(?+2)—(-x-1) 


e - 7 ic 
3t ics ew (3*3) 0 
23 - 
= — Ax 
6 
0 
2 A= f [((2 — x) — (1 + 25)] dz yA 
ES 


y=2-x 


y=(2—x)-(1 +24) 
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SECTION 6.1 AREAS BETWEEN CURVES 


14. By inspection, we see that the curves intersect at 
x= 0. 


1/2 


A= ie — cos x) dz = [e — sin z] 


0 


y=e*—cosx 


Stel sing) (e? — sin 0) 


= (e? — 1) - (1 - 0)] = e? -2 


15. The curves intersect when (x — 2)? = x x? — 4x 4 
(a — 1)(a — 4) =0 z=lord. 


a= fe (a aan = f a” -- 5x — 4) dx 


16. The curves intesect when z? — 4x — 2x x? —62 =0 
A= fp lex — (a? — 4x)] dx 
6 2 2 1,,3]6 V 
= fy (6x x?) dz = [3x iz?) 
= [3(6? — $(6)?] — (0 — 0) 2x — (x? — Ax) 
— 108 — 72 — 36 
A 
Ax 
17. The curves intersect when 1 — y? = y? — 1 2 
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596 CHAPTER 6 APPLICATIONS OF INTEGRATION 


18. 4r +y? — 12andr — y > 4r az? — 12 (x + 6)(a — 2) =0 xz = —6 or x = 2, s0 y = 


2 _ 64 
—-22-3— 3 
19. 12— a3? = xz? — 6 23? = 18 
z3?—9 e r-—-3,so 
3 
A- f [12 — 2?) — (a? — 6)] dz 
23 


3 
= if (18 = 2a") dx [by symmetry] 
0 


= 2[18z — 2a3]° = 2[(54 — 18) — 0] 
= 2(36) = 72 
20. x? = Ar — a? 23? — 4x = 0 
2a(a — 2) =0 x = 0 or 2, so 


aaf [(4x a?) x°] d= f 22?) dx 


= [pa — 30°] =8- B= 


21. 2? =4+y? y? =4 y 


+2, so 


= 2[4y — 39°] = 2(8- $) = € 


22. The curves intersect when f/x —1—z—1 => 
g-l=2?-%+1 & 0-z?-3z42 6 
0 = (a — 1)(x — 2) x -—10r2. 


as |Vz -1- (æ - 1) dz 


2 


-[$G-0^-ic-w-6à-9-0-o-i 


1 
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SECTION 6.1 AREAS BETWEEN CURVES 597 


23. J/2x 3t 2x (iz)? ia? 
16r = z? z? — 16r = 0 
x(a? —16)—0 x = —4, 0, and 4 
By symmetry, 
4 
A= 245 (V2x — $a) dx = 2 [3 (20) — ad 


= 2[(6 — 4) -0] =4 


24. The curves intersect when x? = x r?—-r=0 
x(a? —1) =0 r(x +1)(x—1)=0 
z-—ÜO0orz--rl. 


1 
A= al (x— x°)dx [by symmetry] 
0 


=2[32 — 304] =2(3- 2) =3 


25. VT = ic 


8 


9 16 
= E ie] + [ie $e] 
-[a8- 2) — 0] + [C - 33) - (F - 19] -9 


2n 
=| (2 — 2 cos x) dx 
0 


Qn 
= [2x —2 sinz] 
0 


= (4r — 0) — 0 = 4m 


27. cosx = sin 2x =2sinxcosx <+ 2sinzcosr— cosr —0 <+ cosz(2sinz 1)—-0 e 


= i i z z z 
cosx = 0 or sing 5 x z TT g on [0,3] 


A= Jg (cos x — sin 2x) dx + [js (sin 2x — cos x) dx yA 


1| y= cosx 


/6 /2 


= [sinz + 5 cos 2x] /6 


. T 
+ [-3 cos 2x — sina] 
T 


= [(sin £ + 4 cos £) — (sin + 3 cos 0) | 


+ [( + COs T sin £) (—$ cos 3 sin £)] 
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598 CHAPTER 6 APPLICATIONS OF INTEGRATION 


28. The curves intersect when cosa = 1 — cos x (on [0,7]) <= 2cosz 


7/3 T 
A- f [cos x — (1 — cos x)] ac+ f [(1 — cos x) — cos x] dx 
0 T 


/3 
7/3 T 
=| (cosa —1)de+ f (1 — 2cosz) dx 
0 1/3 
1/3 T 
= [2sinz — 2| 4 [x - 25i] 
0 1/3 


(v3- 2)-0*(-9- (5 


=2/3+ 5 


vs) 


29. The curves intersect when 8cosz = sec? x => 8cos?ry-21 => 


x = $ for0 < x < 5. By symmetry, 
1/3 
a=2 f (8 cosx — sec? x) dx 
0 


7/3 
0 


=2(8- 38 — V3) = (3 v3) 
— 643 


L2 [8sin a — tanz] 


1 


tole 


4a? — 0 
z^(a? — 4) =0 eH 0,8 S 2 


4 LA)? 32 32 
2| Žr’ 5 2 


31. By inspection, we see that the curves intersect at x = +1 and that the 


area of the region enclosed by the curves is twice the area enclosed in 


the first quadrant. 


1 
a=2 f [((2 — x) x] dx = 2[2x ig? 1,5) 
0 


-2[2-3- 5) 


8 cos x — sec?x 
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32 

2_ 2 (2 = 

32. x“ = 244 € z'(x-4232 e 
z^-443?—32—0 e (2? +8)(a? —4) =0 x=+2 
By symmetry, 


33. 


34. 


2 
a= f ( 2 
o Nt +4 
2 
= 2| 16arctan(5) - 524 = 


2] (s6arctan — 5) — o| 
P 3 


T 8 16 
(e. 3 8m 3 


SECTION 6.1 AREAS BETWEEN CURVES 


By inspection, we see that the curves intersect at x = — 1, 0, and 1. 
By symmetry, 
1 1 
A=2 [sin(=*) — al dx = 2 SE cos(=*) — la 
0 2 T 2 4 Jo 
2 m 1 
2] (—= cos 3 i) ( ; 0080) o) 
1 2 2 1 4 1 
=2 2 
e-2)- C$-9] 5-3) 5-1 
p^ e+e” 1/e— e " caseced ucc 
4 — 2coshx = = sinh x 4 of 5 ) at 5 ) 4—e e 1* 1* 
x x =r x 1 x 1 —c x 2x 2x 2a x 
4e” (4 — e — e?) = 4e i ae 16e* — 4e 4=e 1 5e 16e” +3 =0 
(5e* — 1)(e* — 3) 20 e =i ore =3 z—lng In5 or z 2 in3 
ln3 1 ln3 
A= f fia- 20osha) — 5 sinha dx = [4x - 25h - gehe] 
— n5 —1n5 


‘| 


In3 _ e ins el^3 4 e ins —1nn5  ,ln5 —1n5 In 5 
ody get uev. Tl ies S rig eee yf es 
2 2 2 2 
1 1 1/1 
- ams- (s " TE is ee 
= 4ln15— 7 
yA 
2 


y=4-2coshx 
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35. l/r— x 1-z? x= +land1/z= pr xw 


A—z? & x«=+2,soforr>O0, 


211 , 2 
= [$27], + [nle] - $27], 
= $ + (In2- 3) - (0- 1) 21n2 
36. ixr? = 7-3 e a7 +4r-12=0 e (x46)x-2)-0 r = —6 or 2 and 2z? 2-143 6 
23? +z-—3=0 (2z 4-3)( — 1) 20 x = —$ or 1, so for x > 0, 


1 2 
A= f (22-40%) ae + f [(-a +3) — 3a?] dz 
0 1 


-45t(-$-246-(-5-3*3)-3 
37. (a) Total area = 12 + 27 = 39. 
(b) f(x) € g(x) for0 € x € 2and f(x) > g(x) for2 € x < 5, so 


Jo Uf (x) — g(a) dz = fo (f (x) — 9(x)] da + f; (f(x) — g(x)] dz 
= — fe lg(z) — f(a)] dz + [7 (f(x) — g(z)] dz 


= - (12) 27 = 15 
x x 
38. = z—0 or Vl+2? = v9 -— r? 
Vl+a2  y9—2? 
l+a?=9-2? 23? = 8 a? —4 x =2 (r0). 
2 2 
x x 
A= dx = |a 9-2? | 
i Ge a) 0 
= (V5 + v5) — (12-3) = 2/5—4 
39 E á r+ =r +t e rsr © 
1-62? 1423 
0=7°-r 0 = z(x — 1) z—Ü0orz-l. 
iel (2 zx scit jy ^ 
D TS eas z [i n(l+a°)—3 n(l+2°)], 


= ($132— iIn2) — (0-0) = į In2 
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SECTION 6.1 AREAS BETWEEN CURVES 601 


2 

40. mr das) © Inz- (Inz)? 0 = (Inz)? - Inz » 

x £ 14 
0-—1nz(Inz—1) & Ine=O0orl & z= ore’ [lore] 

efling (Ina)? 2 3]* 0 

(=o) - 0553 3j 


41. An equation of the line through (0, 0) and (3, 1) is y = 2; through (0, 0) and (1,2) is y = 2z; 
through (3, 1) and (1,2) is y = — iz + 3. 


y--lx43 

1 3 1 2 
= | §ede+ f Cie $) de= [$a], + se + pa]? ysi 
=§+(-#+8)-(CH+8)=3 27 


42. An equation of the line through (2,0) and (0,2) is y = —a + 2; through (2,0) and (C1, 1) is y = — ic + 3; 
through (0, 2) and (—1,1) is y = x + 2. 


0 2 
A- f (e«3- C32 9) ne | (02 - (he §)] ae 


— [242 1 47]? 1.24 
= [32° + $2], + [78 + 32], 
salpa? 
-0--2«C1«-0-2 ied 
43. The curves intersect when sinx = cos2x (on [0, 7/2]) sinr—-1-—2sin?r © 2sin?r-Fsinr— 1-0 
(2sinz — 1)(sinz + 1) = 0 sing = 4 L=% 
7/2 
A= f [sin x — cos 2z| dx 
0 
7/6 7/2 
sy (cos 2x — sin x) ac+ f (sin z — cos 2x) dx 
0 1/6 
= [4 sin 2x + cosa]"/° + [- cosg — 4 sin 2a] 7/5 
= (3 V3 + 3 v3) - (0+1) + (0-0) — (-3 v3- ł v3) 
ERE 
-8/3-1 
1 0 1 
44. A- f ia —2*| d= f Qr-s)dr+ | (3° — 2”) dx 
—1 —1 0 


~ [In? In? ]_, |h3 In2], 


1 j 1 1 (3 2 1 1 
ln2 n3 212 31n3/ Vln3 In2 I3 1n2 


|.2—-1—-44-*2., —3-t-1-9-3 4 1 
21n2 31n3 3ln3  21n2 
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602 CHAPTER 6 APPLICATIONS OF INTEGRATION 


From the graph, we see that the curves intersect at x = 0 and x = a & 0.896, with 


z sin(z?) > z^ on (0, a). So the area A of the region bounded by the curves is 
A= f [z sin(z?) — a] dz = [-3 cos(z?) — UM 
0 


= —1cos(a?) — £a? + 5 0.037 


46. From the graph, we see that the curves intersect (with x > 0) at x = 0 and 


x = a, where a ~ 1.052, with z/(x? +1)? > z? — z on (0, a). The area A 


of the region bounded by the curves is 


id T 5 1 1 1 6 1 2 
A= d . 
/ le . J i | 2 3.1 8" 3j, 


& 0.59 


47. From the graph, we see that the curves intersect at 


y-3x!-2x z 
x =a 7% —1.11,x = b ~ 1.25, and z = c z 2.86, with 


a? — 3x + 4 > 3x? — 2x on (a, b) and 32? — 2x > z? — 3x +4 


n (b, c). So the area of the region bounded by the curves is 


A-f [(2? — 3x + 4) — (32? — 22] ac+ f [(32? — 22) — (x? — 3x + 4) da: 


b c 
=f (a? — 32? -x4 ajast f (=r? +32? +” — 4) dz 
a b 
= [iz* -zr — æ? + Ae]? + [-iz* +r? + iz? — 4x]; = 8.38 


From the graph, we see that the curves intersect at x = a ~ 0.29 and 


x = b ~ 6.08. y = 2 /z is the upper curve, so the area of the region bounded by 


the curves is 


b 
Aw f (2vz- 137) dx = Eá Liia agt 
a n a 


Graph Y4-2/(1*x^4) and Y2-x^2. We see that Y4 > Y2 on (—1,1), so the 


1 


AE 2 : ; 
area is given by f (= = 2 dz. Evaluate the integral with a 


=i 
command such as £nInt (Y4-Y2,x, -1, 1) to get 2.80123 to five decimal 


places. 


Another method: Graph f(x) = Y4-2/(1*x^4)-x^2and from the graph 


evaluate f f(x) dx from —1 to 1. 
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50. 


51. 


52. 


53. 


54. 


x = c X 0.607946. 


& 1.70413 


As the figure illustrates, the curves y = x and y = x? — 6a? + 4x 
enclose a four-part region symmetric about the origin (since 

a? — 6x? + Av and x are odd functions of x). The curves intersect 
at values of x where zx? — 6x? + 4x = zx; that is, where 


z(z^ — 6x? + 3) = 0. That happens at x = 0 and where 


The curves intersect at x = +1. 


SECTION 6.1 AREAS BETWEEN CURVES 603 


1 2 
A= I (e! * — z^) da ~ 3.66016 


The curves intersect at x = 0 and x = a © 0.749363. 


A= I (Vz — tan?z) da ~ 0.25142 
0 


The curves intersect at x = a zz —1.911917, x = b ~ —1.223676, and 


b Ç 
A= f [(z + 2sin*z) — cos z] dx + / [cos a: — (x+ 2sinz)] ds 
a b 


y=x— 6x + 4x 


idco nm Cl Cay ot re V3 + V6, V3 V6, 0, /3 — V6, and \/3 + V6. The exact area is 


[(z? — 62? + 4x) — x| dz =2 


[e 


0 


3— V6 v 34 v6 
=a (a - 60" +32) de +2 | 
0 v 3-V6 


The inequality x > 23? describes the region that lies on, or to the right of, 

the parabola x = 2y”. The inequality x < 1 — |y| describes the region 
1—-y ify20 

that lies on, or to the left of, the curve x = 1 — |y| = f 
l+y ify<0 


So the given region is the shaded region that lies between the curves. 


|a? — 6a? + 3a dx 


(—a? + 62° — 3x) dx 


[continued] 
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604 CHAPTER 6 APPLICATIONS OF INTEGRATION 


The graphs of x = 1 — y and x = 23? intersect when 1 — y = 2y? © 


2j) +y—-1=0 (2y—1)(y-1)20 = y= [fory > 0]. By symmetry, 


A= RP [0-9 - 3] dy = [Hh - by? e^ -2( 08 39 - 6] =H) = SB 


a 


55. 1 second = ai; hour, so 10s = 35 


E h. With the given data, we can take n — 5 to use the Midpoint Rule. 


At = M360-0 _ 1 


5 . — T800? 50 


distance Kelly — distance chris = form vk dt — TAS vc dt = qM (vx — vc) dt 


~ Ms = zg (v — vc)(1) + (vx — vc)(3) + (vx — vc)(5) 
+ (vx — ve)(7) + (vx — vc)(9)] 


= daga [(22 — 20) + (52 — 46) + (71 — 62) + (86 — 75) + (98 — 86)] 


= gpg (2 +6494 114 12) = 355 (40) = db mile, or 117} feet 


56. If x = distance from left end of pool and w = w(x) = width at x, then the Midpoint Rule with n = 4 and 


= ig 
Ar = b x a 1 ae 4 gives Area = Ju w dz zz 4(6.2 + 6.8 + 5.0 + 4.8) = 4(22.8) = 91.2 m?. 


57. Let h(x) denote the height of the wing at x cm from the left end. 


200 — 0 
5 


= 40(20.3 + 29.0 + 27.3 + 20.5 + 8.7) = 40(105.8) = 4232 cm? 


Ax M; = 


[h(20) + h(60) + h(100) + h(140) + h(180)] 


58. For 0 < t < 10, b(t) > d(t), so the area between the curves is given by 


10 10 10 
/ b(t) - d(t)] dt = / (220099024 _ 1460e°-°18*) dt = | 2200 cO. 024t _ 1460 po 
0 0 


0.024 0.018 i 


Hu (275.00 ,o34 _ 730,000 2 (zm 730,000 


Rd l 
3 9 3 9 ) 8868 people 


This area A represents the increase in population over a 10-year period. 


59. (a) From Example 8(a), the infectiousness concentration is 1210 cells/mL. g(t) = 1210 < O.9f(t)=1210 <= 
0.9(—t)(t — 21)(t + 1) = 1210. Using a calculator to solve the last equation for t > 0 gives us two solutions with the 
lesser being t = t3 ~ 11.26 days, or the 12th day. 

(b) From Example 8(b), the slope of the line through P; and P» is —23. From part (a), Ps = (t3, 1210). An equation of the 
line through P3 that is parallel to PiPj;isN — 1210 = —23(t — t3), or N = —23t + 23t3 + 1210. Using a calculator, we 
find that this line intersects g at t = t4 ~ 17.18, or the 18th day. So in the patient with some immunity, the infection lasts 
about 2 days less than in the patient without immunity. 


(c) The level of infectiousness for this patient is the area between the graph of g and the line in part (b). This area is 


ta 17.18 
| LO — (—23t + 23ts + 1210)| dt = f (—0.9t? + 18t? + 41.9t — 1468.94) dt 


t3 11.26 


17-18 
- [—0.225¢4 + 6t? + 20.95t? — 1468.94t| ~ 706 (cells/mL) - days 
11.26 
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SECTION 6.1 AREAS BETWEEN CURVES 


60. From the figure, g(t) > f(t) for 0 < t < 2. The area between the curves is given by 


fo lot) — FA] at = fe [(0-17£? — 0.5t + 1.1) — (0.735 — 2t? + t + 0.6)] dt 


2 
= f (—0.73¢? + 2.17t? — 1.5t + 0.5) dt 
0 


2 


= [- + 217 oe 0.75t? + 0.5t 
4 0 
= —2.92 + a 3--1— 0 = 0.86 = 0.87 


Thus, about 0.87 more inches of rain fell at the second location than at the 


first during the first two hours ofthe storm. 


605 


61. We know that the area under curve A between t = 0 and t = x is ff va(t) dt = s(x), where v(t) is the velocity of car A 


and sa is its displacement. Similarly, the area under curve B between t = 0 and t = v is fọ va(t) dt = sp(a). 
(a) After one minute, the area under curve A is greater than the area under curve B. So car A is ahead after one minute. 


(b) The area of the shaded region has numerical value sA(1) — sp(1), which is the distance by which A is ahead of B after 


1 minute. 


(c) After two minutes, car B is traveling faster than car A and has gained some ground, but the area under curve A from t — 0 


to t = 2 is still greater than the corresponding area for curve B, so car A is still ahead. 


(d) From the graph, it appears that the area between curves A and B for 0 € t < 1 (when car A is going faster), which 


corresponds to the distance by which car A is ahead, seems to be about 3 squares. Therefore, the cars will be side by side 


at the time x where the area between the curves for 1 < t < x (when car B is going faster) is the same as the area for 


0 X t € 1. From the graph, it appears that this time is x ~ 2.2. So the cars are side by side when t ~ 2.2 minutes. 


62. The area under R' (x) from x = 50 to x = 100 represents the change in revenue, and the area under C” (x) from x = 50 
to z — 100 represents the change in cost. The shaded region represents the difference between these two values; that is, the 
increase in profit as the production level increases from 50 units to 100 units. We use the Midpoint Rule with n — 5 
and Az = 10: 
Ms = Az([R' (55) — C'(55)] + [R (65) — C'(65)] + [R' (75) — C' (75)] + [R' (85) — C’(85)] + [R' (95) — C"(95)]) 
= 10(2.40 — 0.85 + 2.20 — 0.90 + 2.00 — 1.00 + 1.80 — 1.10 + 1.70 — 1.20) 
— 10(5.05) — 50.5 thousand dollars 


Using M; would give us 50(2 — 1) = 50 thousand dollars. 
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To graph this function, we must first express it as a combination of explicit 


functions of y; namely, y = +x yx + 3. We can see from the graph that the loop 
extends from x = —3 to x = 0, and that by symmetry, the area we seek is just 


twice the area under the top half of the curve on this interval, the equation of the 


top half being y = —x x + 3. So the area is A = 2-52 (= yz ++ 3) dx. We 


substitute u = x + 3, so du = dz and the limits change to 0 and 3, and we get 


A=-2 Jo [(u wd 3) /u] du = =2 H EN 3u/?) du 


= ca [B — mer] = -2[( vB) - 2(8 v8)] = # v3 


We start by finding the equation of the tangent line to y = x? at the point (1, 1): 
y' = 2x, so the slope of the tangent is 2(1) = 2, and its equation is 
y — 1 = 2(a — 1), or y = 2x — 1. We would need two integrals to integrate with 


respect to x, but only one to integrate with respect to y. 


1 
A= fo [Fy +1) - vy] dy = |? + dy - T 


By the symmetry of the problem, we consider only the first quadrant, where 


y=r > r= Vy. We are looking for a number b such that 


b 4 b 4 
] Vit f vow > ap = 
0 b 
p3/2 = 43/2 _ 93/2 2535/2 —g 53/2 = 4 b = 47/3 2259. 
a 4 
e EM E i d pues aud 5 2 gut 
£ a zo. a | 4 a 4 a 5 


(b) The area under the curve y = 1/z? from x = 1to x = 4 is i [take a = 4 in the first integral in part (a)]. Now the line 


y = b must intersect the curve x = 1/,/y and not the line x = 4, since the area under the line y = 1/ 4? from z = 1 to 
x = Ais only i which is less than half of 2. We want to choose b so that the upper area in the diagram is half of the total 


area under the curve y = 1/a? from x = 1 to x = 4. This implies that 


RüMS-)4-ii  By4-iP > 1-3»9e-b > 3 
b — 2 vb 4- Š = 0. Letting c = Vb, we get c? — 2c + $ =0 > 

8c? — 16c + 5 = 0. Thus, c = 1653758 1899 14 Y8 Butc=Vb<1 > b 
c=1- £ b= =1+ 8 -— = 1 (11 — 4v6) = 0.1503. i 
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70. 


SECTION 6.1 AREAS BETWEEN CURVES 


We first assume that c > 0, since c can be replaced by —c in both equations without changing the graphs, and if c = 0 the 
curves do not enclose a region. We see from the graph that the enclosed area A lies between « = —c and x = c, and by 


symmetry, it is equal to four times the area in the first quadrant. The enclosed area is 


A=4f> (c? — x?) de =4[c?x iz = 4(c? — tc) = 4(28) = $° 
So A = 576 Sc? = 576 cĉ = 216 c= 7/216 = 6. 
Note that c = —6 is another solution, since the graphs are the same. 
Yt s y-cos(x - c) It appears from the diagram that the curves y = cos x and y = cos(x — c) 


intersect halfway between 0 and c, namely, when x — c/2. We can verify that 


PN 


this is indeed true by noting that cos(c/2 — c) — cos(—c/2) — cos(c/2). The 


point where cos(x — c) crosses the x-axis is x = $ + c. So we require that 


Jem [cos x — cos(x — c)] dz = 


i d uma cos(x — c)da [the negative sign on 


the RHS is needed since the second area is beneath the x-axis] [sin x — sin (x ole? =—|sin(t—c)T J240 > 
[sin(c/2) — sin(—¢/2)] — [- sin(—c)] = — sin(r — c) + sin|($ +c) - c] € 2sin(c/2) — sinc = — sinc +1. 


[Here we have used the oddness of the sine function, and the fact that sin(7 — c) = sinc]. So2sin(c/2 —1 <= 


sin(c/2) = 4 c/2— $ c 


wla 


Let a and b be the x-coordinates of the points where the line intersects the 


y=8x— 27x? 


curve. From the figure, Ri = R2 => 


Jo: [c — (8x — 272°) | dx = ‘is [ (82 — 272°) — c] dx 


ac — Aa? + 27 q4 = (40? 274 bc) (4a? 27 q4 ac) 


0 = 4p? — Zb" — be = Ap? — 2? ^ — b(8b — 270?) 
= 4b” — 22 — 8b? + 27b* = 8^ — A? 


= P (SL? — 4) 


So forb>0,b° = 32 = b= $. Thus, c = 8b — 270° = 8(4) - 27( 4) = 2 - $ - S. 


The curve and the line will determine a region when they intersect at two or 


more points. So we solve the equation x/(a?++1)=ma => 


r=r(m +m) > r(m?+m)-r=0 > 


z(mz* +m-—1)=0 x=0orma?+m—-1=0 > 
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1— / 1 : ; ; ; 
z-—0orz?-— di x =Q0orr = + 1. Note that if m = 1, this has only the solution x = 0, and no region 
m m 


is determined. But if 1/m — 1» 0 <= 1/m>1 <+ 0< m< 1, then there are two solutions. [Another way of seeing 
this is to observe that the slope of the tangent to y = x/(x? + 1) at the origin is y'(0) = 1 and therefore we must have 
0 < m < 1.] Note that we cannot just integrate between the positive and negative roots, since the curve and the line cross at 


the origin. Since mz and z/(z? + 1) are both odd functions, the total area is twice the area between the curves on the interval 
[o. 1/m-1 li So the total area enclosed is 


p 


0 


2 


| — ma dx = 2[i ln(z? +1) — imz?|v mcs [In(1/m — 1 4- 1) - m(1/m — 1)] - (In1— 0) 


=In(1/m) —1--m —- m-—1nm-1 


APPLIED PROJECT The Gini Index 


area between Land y =a _ d [x — L(z)] dx 
1 


area under y — x 3 


1. (a) G= 


=2 f le- Lede 


(b) For a perfectly egalitarian society, L(x) = x, so G = 2 f. i [x — x] dx = 0. For a perfectly totalitarian society, 


rc) = soG = xL- x-—2|zx = 2(5) =1. 
0 if0<a2<1 i a0 z 


2. (a) The richest 20% of the population in 2016 received 1 — L(0.8) = 1 — 0.485 = 0.515, or 51.5%, of the total US income. 


(b) A quadratic model has the form Q(x) = ax? + bx + c. Rounding to 
six decimal places, we get a — 1.341071, b — —0.411 929, and 
c — 0.028 571. The quadratic model appears to be a reasonable fit, but 
note that Q(0) Z 0 and Q is both decreasing and increasing. 


1 
(c) G = 2 f [x — Q(x)] dx ~ 0.4607 


Q(x) = ax? + br +e 
Year 
1980 | 1.149554 | —0.189696 | 0.016179 | 0.3910 The Gini index has risen 
1990 | 1.214732 | —0.265589 | 0.020393 | 0.4150 steadily from 1980 to 2016. 
2000 | 1.280804 | —0.345232 | 0.025821 | 0.4397 The trend is toward a less 
2010 | 1.312946 | —0.378518 | 0.026679 | 0.4499 egalitarian society. 
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4. Using TI’s Pur Reg command and omitting the point (0, 0) gives us 


P(x) = 0.83931227:193 154 and a Gini index of 
G=2 So [x — P(x)] dx ~ 0.4591. Note that the power function is nearly 


quadratic. 


6.2 Volumes 


1. (a) yA (b) A cross-section is a disk with radius z? + 5, so its area is 


A(x) = r(x? +5)? = n(x + 10a? + 25). 


ob V= L A(z)dz = i m (^ + 10x? + 25) dz 


3 3 
(c) f n (x^ + 10a” + 25) dz = Ja 3142594 262] = (22 + 90+ 75) ase 
0 5 3 A 5 5 
2. (a) » (b) A cross-section is a washer (annulus) with inner radius ic and outer 


Z^ radius 4/z, so its area is 
A l Ala) =1[(VE} - (32)'] = #(@- 1&5. 


3. (a) ^ (b) y a? +1 y—-1-22? x = 4/y — 1. Therefore, a 


17 cross-section is a disk with radius ~/y — I, so its area is 
2 
Sees eee Aly) 2 1(4y—1) = a(y—1)?”. 


v= f awu f sti - 


1 


(c) 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


609 


610 CHAPTER 6 APPLICATIONS OF INTEGRATION 


4. (a) i (b) y = x/2 xz = 2y; y = 2/x x = 2/y. A cross-section 


is a washer (annulus) with inner radius 2/y and outer radius 2y, so its 


v5 


7T.8y—a? > zz-—.8yfor20;y—.yx > r-—y^|fory0. 


y^ = Vy y^ = 8y y* — 8y =0 y(y? — 8) =0 
y =Oory =2. 


v= fv) - uv dy 


8. (z—2)? 2 x 4-10 r?’ —4r+4=r+10 » 
z?—5r—6-50 > (r-1)(x—-6)20 = 


x=-lorr=6. 


6 
y- f LC 10)? — [(a — 2)?]?} dz 
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= rf [(sin a + 2)? — 27 da 
0 


10. y — Vr > x=y'? fory>0. 


V = fe «[(6 — y?)? — (6 — 4?] dy 


11. A cross-section is a disk with radius x + 1, so its area is 
A(x) = n(z--1) = n(x? + 2x +1). 


V = f? A(x) dx = fo n(z? + 22 + 1) dz 


[da +27 +a] 


n($+4+2) = 307 


TUN ] 3 . 1 
12. A cross-section is a disk with radius z so 


13. A cross-section is a disk with radius /z — 1, so its area is A(x) = n (Vx T)? =q(x-—1). 


1)] = 8r 


5 5 
r=] Ala) de = f n(z — 1) de = r|}? - a]? = r[(2 —5) - (à 
1 1 
y yA 
y=vVx-1 
P E 
0| 1 y-0 5 x 0 
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14. A cross-section is a disk with radius e”, so 


its area is A(z) = n(e*)? = ne?*. 


15. A cross-section is a disk with radius 2 Vy , SO its 


area is A(y) = z(2 vs). 
v= [ awav= [a(evuy tun f vay 


= 4m liy] = 2r (81) = 1627 


16. A cross-section is a disk with radius $y”, so its 


17. A cross-section is a washer with inner radius iy and 


outer radius Jy. , SO its area is 


V= fo rly- iy?) dy =r- i], 


= n{(8— 38) - 0] = $ 


m 


18. A cross-section is a washer (annulus) with inner radius 
2 and outer radius 6 — x”, so its area is 


A(x) = n((6 — x”)? — 22] = n(x* — 12x? + 32). 


2 2 
V= f A(a) dx = 2 f n(a* — 122? + 32) dz 
-2 0 


2 
= 2n | 15 — 42° + 32a 
0 


= In(# — 324 64) = 27 (192) = 3896 
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19. A cross-section is a washer with inner radius z? and outer radius Jz, so its area is 


A(x) = (ve) = e» = n(x — a5). 


20. 
m(y*)? = 1(4—4y? - y* — y). 


A(y) = 1(2- y?» 


-x-itib-Q-nT0R)-a 


21. 
A(z) = (17 a? - (1- vey 
z)-—m x x 
= q|(1 — 2a? + zt) — (1-2 /z + z)] 
= q (zf — 22? + 2/7 — 2). 
V= m A(x) dz = fo n(a* — 22? + 221? — x) dx 
1 
= a|r" - 30° eda a) 
-"($-$*$-3)—- 307 
22. 


A(x) = (a? -- 3? — 1(4)? = n(a8 + 6x3 — 7). 


2 2 
V= f A(x) dz = T n(a® + 62? — 7) dx 
1 1 
2 
7 1 


= viz + žr’ — Ta] 


= a [(3$ +24- 14) - (3 + 


A cross-section is a washer with inner radius y4 and outer radius 2 — y’, so its area is 


SECTION 6.2 VOLUMES 


613 


Y 


*v 


A cross-section is a washer with inner radius 1 — ,/z and outer radius 1 — z?, so its area is 


A cross-section is a washer with inner radius 1 — (—3) = 4 and outer radius x” — (—3) = x 


3 


+ 3, so its area is 
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23. A cross-section is a washer with inner radius (1 + sec x) — 1 = sec x and outer radius 3 — 1 = 2, so its area is 


A(x) = «|2? — (secz)?] = «(4— sec? x). "D»-3 


(5.3) (3.3) 

n/3 n/3 
V= Ala) de = | (4 — sec? x) dz y=1+ secx 

—71/3 —n/3 

n/3 
—2m i (4— sec? x) da: [by symmetry] — qp yet 
0 
n/3 à + > 
= 2n [4x — tana] =2n|(= V3) 0] 0 x 
0 


A(x) = (cos. +1)? — (sing + 1)?| yA yA 


= m(cos? x + 2cosz — sin? z — 2sin x) 


= m(cos2x + 2cosz — 2sinz). 


v= fo" A(x) dz = oe m(cos 2x + 2cosz — 2sin x) dz 0 = x 
Te ee zz 
0 y 


=n[(4+V24+ V2) —(0+0+2)] = (2/2- 3) 


= 7|3 sin 2a +2sinz + 2 cos] 


25. A cross-section is a washer with inner radius 2 — 1 and outer radius 2 — 3/y, so its area is 


Alu) = [8 - yy» - 2-1] =2[4-499 + Vv? - 1]. 


1 1 i 
v=/ Aly) dy = f m(3— 4 e y?) dy = n [By — 39 + $^] — (3 34-2) = £r. 
0 0 


26. For 0 < y < 4, a cross-section is a washer with inner radius 1 — (—1) and outer radius 2 — (— 1), so its area is 


A(y) = «(37 — 2?) = 5r. For 4 < y < 1, a cross-section is a washer with inner radius 1 — (—1) and outer radius 


1/y — (—1), so its area is A(y) = m[(1/y + 1)? — (2)?] = n(1/y? +2/y+1—4). 


yA i yA 
xy=1 
x=-1 x=-li 


h 
p 


[continued] 
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1/2 : 1 2 1/2 1 
v-f ordy + f (+23) w= 5r f] +|- 4 2iny— 34) 
0 1/2 y y 0 y 


(-2--21ni — 3)] E $T mn(-i + 21n2) 


= 5r(5 — 0) +2[(-1+0-3)- 


= (24+ 2In2)r = 2x(1 + In2) 


27. From the symmetry of the curves, we see they intersect at x = i and so y? = D. 


washer with inner radius 3 — (1 — y?) and outer radius 3 — y?, so its area is 


yz 


-= (24 9?y!] 
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1 


1/2 


£i. A cross-section is a 


(3 
os 6y? + y^) — (4 + 4y? + y*)] 
(5 — 10y?). 


-A/2 yx 


Y 


3 


28. For 0 € y < 2, a cross-section is an annulus with inner radius 2 — 1 and outer radius 4 — 1, the area of which is 


Ai(y) = «(4 — 1? — «(2 — 1}. 


1y* 


radius 4 — 1, the area of which is Ao(y) = «(4 — 1)? — «(y 


V= fA y)dy — 7 fe [(4 — 1)? 


OR m 


- (2-1)]dy f; [4 - 1? - 


= 167 + n |8y +y- iy 


29. Rı about OA (the line y = 0): 
1 1 1 
V= f A(x) dx = T n(x)? dx = 7 EJ — im 
0 0 0 
30. 9t, about OC (the line x = 0): 


1 i 
1 
v= f Awiw | -dury o o7 3) = n 
0 0 


31. 9t; about AB (the line x = 1): 


(y — 1)?] dy 


For 2 € y < 4, a cross-section is an annulus with inner radius y — 1 and outer 


" 
D 


jl 


j 


H 


l 


Ni 


i 1 1 
1 
vaf A(y)dy = f sa - y dy- s | (1 - 2y - y?) dy 2 |y -y + $^], = $n 
0 0 0 
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32. Rı about BC (the line y = 1): 


v=[ A(a)ae = f m(1 —0)* — (1 o))|de=n | a-Q- 2e )] dx 


1 
=f ( x? + 22) de = r[- 3a? c a?]! = n(-2 +1) = 2n 
0 
33. Rə about OA (the line y = 0): 
1 1 E 1 1 
v=f A(a) de = | rli? - (92) Je] (1— 2") dz = n [s — $4? =n(1—#)=49 
0 0 0 
34. Rə about OC (the line z = 0): 
: i 442 z 8 1,911 1 
va Aly) dy = f nily") Iy- | y dy-mn[gy ]; = $7 
0 0 0 
35. Rə about AB (the line x = 1): 


v=f A(y)ay = f nf? - 1 — lay =x f [1 — (1 — 2y* 4-5] dy 


1 
=n f oy y®) dy = [B5 — 1]! = «(2 - 1) = Ba 
0 


36. Rə about BC (the line y = 1): 


37. Rz about OA (the line y = 0): 


1 


v= f Aca f [Gm - o] n f — nas [12^ 12°] iO ciu. 


0 


Note: Let R — 9t1 U Ro U Rz. If we rotate R about any of the segments OA, OC, AB, or BC, we obtain a right circular 


cylinder of height 1 and radius 1. Its volume is 7 r?h —m (1)? -1 = 7. Asa check for Exercises 29, 33, and 37, we can add the 


1 


answers, and that sum must equal 7. Thus, 37 + ir + ir =T. 


38. Rz about OC (the line x = 0): 


1 1 1 
1 
V= f A(y) dy =| nly” — (y*]dy = rf Q? -y)dy 2 «[3y? - $^], = n($ - 3) = 3a 
0 0 0 
Note: See the note in the solution to Exercise 37. For Exercises 30, 34, and 38, we have im + im + am —. 


39. Rz about AB (the line x = 1): 


v= f a9 - fa Scusa ce [1-39 ar 
0 0 0 


oun 
| 


t +1) = Ër 


il 
1 
=n | (y? — 2y* — y? + 2y) dy = m[Sy? — 2y° — $? +7], — «(8 45 
0 


Note: See the note in the solution to Exercise 37. For Exercises 31, 35, and 39, we have iT + is T + i T =T. 
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40. Rz about BC (the line y = 1): 
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s x) dx = fis -zy?-(1-4zy)ldx-m ] — 2z + 22) — (1 — 221/44 21/?)| da 
v= f awa f "a y-(- vz) Jd fu 2c +0?) — (1-204 a! 


1 1 
=z f (2? — 22 — s? + 22!) de = nis? — a? — 83 + ga] -n( 
0 


41. (a) About the x-axis: 


1 1 
v-f ne" Pde = an | e ?* de [by symmetry] 
zi 0 
& 3.75825 
(b) About y = —1: 
1 
v-f a fje” - Cof - p- Cor) ac 


—1 


x 2 7 2 
= an f [(e7® +1)? — 1] dz = 27 T (e ?* +2e™” ) da 
0 0 
& 13.14312 
42. (a) About the x-axis: 
1/2 1/2 
V= f n(cos^z)? da = 2n i cos‘ada [by symmetry] 
0 


—n/2 


= 3.70110 


1 


2 8 4 
3+5) =ý 


(b) About y = 1: 


1/2 
V= f v|[(1— 0)? — (1 — cos?z)?] dz 


—n/2 


1/2 
= anf [1 — (1 — 2 cos?z + cos^x)] dx 
0 
1/2 
= 2r f (2 cos?x — cos*x) dx ~ 6.16850 
0 


43. (a) About y — 2: 


r? +4y —4 


y — £V1-az?/À 
v= f«(B- C i-zA)| -(2- IS) pas 


2 
— 2n f 8 /1— x? /A dz ~ 78.95684 
0 
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(b) About z — 2: 
r? —4—4y? x = +,/4 — 4y? 


r? +4y? =4 


v-f«(B-C i-as)] - (2- vica) ay 
= 2r [ SEC dy = 78.95684 
0 


[Notice that this is the same approximation as in part (a). This can be explained by Pappus's Theorem in Section 8.3.] 


44. (a) About the x-axis: 
y—az?^andz?-4?-1 etet=1 gt+e?-1=-0 > 
pit NS yield i EMO oe 

2 2 
a 2 a 
v-f | (v=) - | de = 20 | (1— z? — x*) dz 
—a 0 


& 3.54459 
yA 


(b) About the y-axis: 
a? 1 2 
v-f z (Vy? ay +f (VI-#) dy 
0 a2 
uM 
2 2 


2 


a 1 
=r | yay+n | (1 — y?) dy ~ 0.99998 
0 a2 


45. y = ln(z? + 2) and y = 3 — 2? intersect at x = a ~ —4.091, 


x = b ~ —1.467, and x = c ~ 1.091. 


van | {fin(e® +29)? (vss) baee f Tv) - xa? + 2)]? } de = 89.023 


46. y=1+ ze-7^ and y = arctan x? intersect at x = a zz —0.570 


and z = b z 1.391. 


b 2 
V= r f K + ze 7) — (eretan a”)? dx ~ 6.923 
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50. 


51. 


52. 


53. 


54. 


55. 


SECTION 6.2 VOLUMES 


van | [Its Cl -p- cor) dz » 


y = sin’x 


T qu ?sn?rdz = + S zt 2 (sin xr)? dx describes the volume of the solid obtained by rotating the region 


R= ((x,y) |0 € x € 1/2, 0 € y € sin x} ofthe xy-plane about the x-axis. 


T ie ? 6" dy =r S 2 (e)? dx describes the volume of the solid obtained by rotating the region 


R= ((z,y) | O € x € 1n2, 0 € y € e”} of the zy-plane about the x-axis. 


T Ja (a* — x8) dy = 7 Jo [(x?)? — (a3)?] dx describes the volume of the solid obtained by rotating the region 


R= {(x,y) |0 < £ < 1, £? < y < x°} of the xy-plane about the z-axis. 


nf x (1 — y?)? dy describes the volume of the solid obtained by rotating the region 


R= {(x,y)|-1<y<1,0< x< 1-— y?’} of the xy-plane about the y-axis. 
4 4 2 
T / ydy—m T (vv ) dy describes the volume of the solid obtained by rotating the region 
0 0 
R= { (2, y)|0<y<4,0<a< vu} of the xy-plane about the y-axis. 
E 2 
T f |2? - (3- Vz) | dx describes the volume of the solid obtained by rotating the region 
1 
R= {(x,y) l1€z€43-Vr&Ey& 3} of the zy-plane about the x-axis. 


There are 10 subintervals over the 15-cm length, so we'll use n = 10/2 = 5 for the Midpoint Rule. 
V = fo? A(z) dz = Ms = 35-9 [A(1.5) + A(4.5) + A(7.5) + A(10.5) + A(13.5)] 

= 3(18 + 79 + 106 + 128 + 39) = 3- 370 = 1110 cm? 
V = fo? A(z) dz ~ Ms = 19=9[A(1) + A(3) + A(5) + A(7) + A(9)] 


= 2(0.65 + 0.61 + 0.59 + 0.55 + 0.50) = 2(2.90) = 5.80 m? 
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57. 


58. 


59. 


CHAPTER6 APPLICATIONS OF INTEGRATION 


(a) V — fj^ m [fE]? dz = 73972 (UG)? + FOP? + LEP + UI?) 


& 2r |(1.5)? + (2.2)? + (3.8)? + (3.1)?] e 196 units? 
(b) V= Js x | (outer radius)” — (inner radius)?] dy 
~ m 49 ([(9.9)? — (2.2)?] + [(9.7)? 


=~ 838 units? 


315 


(3.0)?] + [(9.3)? — (5.6)?] + [(8.7)? — (6.5)?] } 


(a) V — y | (az? + bz? + cx + d) "ur dx S 29a: E Bact 330 F hee por {5a Pleat t 3/30" eee (2 u 5d*) l 2 


—1 


(b) y = (—0.06a? + 0.04z? + 0.1a + 0.54) /1 — 2? is graphed in the 


figure. Substitute a = —0.06, b = 0.04, c = 0.1, and d = 0.54 in the 


cas 37697 


f rt t t = z 1.263. 
answer for part (a) to get V 9375 63 


We'll form a right circular cone with height h and base radius r by 


revolving the line y = +x about the x-axis. 
h 2 h 2 2 h 
v=rf (F<) d= | ay Pde — 03 Fa 


0 
r? (1,5 1-5 
=n (4) = ar“h 


Another solution: Revolve x = z y + r about the y-axis. 


ee PN hfr, 
v=rf (-zwr) ayn f p 


Or? 
: y r^| dy 


2 2 h 
E E ees Sie er =f iy 2 2p) 1 n2 
- [sss — ay +r s| = (dr h—r^h-r h) = gmr^h 
* Or use substitution with u = r — 7. y and du = —7 dy to get 


0 0 
s [e (-5a) - 5 [bo] =n 2 (4) = Lon 
» r ri3 A r 3 3 


—[R?h — R(R — r)h + (R — r?h] 


—0.5 


Y 


[continued] 
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"Y 


Another solution: = = zn by similar triangles. Therefore, Hr — HR — hR hR-H(R-r) 
hR 
H = ——.N 
R; ow 
V = 40R7H — inr?(H — h) [by Exercise 59] T 
AR rh rH rhR = 
= igR?.——— — irr? ahaa 
gt ape epe | R  RR-r) | H 
1 R3 ERN h 
manh RI. = jmh(R* + Rr +1?) | 
= 3 [nF + nr? + (x?) (nr?) |h = $ (A + A2 + AA )h | R | 
where A; and A2» are the areas of the bases of the frustum. (See Exercise 62 for a related result.) 
61. x? +y =r? rL =r? —y? 
r 317 3 L py3 
V = JE y’) dy — 7 zx t - =T { | 3| e h) tzn: W | \ 
3 2 2 " 
— (ir i(r h) [3r (r — Rh) ib <p 
= in (2? — (r — h) [3r? — (r? — 2rh + h?) |} I 
— im [2:9 — (r — h) [2r? + 2rh — h°] } 
= an (2r? — 2r? — 2r? h + rh? + 2r7h + 2rh? — h?) 
E xMy-r 


A : 
62. An equation of the line is x = c y + (x-intercept) = 


an (3rh? — h?) = irh? (3r — h), or, equivalently, Th? ( — r) 


Ay 


h—0 


hf fa—-b | bNY? ^ rab á 
9| 8 eae Ligne E Sys] d 
f Bx ay] ave [EH] 


(a? +ab+b)h 


(a — b)?h + b(a — b)h + ? h = $ (a? — 2ab + b? + 3ab)h 


a/2 — b/2 


y + 


[Note that this can be written as i (Ai + Ao + V A142 )h, as in Exercise 60.] 


If a = b, we get a rectangular solid with volume bh. If a = 0, we get a square pyramid with volume ELS h. 
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. : pdt ; a/2 h—y y 
63. For a cross-section at height y, we see from similar triangles that 3/2 SUM soo = o( — 3! 
Similarly, for cross-sections having 2b as their base and ( replacing a, 8 = 2 (1 — 3! So 
h h 
V =| A(y) dy = f |e(1 = :3] [2o(1 = 3] dy 
0 0 h h 
h 2 h 2 2 
=| w(i-#) a=2 | (1-29; ja 
[ n) (9 á h Tma)” 


2 y y $ 2 1 
= 2b b-E3l = 20 |[h -h+ ih] 


3h? 


— 2p2 ee | : ` ; 
= $bh [= $3 Bh where B is the area of the base, as with any pyramid.] 


64. Consider the triangle consisting of two vertices of the base and the center of the base. This triangle is similar to the 
corresponding triangle at a height y, soa/b=a/8 = a= aß/b. Also by similar triangles, b/h = B/(h — y) > 
B = b(h — y)/h. These two equations imply that a = a(1 — y/h), and 


since the cross-section is an equilateral triangle, it has area 


A(y) — : -a 434 = au um V3, so 


v= [ada - ^2 fa- 2a 


-*8 [36-27], --$ 


2 V3 » 
a h( 1)-459^ 


0 


65. A cross-section at height z is a triangle similar to the base, so we'll multiply the legs of the base triangle, 3 and 4, by a 


proportionality factor of (5 — z)/5. Thus, the triangle at height z has area 
1 5—z 5—z 22 
MV 98 4 = e(1 ) A 
(073 ( 5 ) ( 5 ) g^ cnm 


ye f A(z) dz = ef (1- F dz = of u?(—5 du) Pe 


= —30[1u9]* = —30(—1) = 10 cm? 


66. A cross-section is shaded in the diagram. 


A(x) = (2y)? = (2 /r? = 3? )5 so 


V= Tw A(x) dz = 2 f, A(r? — x?) dx 


= s[?z- 3°] = 8(2r°) = 7 
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67. If lis a leg of the isosceles right triangle and 2y is the hypotenuse, y typical cross- 
section of length 
then /? + 1? = (2y)? 21? = 4y? ply. 2y = 36 — 9x? 


V = f?, A(x) de = 2 f? A(x) dz = 2 f° LO) () dz = 2 f? y? de 


> 
x 


B 2f 1(36 — 927) dx = 2 Ra- z?) dx 


= 3 [40 — 52°] = $(8- 8) = 24 


68. The cross-section of the base corresponding to the coordinate y has length x = 1 — y. The corresponding equilateral triangle 


with side s has area A(y) — s? (33) =(1-y) (33) . Therefore, 


4 
YA 
1 1 V3 
v= [ Ama a-y (SF) a ex 
0 0 
ug 1 V3 i xty-l 
d (1-2y +y’) dy = ^r [v - V + 3s ho 
_¥3(1\_v8 (0.0) (,0 x 
4 \3 12 
! V3 v3 [? V3 [1.5] v3 
: 1—y)? dy = ?(-d 1 2 li 
o: ['a-w (2) a Lf eau) tu y] i [e] 7x 
69. The cross-section of the base corresponding to the coordinate x has length yA 
y = 1 — x. The corresponding square with side s has area (0,1) 
A(x) = s? = (1 — x)? = 1 — 2x + x°. Therefore, ARISI 
1 1 2 
v= | A@ar= | a-2:e2 )dz (0.0) (0) 
= [e-a + ho" = (0-148) -054 
0 
Or: f (1 ) ds = | u'(—-dw [u21-z] = [Au] =; 
0 1 
70. The cross-section of the base corresponding to the coordinate y has length di 
1 ES 
2r -2/1—-y. [y2 1- 2? a — X/1-— y] The corresponding square yd 
with side s has area A (x) = s? = (2 val y) — 4(1 — y). Therefore, 
1 > 
V =f, Ay) dy = fo 4 y) dy = Aly iv],-4[ü 3) —0] =2. - 0 1x 


71. The cross-section of the base b corresponding to the coordinate x has length 1 — z?. The height h also has length 1 — z?, 


so the corresponding isosceles triangle has area A(x) = 16^ = 1(1— z?)?. Therefore, 


yA 
1 1 
e E iy 422 
v= Ae - f ia z^) dx 1 y=1-x 
1 
-24[ (1— 2a? + z^) dx [by symmetry] 
0 
=e- $a + $9] = (1-944) -0- 8 CNN E 
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72. The cross-section of the base corresponding to the coordinate y has length 2r = 2,/2—y. [y = 2— 2? 


x = +,/2—y] The corresponding cross-section of the solid S 


is a quarter-circle with radius 2 4/2 — y and area 
A(y) = in(24/2— y)? = «(2 — y). Therefore, 


v= f awa= [Gs 


73. The cross-section of S at coordinate x, —1 < x < 1, is a circle 
centered at the point (x, ¿(1 — a) with radius 4 (1 — x°). 


The area of the cross-section is 


A(x) 2» [11 - z2)]? = (1 — 22? + 2) 


The volume of 5 is 


1 1 
vof Aas-2[ {1-24 sas- pfe- 30° ea = 80-380 309) = 8 
0 


-1 
74. The cross-section of S at coordinate x, 0 < x < 4, isa circle centered at the point (x, 1E Vz + vz )) with radius 


2 2 
i(vs- iva). The area of the cross-section is A(x) = rl} (vz- iva) —qi. (v=) = = The volume of S 


is V = [a ode = f -x[r]-20-9-; 


75. (a) The torus is obtained by rotating the circle (x — R)? + y? = r? about » 
the y-axis. Solving for x, we see that the right half of the circle is given by 


z= R+ Vr? — y? = f(y) and the left half by x = R — yr? = y? = g(y). 0 
So 


Vers", {If — lgl) ) dv 
= 2n f; (F + 28 /P y en - y) - (R 28 P en - 9?) ] dy 
= 2n f, AR yr? — y? dy = 81 R f, Vr? — y? dy 


(b) Observe that the integral represents a quarter of the area of a circle with radius r, so 


8r Rf; Vr y? dy = 8r R4 inr? = Qn? r? R. 
76. (a) V= f7, A(x) dz = 2 fy A(x) dx = 2 f, 3h(2V/r? — a?) da = 2h fj Vr? — a? dx 


(b) Observe that the integral represents one quarter of the area of a circle of radius r, so V = 2h - inr? ES inhr?. 
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TT. The cross-sections perpendicular to the y-axis in Figure 17 are rectangles. The rectangle corresponding to the coordinate y has 


a base of length 2 4/16 — y? in the xy-plane and a height of + y, since ZBAC = 30? and |BC| = A |AB|. Thus, 


Va 
A(y) — Fay v16- y? and 


4 4 0 
V= Alu) dy = 35 f VIS - V5 udy- % f u^? (—1 du) [Put u = 16 — y?, so du = —2y dy] 
0 0 16 
ELE. wl? du = +2 [uo] -2 (64) = 22 
(v8 Jo v3 3 0 3V3 EE! 


78. (a) Volume(S1) = d A(z) dz = Volume( S2) since the cross-sectional area A(z) at height z is the same for both solids. 


(b) By Cavalieri’s Principle, the volume of the cylinder in the figure is the same as that of a right circular cylinder with radius r 


and height h, that is, zr? h. 


79. 


By similar triangles, the radius x1 of the cross-section at height y of the cone removed from the cylinder satisfies 


Tı 
y 


T : : ET : 
= xı = y. Thus, the area of the annular cross-section at height y remaining once the cone is removed from the 
p 


cylinder is (r° — y?). 


The radius x2 of the cross-section at height y of the hemisphere satisfies 73 + y? = r? z2 = Jr? — y?. 


2 
The area of the circular cross-section at height y is then 7 (s / r? — y? ) =n(r? — y’). 


Each cross-section at height y of the cylinder with cone removed has area equal to that of the corresponding cross-section at 


height y of the hemisphere. By Cavalieri’s Principle, the volumes of the solids are then equal. 


80. Each cross-section of the solid S in a plane perpendicular to the 
x-axis is a square (since the edges of the cut lie on the 


cylinders, which are perpendicular). One-quarter of this square 


and one-eighth of S are shown. The area of this quarter-square 


is |PQ|? = r? — z?. Therefore, A(x) = 4(r? — a?) and the 
volume of S is 


V =f", Ala) de =4 f! (r? — a?) dz 


= 8(r? — 2?) dz = 8|r?z 5°] = £r 
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81. 


82. 


83. 


CHAPTER 6 APPLICATIONS OF INTEGRATION 


The volume is obtained by rotating the area common to two circles of radius r, as y 
shown. The volume of the right half is EA S 
Viight = a for? y? dz = a for? p^ - (r+ d dx SON x 


r/2 
-rüs-iGrezy|]o -4[n6-i8)-(0-40)]- Arr 


So by symmetry, the total volume is twice this, or inr. 


Another solution: We observe that the volume is the twice the volume of a cap of a sphere, so we can use the formula from 


Exercise 61 with h = 3r: V —2- inh?(3r —-h)-z 22(ir)' (3r -in- ir. 


We consider two cases: one in which the ball is not completely submerged and the other in which it is. 


Case 1:0 < h € 10 The ball will not be completely submerged, and so a cross-section of the water parallel to the surface 


will be the shaded area shown in the first diagram. We can find the area of the cross-section at height x above the bottom of the 


bowl by using the Pythagorean Theorem: R? = 15? — (15 — x)? and r? = 5? — (x — 5)”, so A(x) = T(R? r?) = 20ma. 


The volume of water when it has depth h is then V (h) = Ne A(x) dx = Ju 2072 dx = [10727]; = 107A? cm’, 
0 x h x 10. 

Case 2: 10 < h < 15 Inthis case we can find the volume by simply subtracting the volume displaced by the ball from 
the total volume inside the bowl underneath the surface of the water. The total volume underneath the surface is just the 


volume of a cap of the bowl, so we use the formula from 


Exercise 61: Veap(h) = inh? (45 — h). The volume of 


1 
; 4 3 _ 500 2 r icut 
the small sphere is Voan = 37(5) = = 5-7, so the total | 
R pa | 
volume is Va — Vai = 47 (45h? — h? — 500) cm?. 1 


Take the x-axis to be the axis of the cylindrical hole of radius r. 


A quarter of the cross-section through y, perpendicular to the 
y-axis, is the rectangle shown. Using the Pythagorean Theorem 


twice, we see that the dimensions of this rectangle are 
x = y R? — y? and z = yr? — y?, so 
iA(y)- zz = yr? — y? yR? — y?, and 


V= [7, AW) dy = SL, AVP VETE dy — 8 fo VPP SET dy 
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84. The line y = r intersects the semicircle y = y R? — x? when r = y R? — x? r? = R?— 2 
xe? =R -r x = +y R? — r?. Rotating the shaded region about the x-axis gives us 


V/R2 572 


V= T 
—4/ R2—72 


o 


0 


(R? — 2? — v?) dz: [by symmetry] 


(R? prm c) 2(R? a = (R? qu 


Our answer makes sense in limiting cases. As r — 0, V — arR°, which is the volume of the full sphere. As r —^ R, 


V — 0, which makes sense because the hole’s radius is approaching that of the sphere. 


85. (a) The radius of the barrel is the same at each end by symmetry, since the YA — 
function y = R — ca? is even. Since the barrel is obtained by rotating i 
the graph of the function y about the x-axis, this radius is equal to the li 
value of y at a = 4h, which is R — c(1h)? = R- d =r. " y i 


627 


(b) The barrel is symmetric about the y-axis, so its volume is twice the volume of that part of the barrel for x > 0. Also, the 


barrel is a volume of rotation, so 


Lx 2 Me 242 2 2 3, 1,2,5]^/2 
V=2 my dx = 2m (R — ex^) dx = 2x |R x — 3 Rex Tou 
0 0 


= 2n (À Rh — $ Reh? + hêh?) 


Trying to make this look more like the expression we want, we rewrite itas V — inh [2R? + (R? — iRch? + ac h*)| , 


But R? — 1 Rch? + eht = (R- 1ch?)? - beht = (R- d? — 2 (4ch?)? =r? - 24. 


Substituting this back into V, we see that V — inh(2R? 477 — 2d aN as required. 


86. It suffices to consider the case where R is bounded by the curves y = f(x) and y = g(x) fora € x < b, where g(x) € f(x) 


for all x in [a, b], since other regions can be decomposed into subregions of this type. We are concerned with the volume 


obtained when & is rotated about the line y = —k, which is equal to 
Va =m fe ([f(x) +k]? — (g(x) + K^) dz 


= r f? (GP — [o(a))?) de + 2k f? [f(x) — g(z)] dz = Vi + 2rkA 
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2 
8.()y—-a? > s= Yy. Vi = fen (Xu) dy = f° ry?! dy = $n [^| 


8 


i $2(32— 1) = £m 


(b) If each y is replaced with cy, then y = 1 will be mapped to y = 1c = c, and y = 8 will be mapped to y = 8c, each as 
shown. If each z is replaced with cx, then y = (cz)? / = c?z?/c? = ca?, so y has again been mapped to cy. A dilation 


with scaling factor c therefore transforms the region Rı into Ro. 


(c) y = z2/c Py =r’ x = </c*y. Then 
2 8c 
V= Së n( 3/2) dires 86 op AM dy = is. ETE pes = in. c (3205/9 — ¢3/3) 
= an c1? 3107/3 = in 31? = Bre? = êV 
(d) V2 =5L 2 xc? = 5000 cm? č = T c=? D x 4.41 


If we were to use the “washer” method, we would first have to locate the 
local maximum point (a, b) of y = x(a — 1)? using the methods of 


Chapter 4. Then we would have to solve the equation y = «(a — 1)? 


for x in terms of y to obtain the functions x = gı (y) and x = ga(y) 
shown in the first figure. This step would be difficult because it involves 


the cubic formula. Finally we would find the volume using 


E V — fy (n GO — les GOT) dv. 


Using shells, we find that a typical approximating shell has radius x, so its circumference is 27. Its height is y, that is, 


x(a — 1)?. So the total volume is 


1 1 5 4 371 
v=/ 2nzx(x — 1)?] da =2n f (z^ — 22? + x?) ae = 20/5 ge | =< 
0 0 


2. Yt A typical cylindrical shell has circumference 27 and height sin(?). 


Va pr 2nx sin(z?) dx. Let u = x”. Then du = 2z dz, so 


V —m f; sinudu = t|- cosu| = [1 — (—1)] = 2m. For washers, we 


would first have to locate the local maximum point (a, b) of y = sin(?) 
using the methods of Chapter 4. Then we would have to solve the equation 


y= sin(x?) for x in terms of y to obtain the functions x = gı (y) and 


p x x = go(y) shown in the second figure. Finally we would find the volume 


I — 


using V — wf. TTE — [g2 Gy dy. Using shells is definitely 


preferable to using washers. 
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y /2 $ 
3. (a) yA d » V -f 2nz cos(x") dx 
c» y = cos(x") 0 


0 7/2 x 


i Va/2 5 
Je 


7/2 " 
(b) v-f 2nx cos(z^) dz = 2n 
0 0 


z cos(z?) dx = 2n - i [sin(z?) Ai =7 [sin(2) — sin o] 


yA 


y=2-2 e=2-y; 
y-vz > r=% 
1 
V= | 2xy(2—v) - v] dy 
0 
x x 
(b) V = fo 2ny((2 — y) — v?] dy = 27 fo ay alll 
»(ü-4-3)-6] = 2($) = d 
5. V = f? 2nzInz dz y=? > c= fy 


V = jr 21y S/y dy 


Ty-—sin!r > x=siny 


V= js 27(3 — y) sin y dy 


y-m[2 


y-sin x 
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8. V = f? 2n(7 — z)[(4x — 2?) — x] dz 


9. The shell has radius x, circumference 27x, and height V2, so 


4 4 à 
V= /) 2ma Va da = / 2137? dq; = 2m EM —2m- 
0 0 0 


yA 
21 


10. The shell has radius x, circumference 272, and 


height z?, so 


2 2 
v-f 2a daz | z^ dx 
1 1 


11. The shell has radius x, circumference 27x, and height 1/2, so 


4 1 4 4 
V= f ie (1) dx = f 2r dx = 2n [e] = 2r (4 — 1) = 67. 
1 T 1 1 


12. The shell has radius x, circumference 272, and 
. 2 : E 
height e7” ,soV = f 2rre " da. 
0 


Let u = x”. Thus, du = 2z dz, so 


vas] e dues e" -sü 1/e). 


y^ 
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13. The shell has radius x, circumference 272, and height /5 + z?, so 


2 
v-f 2nmaw/ 5-4 z?dx [u = 5 + z?, du = 2z dx] yA y=V54+2x? 
0 
DET 2[ 3/2]? 
=f 27- ul du — s: $ |u | 
5 2 3 5 
=  a(27 — 58/2) 
E] 2 x 
4. 4r —a?— x & 0=r -3r 0—z(r—-3) & z-0or3. 


The shell has radius x, circumference 272, and height [(4a — x”) — a], so 


3 
v-f 2nz|[(4x — x°) — x] dx yA 5 
0 y-4x-x 
3 
=2n f (72? + 32?) dx (3, 3) 
0 
y=x 
= 2n|- 1z* + °]? 
= Qn ( au + 27) = Qn (22) = PE 
0 3 x 


15. 2y—1 > t= B The shell has radius y, 


circumference 27ry, and height 1/y, so 


$ 1 
v-f 2T (+) 
A y y uy 


0 —x—54 3 


3 
=2n | dy = 2r [y] 
1 


= 2n(3— 1) = 4r 


16. y — /z = «=y’. The shell has radius y, 


circumference 27, and height y”, so 


= 


2 2 
v-f 2c) dy = 2s | y^ dy 
0 0 


= oriy") 


= 2n(4) = 87 
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3/2 


T.y-x => z= y?/?, The shell has radius 


y, circumference 27y, and height y E 


8 8 
v-f ry) dy = 2m | y"? dy 
0 0 


= 2n- 2.256 = 192 


18. The shell has radius y, circumference 27y, and 
height —3y? 4- 12y — 9, so 
V = f? 2ny(-3y? + 12y — 9) dy 
= 27 f? (-3y? + 12y? — 9y) dy 


= —67T fig? — Ay? + 3y) dy 


19. The shell has radius y, circumference 27y, and height 


2- [1+ (y-2)?] =1-(y-2)? 21- (y? 
= —y? + 4y — 3, so 


V= fe 2ny(—? + 4y —3) dy 


= 2n f? (—? + Ay? — 3y) dy 


| 
N 
3 
mE 
orm 
ez 
+ 
w 
a 
sls 
x 
P r 
ES 
+ 
cole 
NIW 
x 
e 


20. The curves intersect when 4 — y = y? —4y 4-4 © 


0-3? —3y 0 — y(y —3) y =0 or 3. 


The shell has radius y, circumference 27ry, and height 


(4 — y) — (y? — 4y + 4) = —y? + 3y, so 


x=—3y?+12y-9 


Ay + 4) 
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21. 22 = 8V/z x^ = 64x xt — 64r = 0 


(a) By cylindrical shells: 


V= 2 2nx (Sv = F) dx 


= i 2n(8x?/? — x) dz 
= 25 | ig, — da 
zx 5 a7 Jo 


= 2n| (2? — 64) — 0] = 325 


5 
yA 
(b) By washers: 
16 2 2 
v-f «[((vv) - Gy ay 
0 
16 16 
4 2 5 
-f (y — mt) du = «| 20° — sso]. 
0 X 


= «(128 — 38) = 383 


22. 3? = Az? r? — 4a? = 0 x(a —4) =0 


x=Oorx=4 


(a) By washers: 


= ee 27)? — (x3)? dq = m x^ — gy MH 
v= [ «taz? - Ghy)as- f saos - 5a 


7/185 1,7 2 16,384 16,384 
=> TT 

5 277 s 5 7 
32,768 

~ 85 
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(b) By cylindrical shells: 
64 64 
v-f oy (Vu - 3vu) av = f 27 (yf? — 399?) dy 
0 0 
3 7/3. 1 2 5/2 i 
— 2 5 
" E 25 h 
(AH E) 32,768 
— om a, 


T 


7 5 35 


23. (a) The shell has radius z — (—2) = x + 2, 


circumference 27 (x + 2), and height 4a — x°. 


(b) V= [ Qn(a + 2)(4x — x?) dx 


4 
(c) V= / 2n (x + 2)(4x — x?) dx 
0 
i 2 1 à 
= T 2r (22? — £? + 8x) dz = 2r ES -= ra + d 
0 


128 256 
= 2r|( — —64+64] —0] = ——m 
( z 8546 ) o| E 


24. (a) y= Vz e=ysy=? a= Vy. 
The shell has radius y — (C1) = y+ 1, 


circumference 27(y + 1), and height Vy =y. 


t) v = | 2i (V - v?) a 


e v - [tie n(Vs- i?) dy 


1 
=| 2n(y ^? — y? +y — y^) dy 
0 


[JL 
— 


1. 
= on [0779 — dy! + By"! - e] oz i d 
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25. The shell has radius 3 — x, circumference 
25 (3 — x), and height 8 — z?. 
V= k 27 (3 — z)(8 — x?) dx 
= In fy (z* — 3a? — 8x + 24) dz 


2 
= 2| za" — a^ — Ag? + 24x] 
0 


= 2r(32 — 12 — 16 + 48) = 2n (122) = 2 


26. The shell has radius x — (—1) = x + 1, circumference 27(x + 1), and height 4 — 2a. 


V = fe 2n(z + 1)(4 — 2x) dz 


= 4r f; (x 4- 1)(2 — x) dz 
= 4r I cr 2)dx 
= 4r [- i2 + ia? + 2x]? 


= 4n ( $42 | 4) — 4n (2) = 4 


27. The shell has radius z — 1, circumference 27 (x — 1), and height (4% — 3?) — 3 = —a? + 4x — 3. 


V= f? 2n(z — 1)(—a? + Ax — 3) de 


= 25 [- i^ + Bg? — fa? + 3x]: 


»s[( C8 +45- $9) —(-b+$-F+3)] 
= 2n($) = ds a 


28. The shell has radius 5 — x, circumference 27(5 — x), and height /r — iz. 
V = fo 2n(5 — z)(J/z — 1x) dz = 2m fa (521? — Sa — 29? + 127) dz 
3 3 


4 
= r| $a% — $n? ds" + 2a] = 20 (M2 —20- $3) 


= 2n($) = 1880 
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29. The shell has radius 2 — y, circumference 27 (2 — y), and height 2 — 2y?. 
V = fa 2n(2 — y)(2 — 2y?) dy 
= 4r fo (2 — y) — v?) dy 
= 4r fo (y? — 24? — y + 2) dy 


1 
= niv. - gy" — 59° + 2x, 


30. The shell has radius y — (—2) = y + 2, circumference 27(y + 2), and height (y? + 1) — 2y? = 1 — y’. 
V = ft, 2n(y + 2)(1 — y’) dy 
= 2n [^ .(-y* — 2y? +y + 2) dy 
= 4r f)(—2y? +2)dy [by Theorem 5.5.7] 
= 8r fo (1 — y?) dy = 8[y — 17]; 
= 8r(1— 3) = 87(3) = "7 


2 2 
31. ( V = an | zx(re ?) dr = an | xe * dx 
0 0 


(b) V zz 4.06300 


Y 


m/4 
32. @v=2 f (5-2) tan x dz yA a> 
0 


(b) V © 2.25323 


n/ 
33. (a) V = 2r | í (m — z)[costz — (— costz)] dx 
—7/2 
7/2 
(7 — x) 
—71/2 


4 
= 4r T — £) cos «dx 


[or 87? 1 cos^z dx using Theorem 5.5.7] 


(b) V ~ 46.50942 
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2x E 4 
34. (@) z= Tass x£ +r” = 2g zr —r:-—0 
x(a? —1) =0 a(a—1)\(e?7+a+1)=0 > x=0orl 


(b) V ~ 2.36164 


35. (a) V = f 2n(4 — y) Vsiny dy (b) V e 36.57476 
yA 


0 1 x 
36. (a) V = f?,2n(5 — y) (4 aub 7) dy (b) V © 163.02712 
=5 

37. V = f QnaV1+a3 dx. Let f(x) =aV14 23. ya Y7 NL tX 

Then the Midpoint Rule with n = 5 gives "d 

Jo f(x) dx = 19 [f(0.1) + f(0.3) + f(0.5) + f (0.7) + f(0.9)] 

e: 0.2(2.9290) 
Multiplying by 27 gives V ~ 3.68. 0 1 oC 


38. V = Jom 2nz f (x) dx. Let g(x) = x f(x), where the values of f are obtained from the graph. 
Using the Midpoint Rule with n = 5 gives 


10 
ji g(x) dz œ P? [g(1) + g(3)  g(5) + 9(7) + 9(9)] = 2[LF (1) + 3f(3) + 5/(5) + 7F(7) + 9f (9)] 


= 2[1(4— 2) + 3(5 — 1) + 5(4 — 1) 4- 7(4 — 2) + 9(4 — 2)] 
= 2(2 + 12 + 15 + 14 + 18) = 2(61) = 122 
Multiplying by 27 gives V ~ 2447 ~ 766.5. 
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39. f i 2na? dx = 27 S d x(a) dx. By the method of cylindrical shells, this integral represents the volume of the solid obtained 


by rotating the region 0 < y < zf, 0 < x < 3 about the y-axis (x = 0). 


40. f. : 2ry ln y dy. By the method of cylindrical shells, this integral represents the volume of the solid obtained by rotating the 


region 0 € x < lny, 1 € y < 3 about the z-axis. 


4 4 
4. 27 T y as 2 dy = 27 "i (y +2) (=) dy. By the method of cylindrical shells, this integral represents the volume of the 
1 y 1 y 


solid obtained by rotating the region 0 € x < 1/ y^, 1 € y € 4 about the line y = —2. 


42. f 5 2n(2 — x)(3* — 2”) dx. By the method of cylindrical shells, this integral represents the volume of the solid obtained by 


rotating the region 2^ < y < 37,0 < x < 1 about the line x = 2. 


43. From the graph, the curves intersect at x — 0 and z — a z 2.175, with 


2 1 > x? — 2x on the interval (0, a). So the volume of the solid 


obtained by rotating the region about the y-axis is 


Vaan | [hy - e - 20 da = 14.450 
0 


44. From the graph, the curves intersect at x = a ~ 0.906 and x = b ~ 2.715, 
with e? * > x? — 4x + 5 on the interval (a, b). So the volume of the solid 
obtained by rotating the region about the y-axis is 


V — 2n f? x [e * — (a? — 4x + 5)] dz ~ 21.253 


7/2 
45. V — 2r | (3 — a) (sin?z — sin^z)] dx 
o 


46. V = 27 fo {[x — (—1)] (2? sin x) } dx 


= Qn(x* +r? — 127? — 6r + 48) 


= 25? + Qt — 24r? — 1207 + 96r 
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47. (a) Use shells. Each shell has radius x, circumference 27, and height le 3 


48. (a) Use washers. 2 — z? = a? 23? —2 x=1 [c » 0] 


V = fo «[(2 — 22)? — (3??] dx 


(b) V = fo «[(2 — 32)? — (z???] dz = fy «(4— 42?) dz = [4x — 4 1a?]) = 4n[(1— 3) — 0] = êr 


2 
49. (a) Use disks. V = [> z(vsinz ) da 


T 


2 
(b) V = f «(vsimz) dx = fý nsina dx = n[ cosa]" = m [-cos« — (—cos0)] = «(1 + 1) = 2a 


50. (a) Use shells. Each shell has radius x, circumference 27, and height [(4a — x) — a]. 


4c — 2? =r x? — 32 =0 x(a —3)=0 z—0orz—3 


VS Je 2nx|(4x — 2”) — a] dx 


(b) V = P 2»x|(4x — 2?) — z] dz = fo 2r(3x? — x°) dz = 2r |x? Ia] = 2 |(27 — $1) — 0] = Zn 


51. (a) Use shells. Each shell has radius x — (—2) = x + 2, circumference 2 (a + 2), and height x? — z?. 


V= foe? Qn(a + 2)(a? — x?) dx 


b) V= das 2n (x + 2)(x? — x?) dz = fo? Qn(—a? — a^ + Qa?) dz = 2| iz! — $a? 4 2°] 


2n|( T sao Tota) 0] Do7 


52. (a) Use shells. Each shell has radius 3 — y, circumference 27 (3 — y), and height [(3y — y?) — 2]. 


3y- y =2 y? —3y+2=0 (y—1)(y-2)20 y=lory=2 


V = f? 2n(3 — y)[(3y — ^) - 2] dy 


(b) V = f? 2n(3 — y)((3y — y?) - 2] dy = f? 2n(? — 6y? + 11y — 6) dy 


—2n[iy* 25? + H4? — 6y]? = 2n|(4 — 16 +22 — 12) - (1-24 4 -6)] = 1a 


53. Use shells: 2 
—-—x + 6x -8 
V= s 2xz(—z? + 6x — 8) dz = 2r TA x? + 62? — 8x) dx 1 bos 
E 14 3 214 > 
= 2n [-ix + 2x —4z^|, 0 A X 


= 2n[(—64 + 128 — 64) — (—4 + 16 — 16)] 
= 2n(4) = 8r 
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54. Use disks: 7 
=—x? + 6x —8 
V= J n(—a? + 6x — 8)? dz 1 JE 
E 47,4 3 2 
=n fi (at — 122? + 522? — 96a + 64) dz 5 / \ ) 


— [125 — 3z* + a5 — 482? + 642]; 


TS — 15 157 
55. Use washers: y? — x? = 1 y — taz? +1 2A 
=2 
v8 ; y 
v-f ale 0)? ( 2341 DUE: 
_V3 2 + MEN 


E fe cel comes 
=2n | [4 — (a? + 1)] dz [by symmetry] 3 o5 
0 
V3 
=2n | (3 x’) da = 2n [3a np 
0 
= 2r (3V3 — V3) 2 AV3m 
56. Use disks: y? — z? = 1 z—-ctJy^-1 t 
co 
2 2 2 ^ y=2 
var ( y -1) ay =n fy —1)dy b — 
1 1 a= 
3 2 1 
-n[sy — 9], =r[ -2 - (8- 0] = 37 "p 
0 V3 x 
57. Use disks: x? + (y — 1)? = 1 xz = +//1 — (y — 1)? i 
2 2 2 zm + (YH I= 
v=} | 1-0-17] ay =n | (2y — y^) dy 
0 
-B)-$v)-r(4-8)-$n 
0 x 
«o 


58. Use shells: 
V = f? 2n(y — 1)[4 - (y — 3)?] dy 
= 2n f; (y — 1)(-y? + 6y — 5) dy 


= 27 Lew + Ty? — 1ly + 5) dy 


5 
= 2n[-ay + gy" — sy" t5. 
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59. y+1=(y-1? & yc-1-2y?—-2y «1 0-3? —3y 
0 — y(y — 3) y = Oor3. 


Use washers: 


3 
vos] (u--0- COP - lv -2* - COP) v 
0 


3 
«d [(y + 2)? — (y^ — 2y + 2)°] dy 


3 3 
r f [(y? + 4y + 4) — (y* — 4? + 8y? — 8y 4 aldy=n | y^ + Ay? — Ty? + 12y) dy 
0 0 


=n[-$y? + y^ — Sy? + 6y?]5 = n (728 + 81-63 +54) = Un 


60. Use cylindrical shells to find the volume V. 2 0,2) TE 
1 1 i 
V = f, 21(a — x) (2x) dz = 4n fy (ax — x°) dz y=2x 
1 
= 4n| zaz? a = An($a i) 
Now solve for a in terms of V: ! x 
V 1 1 io yvi 2 IE 
Peilat S a es AE es | 
mae) mm 2° 3 27m 3 
a V 4 2 
E NE 
61. Use shells: yA 
se s ied 2 - d o 
V- 2 fo 2nz Vr? — x? dy = —2n f, (r? — 22)? (-2z) da am C o9 
= |-27- 2(r? — A = $n(0 r?) = inr? 
0 pr r a 
62. V = [$T] 2nz -2 /r? — (x — R} dx als 
T 2 20:72 
= f” 4n(u+ R)Vr?-wdu — [letu— z — R] CERE ae 
= 4n R f” Jr? — u? du + 4n f" ur? — u? du - 
0 E: 
The first integral is the area of a semicircle of radius r, that is, irr’, 


and the second is zero since the integrand is an odd function. Thus, 


V= An R(3nr?) + 4r - 0 = 22? Rr?. 


r h Tr y? n 
63. V = 27 c x+h | dx = 2rh ——— +z) dr y 
0 T 0 T c» 


3 2 2 2 
rh T z onh E |Oommrh 
3r 2 


0 x (r, 0) x 
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64. By symmetry, the volume of a napkin ring obtained by drilling a hole of 


radius r through a sphere with radius R is twice the volume obtained by 


rotating the area above the x-axis and below the curve y = y R? — x? 


(the equation of the top half of the cross-section of the sphere), between 


x — r and x = R, about the y-axis. This volume is equal to 


outer radius R 
2f 2rrhdo = 2:2 | x y R? 2? de = 4x] 


nner radius 


(R? zy — Ag(R? — 7233/2 


But by the Pythagorean Theorem, R? — r? = (ihn) » so the volume of the napkin ring is 4n(2h)° = inh, which is 
independent of both R and r; that is, the amount of wood in a napkin ring of height h is the same regardless of the size of the 


sphere used. Note that most of this calculation has been done already, but with more difficulty, in Exercise 6.2.84. 
Another solution: The height of the missing cap is the radius of the sphere minus half the height of the cut-out cylinder, that is, 


R- ih. Using Exercise 6.2.61, 


Vnapkin ring — Viphere Veylinder 2Veap = $7 R? TI r?h 2.7 (R in)? [3R (R in)| = in h? 


6.4 Work 


1. The force exerted by the weight lifter is F = mg = (200 kg) (9.8 m/s”) = 1960 N. The work done by the weight lifter in 


lifting the weight from 1.5 m to 2.0 m above the ground is then 


W = Fd = (1960 N) (2.0 m — 1.5 m) = (1960 N) (0.5 m) = 980 N-m = 980 J 


2. W = Fd = (1100 1b) (35 ft) = 38,500 ft-lb. 


10 


3. W = f? f(z)dz = [i Sa? de = 5-27] =5(-4 +1) = 4.5 feb 


1 


A 


b 16 16 
i wf fG)ds- f Ava dz = 4 |a?" = $(64— 8) = 32S N-m = 22 J. 
a 4 4 


5. The force function is given by F(x) (in newtons) and the work (in joules) is the area under the curve, given by 


[o F(a) dz = fý F(x) dx + f? F(x) dx = 1(4)(30) + (4)(30) = 180 J. 


> 


W = f f(a) dz z Ma = Az[f(6) + f(10) + f(14) + f(18)] = 2975[5.8 + 8.8 + 8.2 + 5.2] = 4(28) = 112J 


n 


. According to Hooke's Law, the force required to maintain a spring stretched x units beyond its natural length (or compressed 
x units less than its natural length) is proportional to x, that is, f(x) = kx. Here, the amount stretched is 4in. = i ft and 


the force is 10 Ib. Thus, 10 — k(4) => k= 301b/ft, and f(x) = 30x. The work done in stretching the spring from its 


1/2 


natural length to 6 in. = i ft beyond its natural length is W — T 30x dz = [152] F 


5 = 4 ft-lb. 
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8. According to Hooke's Law, the force required to maintain a spring stretched x units beyond its natural length (or compressed 
x units less than its natural length) is proportional to x, that is, f(x) = ka. Here, the amount compressed is 


40 — 30 = 10 cm = 0.1 m and the force is 60 N. Thus, 60 = k(0.1) = k = 600 N/m, and f(x) = 600x. The work 


0.1 
required to compress the spring 0.1 m is W — jee 6002 dx = [30027] = 300(0.01) = 3 N-m (or J). The work required 
0 


0.15 
to compress the spring 40 — 25 = 15 cm = 0.15 m is W = f"? 600z dz = [30027] , = 300(0.0225) = 6.75 J. 


9. (a) If [27 ka da = 2J, then 2 = [3kx?])'* = 1k(0.0144) = 0.0072k and k = = 2500 y 277.78 N/m. 


0. 0072 


Thus, the work needed to stretch the spring from 35 cm to 40 cm is 


[10 2500, q, = [1250,52]1/10 = 1250(-1- h) = 28 w 1.043. 


9 i/20 — 9 100 400) ~~ 


(b) f(x) = ka, so 30 = 28x and z = 29 m = 10.8 cm 


10. If 12 = fo kz dx = [ike] = ik, then k — 24 Ib/ft and the work required is 


[2^ 24z dz = [122?]//^ — 12. Z = X = 6.75 fb. 
11. The distance from 20 cm to 30 cm is 0.1 m, so with f(a) = kx, we get W1 = d ka dx = k[ 52 as = zk- 


08 3_k Thus, W2 = 3WA. 


Now W2 = MS kz dx = k[327],; = K( a50 zo) = 300 


12. Let L be the natural length ofthe spring in meters. Then 


.. f9.42-L EE E 210.12—L 1 2 2 

6 = fior Ke dz = [ike] oio; = $k[(0.12 — D)? — (0.10 — L)*] and 
_ 0.14-L — [1L,2]014-L 1 2 2 

10 = fig r kede = [ike P = ik[(0.14 — L)* — (0.12 — L)*]. 


Simplifying gives us 12 = (0.0044 — 0.04L) and 20 = k(0.0052 — 0.04). Subtracting the first equation from the second 


gives 8 = 0.0008k, so k = 10,000. Now the second equation becomes 20 = 52 — 400L, so L = inm = 8 cm. 


In Exercises 13 — 22, n is the number of subintervals of length Ax, and z} is a sample point in the ith subinterval [x;—1, xi]. 


13. (a) The portion of the rope from z ft to (x + Ax) ft below the top of the building weighs i Az lb and must be lifted x} ft, 


so its contribution to the total work is ic] Az ft-lb. The total work is 


W = lim ta} Ar = 50 ledr = [ 


NOOO j=] 0 2 


z?|? = 2809 = 625 ft-lb 


1 
4 
Notice that the exact height of the building does not matter (as long as it is more than 50 ft). 


(b) When half the rope is pulled to the top of the building, the work to lift the top half of the rope is 


Wı = H E zdr = [427] a = £25 ft-lb. The bottom half of the rope is lifted 25 ft and the work needed to accomplish 
that is W2 = e i - 25 dx = LIE: ] B = $25 ft-Ib. The total work done in pulling half the rope to the top of the building 


is W = Wi + W2 = $Ë + 89 = 2.625 = 3372 ft-lb, 
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(a) The 60 ft cable weighs 180 lb, or 3 lb/ft. If we divide the cable into n equal parts of length Ax = 60/n ft, then for large 
n, all points in the ith part are lifted by approximately the same amount. Choose a representative distance from the winch 
in the ith part of the cable, say xj. If x} < 25 ft, then the ith part has to be lifted roughly xj ft. If x} > 25 ft, then the ith 
part has to be lifted 25 ft. The ith part weighs (3 Ib/ft) (Ax ft) = 3 Az Ib, so the work done in lifting it is (3 Ax); if 
zx; < 25 ft and (3 Ax)(25) = 75 Ax if x} > 25 ft. The work of lifting the top 25 ft of the cable is 


W = lim 3 Sz Ar = [D 3xdz = [227]? — $(625) — 937.5 ft-Ib. Here n; represents the number of 


n> j— 0 


parts of the cable in the top 25 ft. The work of lifting the bottom 35 ft of the cable is 


W;- lim 2 75 Ag = Es 75 dx = 75(60 — 25) = 2625 ft-lb, where n» represents the number of small parts in the 


bottom 35 feet of the cable. The total work done is W = W + W2 = 937.5 + 2625 = 3562.5 ft-lb. 
(b) Once z feet of cable have been wound up by the winch, there is (60 — x) ft of cable still hanging from the winch. That 


portion of the cable weighs 3(60 — x) Ib. Lifting it Ax feet requires 3(60 — x) Ax ft-Ib of work. Thus, the total work 


needed to lift the cable 25 ft is W = [2^ 3(60 — x) dx = [180x — 327] 5° = 4500 — 937.5 = 3562.5 ft-lb. 


ha 


2c dz = [x dn 500 


The work needed to lift the cable is lim $77 , 2a7 Ax = — 250,000 ft-Ib. The work needed to lift 


the coal is 800 Ib - 500 ft — 400,000 ft-Ib. Thus, the total work required is 250,000 -- 400,000 — 650,000 ft-Ib. 


16. Assumptions: 


17. 


18. 


1. After lifting, the chain is L-shaped, with 4 m of the chain lying along the ground. 

2. The chain slides effortlessly and without friction along the ground while its end is lifted. 

3. The weight density of the chain is constant throughout its length and therefore equals (8 kg/m)(9.8 m/s?) — 78.4 N/m. 
The part of the chain x m from the lifted end is raised 6 — x mif 0 € x < 6 m, and it is lifted 0 m if x > 6 m. 


Thus, the work needed is 


W = lim Ð (6 — z1)- 784 Az = ff (6 — 2)78.4dz = 78.4[6x — 12? ]o = (784)(18) = 1411.27 


— E 
n—00i—1 


ay : . . 251b 
The chain’s weight density is 108 


2(x — 5) ft, so the work needed to lift the ith subinterval of the chain is 2(; — 5)(2.5 Az). The total work needed is 


= 2.5 lb/ft. The part of the chain x ft below the ceiling (for 5 < x < 10) has to be lifted 


W = lim $ (at — 5)(2.5) Az = f ?[2(z — 5)(2.5)] da = 5 f° — 5) dz 
= 5[4a? — 52]? = 5[(50 — 50) — (2 — 25)] = 5(22) = 62.5 ft-lb 


The work needed to lift the model rocket itself is Fd = (mg)d = (0.4 kg)(9.8 m/s?)(20 m) = 78.4 N-m = 78.4 J. At 


time t (in seconds) the rocket is x = 4t m above the ground, but it now holds only (0.75 — 0.15t) kg of rocket fuel. In terms 
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of distance, the rocket holds [0.75 — 0.15 (ivi )] kg of rocket fuel when it is xj m above the ground. Moving this mass of 


rocket fuel a distance of Az m requires (9.8) (0.75 — 0.037527) Ax J of work. Thus, the work needed to lift the rocket fuel is 


W= lim >> 9.8(0.75 — 0.037527) Aa = [°° 9.8(0.75 — 0.03752) dx 


n—00ji—1 


20 
= 9.8 [0.752 — 0.018752" | = 9.8[(15 — 7.5) — 0] = 73.5 J 
Adding the work of lifting the model rocket itself gives a total of 151.9 J of work. 


At a height of x meters (0 € x < 12), the mass of the rope is (0.8 kg/m) (12 — x m) = (9.6 — 0.82) kg and the mass of the 


water is (38 kg/m) (12 — x m) = (36 — 3x) kg. The mass of the bucket is 10 kg, so the total mass is 


(9.6 — 0.82) + (36 — 3x) + 10 = (55.6 — 3.82) kg, and hence, the total force is 9.8(55.6 — 3.8x) N. The work needed to lift 


the bucket Ax m through the ith subinterval of [0, 12] is 9.8(55.6 — 3.87; ) Az, so the total work is 


n 12 
W = lim Y 9.8(55.6 — 3.827) Ax = f" (9.8)(55.6 — 3.8x) de = 9.8 55.62 = 1.92°| = 9.8(393.6) © 3857 J 
0 


— f 
n—00i—1 


A horizontal cylindrical slice of water Ax ft thick has a volume of ar?h = v - 12? - Ax ft? and weighs about 
(62.5 lb/ft?) (1447 Ax ft?) = 90007 Ax Ib. If the slice lies x} ft below the edge of the pool (where 1 < a} < 5), then the 


work needed to pump it out is about 9000727 Ax. Thus, 


W = lim > 900072; Ax = ff 9000 da = [450077]? = 45001 (25 — 1) = 108,000 ft-lb 


n—00i—1 


A “slice” of water Ax m thick and lying at a depth of x} m (where 0 € x} < 4) has volume (2 x 1 x Ax) m?, a mass of 


2000 Az kg, weighs about (9.8)(2000 Ax) = 19,600 Ax N, and thus requires about 19,6007 Ax J of work for its removal. 


ar n * _ [1/2 E 271/2 — 

So W = lim 2 19,6002 Ax = f” 19,600x da = [980027] ^ = 2450 J. 

We use a vertical coodinate x measured from the center of the water tank. M os /&ATN Water 
x= 

The top and bottom of the tank have coordinates x = —12 ft and x = 12 ft, x=12 Nee 

respectively. 60 ft 

tower 

x=72 


A thin horizontal slice of water at coordinate x is a disk of radius 


12? — x? as shown in the figure. The disk has area mr? = v (12? — x°), 


so if the slice has thickness Az, the slice has volume 7 (12? — x?) Ax and 


weight 62.57(12” — x?) Ax. The work needed to raise this water from 


ground level (coordinate 72) to coordinate x, a distance of (72 — x) ft, is 


62.57 (12? — x?) (72 — x) Ax ft-lb. The total work needed to fill the tank is 
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approximated by a Riemann sum Y? 62.5z[(12? — (z7)?)](72 — x7) Ax. Thus, the total work is 
i=1 


W = lim D» 62.51((12? — (z2)?))(72 — x2) Ax = [72,62.5n(12? — x?)(72 — x) dz 


— h 
n—009i—1 


= 62.5 [ 2, [72127 — 2?) — z(12? — 2?)] dz = 62.51(2) fo? 72(12? — a?) dz [by Theorem 5.5.7] 
—Ó———— 0 —M— 


even function odd function 
= 1252(72) [12?x — $x]; = 90007 (12? — 1.125) = 90007 (2 - 12°) 
= 10,368,0007 ft-lb 
The 1.5 horsepower pump does 1.5(550) = 825 ft-lb of work per second. To fill the tank, it will take 


10,368,0007 ft-lb 


RI 481 s zz 10.97 h > 
825 ft-lb/s 39,481 s ~ 10.97 hours 


23. A rectangular "slice" of water Ax m thick and lying x m above the bottom has width x m and volume 8x Ax m?. It weighs 
about (9.8 x 1000) (8r Ax) N, and must be lifted (5 — x) m by the pump, so the work needed is about 


(9.8 x 10%)(5 — x)(8x Az) J. The total work required is 


3 


W ~ fo (9.8 x 105)(5 — z)8x dz = (9.8 x 10°) fọ (40x — 82?) dx = (9.8 x 10°) [20x? — $25]7 


= (9.8 x 10°)(180 — 72) = (9.8 x 10°)(108) = 1058.4 x 10? ~ 1.06 x 105 J 
24. Let y measure depth (in meters) below the center of the spherical tank, so that y — —3 at the top of the tank and y — —4 at the 
spigot. A horizontal disk-shaped “slice” of water Ay m thick and lying at coordinate y has radius 4/9 — y? m and volume 
mr? Ay = n(9 — y?) Ay m?. It weighs about (9.8 x 1000)z(9 — y?) Ay N and must be lifted (y + 4) m by the pump, so the 
work needed to pump it out is about (9.8 x 10?)(y + 4)r(9 — y?) Ay J. The total work required is 
W ~ f?,(9.8 x 109) (y + 4)m(9 — y?) dy = (9.8 x 105) f^, [y(9 — y?) + 4(9 — y?^)] dy 
= (9.8 x 10°)(2)(4) f; (9 — y?) dy — [by Theorem 5.5.7] 


= (78.4 x 10°)r [9y — EUM = (78.4 x 105)z(18) = 1,411,2007 = 4.43 x 10° J 


25. Let z measure depth (in feet) below the spout at the top of the tank. A horizontal 


disk-shaped “slice” of water Ax ft thick and lying at coordinate x has radius i : 

&(16 — x) ft (x) and volume rreAr=T: aj (16 — x)? Az ft?. It weighs Al uf 

about (62.5) PET (16 — x)? Ax Ib and must be lifted x ft by the pump, so the gy 

work needed to pump it out is about (62.5)x 2% (16 — x)” Aa ft-lb. The total > 

work required is NATA TAE : 2 - : l 

W œ fo (62.5)a 95 (16 — x)? dz = (62.5)27. f? x(256 — 32x + x?) dx "re 
= (62.5) 2% fo (256x — 322? + x°) dx = (62.5) 24 [12827 — 3225 + ia^]? a m T (8 = 
= (62.5) (238) 33,0007 ~ 1.04 x 10° ft-Ib PUSH 
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Let x measure the distance (in feet) above the bottom of the tank. A 


12 
horizontal “slice” of water Ax ft thick and lying at coordinate x has ETE 


volume 10(2a) Ax ft?. It weighs about (62.5)20a A Ib and must be 
lifted (6 — x) ft by the pump, so the work needed to pump it out is about 


(62.5)(6 — x)20x Az ft-lb. The total work required is 
W ~ f$ (62.5)(6 — z)20x dz = 1250 ff (6x — 2”) dx = 1250[32? — 4x°]f = 1250(36) = 45,000 ft-lb. 
If only 4.7 x 10? J of work is done, then only the water above a certain level (call 50 


it h) will be pumped out. So we use the same formula as in Exercise 23, except that 


the work is fixed, and we are trying to find the lower limit of integration: 


4.7 x 105 ~ f? (9.8 x 10°)(5 — x)8x dz = (9.8 x 10°) [2052 — 829]? < 


$2 x 10? ~ 48 = (20-3? — $ . 3°) — (20h? - 8h?) e —40 
2h? — 15h? + 45 = 0. To find the solution of this equation, we plot 2h? — 15h? + 45 between h = 0 and h = 3. 


We see that the equation is satisfied for h ~ 2.0. So the depth of water remaining in the tank is about 2.0 m. 


The only changes needed in the solution for Exercise 24 are: (1) change the lower limit from —3 to 0 and (2) change 1000 
to 900. 
W & f? (9.8 x 900)(y + 4)m(9 — y?) dy = (9.8 x 900) x f? (9y — y? + 36 — 4?) dy 


= (9.8 x 900)m [$y — 1y* + 36y — y] = (9.8 x 900)7(92.25) = 813,645 
~ 2.56 x 109 J [about 58% of the work in Exercise 24] 


V =r? x, so V is a function of x and P can also be regarded as a function of x. If Vi = zr^z4 and Vo = wrx, then 
22 22 
W = F(a) dx = ra nr? P(V (a)) dz = [or P(V dV (x) [Let V(x) = «r?z, so dV (x) = mr? dz.] 
21 21 
V2 
= Í P(V)dV by the Substitution Rule. 


Va 


160 Ib/in? = 160 - 144 Ib/f?, 100 in? = 72% fÜ, and 800 in? = 82 f°. 


PV" = (160-144) (492) ^^ = 23,040 (25) ^ ~ 426.5. Therefore, P e 426.5V ^ and 


800/1728 
W = 426.5V "^ dV = 426.5) 3; V "^| 
100/1728 : 


c2 t2 c 

w= [^ reds - le feta [220 | 
u= v(t), 

4 m a(t) v(t) dt = I" mudu Ea 


25/54 = 3240.4 5440.4 AU 3 
5s = (269). 5) [(42)°* — (35)**] ~ 1.88 x 10° feb. 
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32. The mass of the bowling ball is Eus = = slug. Converting 20 mi/h to ft/ s? gives us 
S 
20mi 5280 ft 1h 
h lmi 3600s? 


= = ft/ s?. From part (a) with vı = 0 and v2 = 88, the work required to hurl the bowling ball is 


W -1.2(8 —1.8(0 = 24 — 161.3 ft-lb. 
33. The work required to move the 800-kg roller coaster car is 


60 
W = f$" (5.72? + 1.52) de = [192° + 0.7527] , = 410,400 + 2700 = 413,100 J. 


2(413,1 
Using Exercise 31 with vı = 0, we get W im v2 — 4] 2w 4/ ( 13.100) = 32.14 m/s. 


34. W = f? cos(1nz) dx = 3 [sin(172)]? (£ 3 —0Nm— 0J. 


mE 3 


Interpretation: From x = 1 to z = 3, the force does work equal to ies 2 cos (47x) dx = 3 (1 — £) J in accelerating the 


particle and increasing its kinetic energy. From x = 3 to x = 2, the force opposes the motion of the particle, decreasing its 


kinetic energy. This is negative work, equal in magnitude but opposite in sign to the work done from x = 1 tox = 3. 


b 


b b = 
35. (a) W -f F(r) dr =| Gale dr = Gmyma =| = Gmm (i - i) 


r 


1 1 
R | R-1,000,000 


(b) By part (a), W = GM m( ) where M = mass of the earth in kg, R = radius of the earth in m, 


and m = mass of satellite in kg. (Note that 1000 km = 1,000,000 m.) Thus, 


1 1 
6.37 x 106 7.37 x 106 


W = (6.67 x 1071!)(5.98 x 107*)(1000) x ( 


) = 8.50 x 10° J 


36. (a) Assume the pyramid has smooth sides. From the figure for 


0 < x < 378, an equation for the side is y = = 2+481 <¢ 


378 


T= — sT 


(y — 481). The horizontal length of a cross-section is 


2x and the area of a cross-section is 


378? 
x 25 .— 2 -: 
A = (2x)* = 4x — 4T 


Ay at height y has volume AV = A Ay ft? and weight 


(y — 481)?. A slice of thickness 


150 AV Ib, so the work needed to build the pyramid was 


481 3782 : 3782 [481 3 , z 
378? [1 4 2-481 3 481? ay 378? /481* 2.481 481" 
= Lege ==600 ee eer 
600 TaT? E pora 4817 V 4 a YD 
378? 4814 3 m 
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10h _ 340 days . 20yr 200 ft-lb — 1.36 x 107 ft-Ib 


(b) Work done = W2 = day year l laborer ^ hour laborer’ 


Dividing W; by W2 


gives us about 121,536 laborers. 


6.5 Average Value of a Function 


1. fas = z Jy f(z)dz = zy S (Ba? + 8x) dz = $[a? + 4x7]? = $[(8 + 16) - (-14+ 4] =7 


4 
b 4 
2 fas = pe I Fla) de = rh fe vzde = fia 218.8 - 4 


b nm /2 3.2 7/2 
3. dave = Í g(x) dx = zA- (Cf de 3cosz da = =f cosxdx [by Theorem 5.5.7(a)] 


1 b T 4 e7 1 1/4 m ú= z 
4. F7 gz | fd: - 355 f eei] e (—du) Becker] 


1/4 
= -1 fe"] = ge^ Jale et/4) 
1 


5 Tal i (t) dt = : pe dt = 5 |9arctant] = S(arctan2 — arctan0) = 5 arctan2 
CERE pare. |. P OJ, IFP 2 o 2 u^ 


1 ? 1 PO up I fti f1 u-aj 43 
6. avg — dx = ————— — dr = =- — -d Eom , 
fuo ges [| fe rop feptima) dI 


7. hag = EEA h(x) dx = — f; cos* x sina dx = iq u*(—du) [u= cosz, du = — sin z dz] 


—Lfuwdwei 2p u*du [by Theorem 5.5.7(a)] = 2 [145] zA 


1 f 1 5 Inu EES y =lnu, 
8. h= p f h(u) du = aif u du = il ydy Fam 


= iiv], = (n5) 


0 
1 $1 17 1]? T 
$0 fiL] a4 | ji © 
1 1 1 1 
——- y= 
JE EIE : 
il (3. 1/3) 
1 1 VERSIE 
(b) f(c) — fave i c= 3 = 
0 1 f2 3 x 


c= V3 since — v3 is not in [1,3]. 
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2 


2 
O m=z | e+e] © 


0 


= =(3" 14) = Š -80 =10 


(b g(c) = gws € (c-1?210 & c+1= Y10 
€ c--—1-Vy10z 1.154 


1 T 
(a) fag = —; | (2sin x — sin 2x) dx (c) 3 
T — 0 Jo 
-i[- 2cosz + $cos2r]^ 


0 
=212 +4) = (-233)] = í \ 
(b) f(c) = fag €» 2sinc—sin2c= E e | 


c = c, & 1.238 or c= c2 & 2.808 


ga 
(a) foe = z [d 22677. dz © ! 


(b) O) = favg e 2ce-^. = iü = e*) S 
c= c4 & 0.263 or c = c2 & 1.287 , 


f is continuous on [1, 3], so by the Mean Value Theorem for Integrals there exists a number c in [1, 3] such that 


Jf x) dx = f(c)(3 — 1) 8 = 2f (c); that is, there is a number c such that f(c) = $ = 4. 


1 b 
The requirement is that bo Í f(x)dx = 3. The LHS of this equation is equal to 
— V JO 


b 
5 f (2460 ~ 32") de = [22 + 34? — 2°], = 2+ 3b — B, so we solve the equation 2 + 3b — ? = 3 e 
0 


b? —3b+1=0 b= 


. Both roots are valid since they are positive. 


3 (-3?—4.1.1 345 
2-1 a) 


Use geometric interpretations to find the values of the integrals. 


BE a des f( a)da+ fr f x) dx + f3 f x) da + f f( x) dz + fr f( x) da + fg f( x) dz + fr f( dx 
=-$4+444414+44+2+4+2=9 


Thus, the average value of f on [0,8] = fas = gc; ie f(x) dx = 3(9) = 2. 


(a) vag = 15-3 v v(t) dt = $I. Use the Midpoint Rule with n = 3 and At = = 4 to estimate I. 


I z Ms = 4[v(2) + v(6) + v(10)] = 4[21 + 50 + 66] = 4(137) = 548. Thus, va 7 $ (548) = 452 km/h. 


(b) Estimating from the graph, v(t) = 452 when t z 5.2 s. 
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17. Let t = 0 and t = 12 correspond to 9 AM and 9 PM, respectively. 


Ta. = h fo” [50+ 14sin Eat] dt = 45 [50t — 14 22 cos bat], 


i; [50:124-14. 32 414.4] = 50 + 2 x 59°F 


18. East Coast: Tg avg = 575 2^ Telt ) dt = d; E; West Coast: Tw av = 31-5 ma Tw (t) dt = +W 


Use the Midpoint Rule with n = 12 and At = 24>" = 2 to estimate E and W. 


E ~x My = 2[TE (1) + TE(3) +--+: + TE(23)] = 2(60 + 60 + 65 + 65 + 75 + 70 + 65 + 70 + 55 + 65 + 60 + 55) 
= 2(765) = 1530 

W z Miz = 2[Tw (1) + Tw (3) +--+: + Tw (23)] = 2(65 + 55 + 50 + 55 + 60 + 65 + 80 + 65 + 60 + 55 + 50 + 50) 
= 2(710) = 1420 

Thus, Tg avg = 37 (1530) = 632 °F, and Tw avg = 3; (1420) = 594 °F. 

While the West Coast city had the highest temperature that day, 80 °F, the East Coast city was “warmer” overall, because the 


East Coast city had the higher average temperature. 


ERE i 1/24 
9. Pag = TE -4f @+ 1)" ? dx = [3Vz * 1 lo =9-— 3 = 6 kg/m 


1 R 1 a P 2 2 P re R P 3 PR? 
vig ee dim uuo = Rn p ue me 
Vat m d us) ar 2j. gi OOH Gals lo gap a)” uw 
i PR? 5 

Since u(r) is decreasing on (0, R], Umax = v(0) = D Thus, Vavg = 5 Umax- 
21. P = z fo P(t) dt = d; fo 2560e" dt [with b = 0.017185] 


1) & 4056 million, or about 4 billion people 


50 
— 2560 [1.,,]* _ 2560 so, 
50 |b |, 50b 


22. (a) Similar to Example 3.8.3, we have T, = 20°C and hence a = c(T — 20). Let y = T — 20, so that 


y(0) = T(0) — 20 = 95 — 20 = 75. Now y satisfies (3.8.2), so y = 75e°. We are given that T(30) = 61, so 


y(30) = 61 — 20 = 41 and 41 = 75e* 99) ra 30c = ln 4 c= $ In # ~ —0.020131. 


Thus, T(t) = 20 + 75e, where k = —c zz 0.02. 


(©) Tas = ggg fa T(t) dt = dy f2(20-+ 7567) dt = 3 [200 — e] i = d; [(600— Be) — (0 - 18)] 


à (600 — $: 25 + FE) = so (600 + 3) = 20 + gg © 76.3°C 


23. Vas = $ Jo V(t) dt = m È [1—cos(2mt)] dt = 4 f, [1 — cos(21)] at 


Il 
+ 
um 
le 
a. 
=) 
ae 
3 
m 
= 
oO 
2 
P 
x 
Q 
oO 
A 
[ex] 
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s = ig => t= /2s/g [since t > 0]. Now v = ds/dt = gt = g4/2s/g = J/2gs v 2gs s= —. 


We see that v can be regarded as a function of t or of s: v = F(t) = gt and v = G(s) = J/2gs. Note that vr = F(T) = gT. 


2 
Displacement can be viewed as a function of t: s = s(t) = 190^; also s(t) = 25 = 2n . When t = T, these two 
formulas for s(t) imply that 
2gs(T) = F(T) = vr = gT = 2(3gT?)/T —2s(T)/T (x) 


The average of the velocities with respect to time t during the interval [0, T] is 


T 
"t — T F(t) dt = L [s(T) — s(0)] [byFTC] = D [since s(0) = 0] = ser [by GO] 


But the average of the velocities with respect to displacement s during the corresponding displacement interval 


[s(0), s(T)] = [0, s(T)] is 


1 s(T) 1 s(T) VZJ s(T) j 
s-avg = avg = OT G d = 2 d = /2d 
USO esu Oe m vgs ds im Í, EE 


—yE] ps4 _ 2 VB pony? 2 =; 
-Xm ab] cape) -3VAE«D-3 0x0 


fave =— Dl d f(x) dx 
> P (area of trapezoid ABDF) 
= P (area of rectangle ACE F) 


= AG B) 6-9] 
- (82) 


b c b 
flet] Lf feo LLL fase LL foa 
C 
-H| fre | + P= 


Since f is continuous, we can apply l'Hospital's Rule. 


C 


E [zd f reas] = P fr ase) + FS foaled 


f(a) da f(t) 
lim: favela, t] = = a”, af f(x )dx = am 2 isa [form 8] £ Im. SIS = f(a) 
Let F(x) = f? f(t) dt for x in [a,b]. Then F is continuous on (a, b] and differentiable on (a, b), so by the Mean Value 


Theorem there is a number c in (a, b) such that F(b) — F(a) = F'(c)(b — a). But F’ (x) = f(x) by the Fundamental 


Theorem of Calculus. Therefore, fe f(t) dt — 0 = f(c)(b — a). 
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APPLIED PROJECT Calculus and Baseball 


d 
1. (a) F 2 ma — m ^ so by the Substitution Rule we have 


ti ti vU] 
/ F(t)dt — f m( 2) dt = m f dv = [mv] is = mu; — mvo = p(ti) — p(to) 
to to vo 


(b) (i) We have v; = 110 mi/h = 1105280) ft/s = 161.3 ft/s, vo = —90 mi/h = —132 ft/s, and the mass of the 


5/16 _ 
32 Dat 


baseball is m = £ = So the change in momentum is 
g 


p(ti) — p(to) = mvi — mvo = z$; [161.3 — (—132)] ~ 2.86 slug-ft/s. 


(ii) From part (a) and part (b)(i), we have fo 001 po F(t) dt = p(0.001) — p(0) ~ 2.86, so the average force over the 


interval [0, 0.001] is Lo f ^^* F(t) dt ~ gtr (2-86) = 2860 Ib. 
i d dv d d € 
2. (a) W = f F(s) ds, where F(s) = m = =m = = = mv = and so, by the Substitution Rule, 


81 sı dv v(s1) js. OE a Rt d 
W= F(s)ds = mv — ds = mv du = [3mv^] = $mvi — moo 
ds s 2 d - 32 2 
so so v(so 


(b) From part (b)(i), 90 mi/h = 132 ft/s. Assume vo = v(so) = 0 and vı = v(s1) = 132 ft/s [note that sı is the point of 


5 
512? 


so the work done is W = mvj — muĝ = 


release of the baseball]. m — 132)? 85 ft-lb. 


1 
nnt 


3. (a) Here we have a differential equation of the form dv/dt = kv, so by Theorem 3.8.2, the solution is v(t) = v(0)e**. 
In this case k = — and v(0) = 100 ft/s, so v(t) = 100e~*/!°. We are interested in the time t that the ball takes to travel 


280 ft, so we find the distance function 


t 
s(t) = f v(x) dz = fi 100e-*/? da = 100 ewe = —1000(e-*/19 — 1) = 1000(1 — e~*/2°) 


Now we set s(t) = 280 and solve for t: 280 = 1000(1 — e-'/19) 1—e7/10 = i 


ou 


at =In(1— $) t ~ 3.285 seconds. 


(b) Let x be the distance of the shortstop from home plate. We calculate the time for the ball to reach home plate as a function 
of x, then differentiate with respect to x to find the value of x which corresponds to the minimum time. The total time that 
it takes the ball to reach home is the sum of the times of the two throws, plus the relay time (3 s). The distance from the 


fielder to the shortstop is 280 — zx, so to find the time tı taken by the first throw, we solve the equation 


1 e—t1/10 _ 280-2 5 ti = snp TE 


t1) = 280 
sı(tı) j 1000 1000 


. We find the time t2 taken by the second 


throw if the shortstop throws with velocity w, since we see that this velocity varies in the rest of the problem. We use 
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—t/10 T 


v = we and isolate t2 in the equation s(t2) = 10w(1 — e™t?/1°) 2 y & e-t2/10 —51— wa m 
10w — TAM 1 720 10w — 
t2 = —10 1n 2E so the total time is tu (£) 7 10 L mU + In TR : 
To find the minimum, we differentiate: ee —10 1 m 1 which changes from negative to positive 
i de T20--z 10w- Š 8 p 
when 720 + z = 10w — x x = 5w — 360. By the First Derivative Test, tw has a minimum at this distance from the 


shortstop to home plate. So if the shortstop throws at w — 105 ft/s from a point x — 5(105) — 360 — 165 ft from home 


plate, the minimum time is £105(165) = 3 — 10(In 291162 + In 1999— 193) z; 3.431 seconds. This is longer than the 


time taken in part (a), so in this case the manager should encourage a direct throw. If w — 115 ft/s, then x — 215 ft from 


home, and the minimum time is t115(215) = 3 — 10(In 29:312 + In 199—212) z 3.242 seconds. This is less than the 


time taken in part (a), so in this case, the manager should encourage a relayed throw. 


t — 1 360 4- 5w 360 + 5w 1 (w 4- 72)? 
i 1011 l 101 
(c) In general, the minimum time is tu (5w — 360) 5 0!In 1000 + In 165 2 n — dw 
We want to find out when this is about 3.285 seconds, the same time as the 35 
direct throw. From the graph, we estimate that this is the case for 
w ~ 112.8 ft/s. So if the shortstop can throw the ball with this velocity, 
then a relayed throw takes the same time as a direct throw. E s 115 
APPLIED PROJECT Where to Sit at the Movies 
1. |VP| = 9 + z cosa, | PT| = 35 — (4+ x sino) = 31 — z sin q, and Tos 


|PB| = (4+ xsina) — 10 = zsina — 6. So using the Pythagorean Theorem, 


we have |V T = y IV PP? + |PT|? = 4/ (9 + x cosa)? + (31 — z sina)? =a, pp—— Sume [9M ja 


2 2 2 ; 2 10’ i x sin a 
and |VB| = 4/ |VP| +|PB|° = 4/(94- xcosa)* + (zsina — 6)" = b. a MT 


to 
| 


l- 924 .—— x cos a ——>| 
7 LEA a? + b? — 625 
Using the Law of Cosines on AV BT, we get 25^ = a^ + b^ — 2abcos0 <= cos = — 
a? +b? — 625 ; 
0 = arccos| ——————— —— |. as required. 
2ab 
2. From the graph of 6, it appears that the value of x which maximizes 0 is 1 
x ~ 8.25 ft. Assuming that the first row is at x = 0, the row closest to this 
value of x is the fourth row, at x = 9 ft, and from the graph, the viewing 
angle in this row seems to be about 0.85 radians, or about 49°. 
60 
0 
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. With a CAS, we type in the definition of 6, substitute in the proper values of a and b in terms of x and a = 20° = $ radians, 


and then use the differentiation command to find the derivative. We use a numerical rootfinder and find that the root of the 


equation d0 /dx = 0 is x © 8.253062, as approximated in Problem 2. 


. From the graph in Problem 2, it seems that the average value of the function on the interval [0, 60] is about 0.6. We can use a 


CAS to approximate a; fA (x) dx ~ 0.625 ~ 36°. (The calculation is much faster if we reduce the number of digits of 


accuracy required.) The minimum value is 0(60) ~ 0.38 and, from Problem 2, the maximum value is about 0.85. 


Review 
TRUE-FALSE QUIZ 


. False. For example, let f(x) = x, g(x) = 2x, a = 1, and b = 2. The area between the curves for a < x < bis 


A= f? [g(x) — f(x)] dx. The given integral represents area when f(x) > g(x) fora < x < b. 


. False. In a solid of revolution, cross-sections perpendicular to the axis of rotation are circular. A cube has no circular 


cross-sections. 


. False. —— Cross-sections perpendicular to the x-axis are washers, and we find cross-sectional area by subtracting the area of 


2 2 
the inner circle from the area of the outer circle. Thus, A(x) = m (vz) —a(rz)-—m (vs) — zl ,and the 


1 1 2 
volume of the resulting solid is V — Í A(x) dx = f T (ve) — s da. 
0 0 


True. See “The Method of Cylindrical Shells” in Section 6.3. 
True. See “Volumes of Solids of Revolution" in Section 6.2. 


True. See *Volumes of Solids of Revolution" in Section 6.2. 


. False. —— Cross-sections perpendicular to the y-axis are washers. 


. False. Using the method of cylindrical shells, a typical shell of the solid obtained by revolving 9t about the y-axis has 


radius z, and the volume of the solid is V — k 27x f(x)dx. Again using the method of cylindrical shells, a typical 
shell of the solid obtained by revolving about the line x = —2 has radius x — (—2) = x + 2, and the volume of the 
solid is V = f^ 2n(a + 2) f (a) da. 

True. A cross-section of S perpendicular to the x-axis is a square with side length f(x), so each cross-section has area 
A(x) = [f (z)]? and volume V = fe A(x) dx = O dz. 

False. The work done to pull up the top half of the cable will be more than half of the work required to pull up the entire 
cable. When the top half of the cable is being pulled up, the bottom half is still attached, and extra work is required 


to pull that bottom half up as the top half is pulled up. There is no such extra work required as the remaining bottom 


half is pulled up. 
True. By defnition of the average value of f on the interval [a, b], the average value of f on [2, 5] is 


z5 J3 f(x) dx = 4(12) = 4. 
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EXERCISES 


1. The curves intersect when x? = 8x — x? 232 — 8r = 0 


2x(a — 4) =0 x=0or 4. 


A= fo [(8a — x?) — x°] da = fý (8x 22?) da: 


= [m - 32°], = [(64- 8) -] - $ 


2. The line y = x — 2 intersects the curve y = 4/2 at (4, 2) and it intersects 


the curve y = — 4/z at (1, —1). 


1 4 
= (aga T da^] + ppe - ig? + 2a 


= 


3. If a > 0, then | z | = z, and the graphs intersect when 2 = 1 — 22° 23? p; 1-0 (2: —1)(r421)20 e 


t= i or —1, but —1 < 0. By symmetry, we can double the area from x = 0 to x = 5. 


A-2 [1^ [a 22?) a] dz = 2 fi? 223? — x +1)dx 


4 y +3y=-y € y?+4y=0 y(y +4) 20 
y =0 or —4. 


A= f°, [7v - (? + 3y)] dy = f? (y? — 4) dy 


-[h ovp =0- (2-3) 3 
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6. A-[f (Vi - a?) da + f? (x? - vz) da yA (2,4) 


8. 14+y=y4+3 y —-y-2-20 (y-2)(y-1)20 © 
y —2 or —1. 


V =r f? [(y - 3? — 1. 92)?] dy = s f? (u? + 6y -9 1 — 2? — yt) dy 


2 
m f? (8+ 6y — y? — y*) dy = «[8y + 3? — $y? — ty)", 


=n[(16+ 12-8 — 3) —(-8+3+4+424)] 2«(33—- $ — 23) = H7 
9. V= * IO 2 1)? - [o 1)? }a Z^ 
T [119-7 v)- C0] - [0 - (DP ; dy ER 
=2r f [(10 yy 1] dy = 2n f; (100 — 20y? + y* — 1) dy " x-29-y 
= 2r fy (99 — 20? + y*) dy = 2r [99y — Py? + $^]; — — 
1 x 
= 2r (297 — 180 + 233) = 1996, | 
i-3 
x=- 


10. v =r f?, {[(9— 2%) — (-1)}? - e+- Cop) ae 
- s f?, [(10— 02)" - @? + 2)?] de 


= 2n f? (96 — 24?) dz = 48m f; (4 — x°) dz 


= 48r [4x — x°]? = 487 (8 — $) = 2567 
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11. 


12. 


13. 


M. 


15. 
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The graph of z? — y? — a? is a hyperbola with right and left branches. 
Solving for y gives us y? — z? — a? = +y r? — a?. 
We’ll use shells and the height of each shell is 


V2 — a? (—- Va? a?) =2 yx? a2. 


The volume is V = ques Qna - 24/2? — a? dz. To evaluate, let u = £? — a°, 


so du = 2x dx and «dx = 4 du. When x = a, u = 0, and when z = a + h, 


u = (a +h}? — a? =a? + 2ah + h? — a? = 2ah+h?. 


2ah+h? Qah+h2 
Thus, V = 4r | Vu ail = 27l 2u” = aht. 
0 2 3 " 3 


A shell has radius x, circumference 272, and height tan x — x. 


V= Ee 2nz (tan x — x) dx 


A shell has radius 5 — x, circumference 2n($ — a) , and height cos?z — i. y x-$ 
1 
4 


y — cos?z intersects y — i when cos?z = e 


cord [le €-/2] € 2= 24. 


7/3 
v- f Aa - 2) (costs - i) dx 
—n1/3 2 4 


A shell has radius x — (—1) = £ + 1, 


circumference 27 (x + 1), and height In x. 


V= 1. 2r(x +1) Inzdx 


[continued] 
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(a) With x as the variable of integration, we use the method of cylindrical shells. 


3 3 
V= I Qn(a + 1) (3a? — z?) dz = / 2n(22? — x^ + 32?) da = 2n [32° — iz? + UM 
0 0 


-z| (4 eee +27) ol = 2r. i 13, 


2 5 10 5 


(b) With y as the variable of integration, we use washers with inner radius : + 1 and outer radius Vy +1. 


The area of a cross-section is 


z(Vs-- 1) (yt: 1) =a jot eap n - (f+ 3r"+0)| 
2 


v= [sh eai -2- 2 pn) ay =| y? 3 4/3 " 4 yhp 
ó 3 3 2 6 33 0 
729 243 243 189 
ee eom ge SOs s 
oe + ae Ban) a = 
16. Vx = a? c= x ct —x2#=0 vA 
umso Denn 
z(r?—1)-0 z—0orz—l 
y—vz > r=% (x0) 
(BGS) Rasy 
1b y=ve 
y= 
0 1 t 


a) With x as the variable of integration, we use washers with inner radius 3 — Vx and outer radius 3 — z?. The area of a 
g 


659 


2 
cross-section is 7(3 — x°)? — « (3 vz) = n[(9 — 6x? + x4) — (9 — 6217? + x)|] = n(—6a? + z* + 6x? — x). 


1 
v= n(—6x° + z^ +61"? — x) dr = al 22? + ig? + 4r”? d 
0 
(b) With y as the variable of integration, we use the method of cylindrical shells. 


1 1 
V= f 27(3 — y) (vv y) dy = f 2n(3y ? — 3y? — y9? + y9) dy 
0 0 


1 
= 2r [ni — y? — gy + iy] = 2| 1-242)-0] 22s. E 2 H4 


17. (a) A cross-section is a washer with inner radius x? and outer radius z. 


V= Es zy — (x?)?] dx = f n (a? z^) dx = n[gx° 145] ) =T [i =| E an 
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(b) A cross-section is a washer with inner radius y and outer radius Vy. 


v= fn (va) - P| ay= fm (y—y”) dy =a[4y? - 19]; =r- 1] 2 2 


(c) A cross-section is a washer with inner radius 2 — x and outer radius 2 — x^. 


V = fo a[(2-2?) - (2-2) dx = f, n(z* 52? + 4a) dx — m [125 — $a? + 227] 5 n[zg—-2+2)=3 


18. (a) A= fo (2x z? — 33) dz = |x? — $2? iai] —-1-i-i-£á 


b) A cross-section is a washer with inner radius z? and outer radius 2x — x?, so its area is «(2x — x”)? — a (a?)?. 
> 


V= f; 4 z)dz = f; «| [((2z — x)? — (a?)?] dx Ex n(Az? — Aa? + z* — xê) dz 


d uM gp — gar") = rl- 1+ 5 — 2) = aps 


(c) Using the method of cylindrical shells, 


V ES 2nz(2x — x? z)dr= fo 2n(2x? — z? — x4) da = 2n |22? — igt ia*] 2:(— i-0)- 
19. (a) Using the Midpoint Rule on [0, 1] with f(x) = tan(z?) and n = 4, we estimate 
A= i tan(x?) da ~ [tan ( (°) + tan((3)”) + tan((3)”) + tan( (4)°)] ~ 1(1.53) ~ 0.38 


(b) Using the Midpoint Rule on [0, 1] with f(x) = v tan? (x?) (for disks) and n = 4, we estimate 


V=f f(x) dz x yr] tan?( (4)? ) + tan? (G ) *) + tan? (G ) *) + tan? ((*)] ~ 5 (1.114) z 0.87 


20. (a) 1 From the graph, we see that the curves intersect at x = 0 and at 


x = a £ 0.75, with 1 — z? > zê — x + 1 on (0,a). 


ZA 


0 0.8 


(b) The area of Ris A = f [(1— z?) — (39 2 + 1) de = [- $a? — 12" + iz?) x 0.12. 
(c) Using washers, the volume generated when 9t is rotated about the x-axis is 
V =r fol —27)? -— (2° — x+ 1)°]de = r fo (7x? + Qa” — 22° + x* — 32? + 2x) dz 
= a[—fa + ir’ — 22" + fa? — r? + 27] ~ 0.54 


(d) Using shells, the volume generated when & is rotated about the y-axis is 


V = fp 2nz[(1— 2?) — (x — x + 1] dz = 27 f (7-35 —2" +x ?) dz = 2n[-iz* — iz? + i2?]5 ~ 0.31. 


21. da 2nzcoszdz = T nz) cos x dx 


The solid is obtained by rotating the region R = Ts y)|O0<a<F,0<y<cos x} about the y-axis. 
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22. qe 27 cos?z dz = up «(V2 cos x) dx 

The solid is obtained by rotating the region R = { (2, y)|O<@#<F,0<y< V2 cos x} about the x-axis. 
23. [7 «(2 — sina)? dx 

The solid is obtained by rotating the region R = ((z, y) | 0 € x € 7,0 € y € 2 — sin xz} about the x-axis. 

4 

24. Jo 2r (6 — y) (4y — y?) dy 

The solid is obtained by rotating the region R = { (2, y) |O<a<4y-y?,0<y< 4} about the line y = 6. 
25. Take the base to be the disk z? + y? < 9. Then V = js A(x) dx, where A(xo) is the area of the isosceles right triangle 


whose hypotenuse lies along the line x = xo in the zy-plane. The length of the hypotenuse is 2 v9 — x? and the length of 


each leg is V2 V9 — z2. A(x) = i(v2V9— ay = 9 — 27,80 


V=2 fA z) dz = 2 fy (9 x°) dx = 2[9x 
26. V= f^, A(x) )dr=2 f A z)dz = 2 fo [( [2 — z?) - z?]? dæ = 2 f? [2(1 — a?)]? de 


=8 f (1— 22? +24)dz = 8[x — 22? + 42°] =8(1- 2+4) = 


27. Equilateral triangles with sides measuring ta meters have height ta sin 60° = Ly, Therefore, 
a A Va a, WB AD L f2 g? — V3[1,3]20 _ 8000 v3 _ 125 v3 m3 
A(x) = 3: ie r= Go? V= f A@)de = GZ fa? de = Ge] = ex zom 


28. (a) By the symmetry of the problem, we consider only the solid to the right of the origin. The semicircular cross-sections 


perpendicular to the x-axis have radius 1 — x, so A(x) = 7 (1 — x)”. Now we can calculate 


V=2f A z)dr=2 fs} n(1l— zx) deceat x)? dx z[ü0-2)],- 8. 


(b) Cut the solid with a plane perpendicular to the z-axis and passing through the y-axis. Fold the half of the solid in the 
region x < 0 under the xy-plane so that the point (—1, 0) comes around and touches the point (1, 0). The resulting solid is 


a right circular cone of radius 1 with vertex at (x, y, z) = (1,0, 0) and with its base in the yz-plane, centered at the origin. 


e volume of this cone is zzr^h = s7-1°-1=2 
The volume of th inr h-is.1-4$ 


29. f(x) = kx 30 N —k(15—12)ecm = k=10N/cm=1000N/m. 20cm — 12cm = 0.08m => 


0.08 


= fy” ka dz = 1000 f^" x dz = 500[z?]5 ^^ = 500(0.08)? = 3.2N-m = 3.2]. 


30. The work needed to raise the elevator alone is 1600 Ib x 30 ft = 48,000 ft-lb. The work needed to raise the bottom 
170 ft of cable is 170 ft x 10 Ib/ft x 30 ft — 51,000 ft-Ib. The work needed to raise the top 30 ft of cable is 
ie 10x dx = [5x] = 5. 900 = 4500 ft-lb. Adding these, we see that the total work needed is 


48,000 + 51,000 + 4,500 = 103,500 ft-lb. 
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31. (a) The parabola has equation y — az? with vertex at the origin and passing through 


y 
8 ft 
(4,4). 4—-a.4? aci y = 42? x? = 4y ns 


x=2 Jy. Each circular disk has radius 2 Jy and is moved 4 — y ft. | 


w= féx(2vv) 62.5(4 — y) dy = 250m ff y(4 — y) dy | 


= 250m [2y? — 13]? = 2507r (32 — $4) = 8000" ~ 8378 ft-lb x 


(b) In part (a) we knew the final water level (0) but not the amount of work done. Here 17 
we use the same equation, except with the work fixed, and the lower limit of 


integration (that is, the final water level — call it h) unknown: W = 4000 <= 0 4 


2507 [2y? a 4000 16 = [(32 — t) — (2h? — 2h3)] © 


h? — 6h? + 32 — 48 = 0. We graph the function f(h) = h? — 6h? + 32 — 48 mae 
on the interval [0, i to see where it is 0. From the graph, f (h) = 0 for  z 2.1. 


So the depth of water remaining is about 2.1 ft. 


32. A horizontal slice of cooking oil Az m thick has a volume of zr?h = m - 2? - Ax m?, a mass of 920(47 Az) kg, 
weighs about (9.8)(36807 Ax) = 36,0647 Az N, and thus requires about 36,0647; Ax J 


of work for its removal (where 3 € xj < 6). The total work needed to empty the tank is 


W = lim 2 36,064mz? Az = f? 36,064xz dx = 36,0647 E Jr = 18,0321(36 — 9) = 486,8647 =~ 1.53 x 10° J. 


n> į; 


n/a 4 n/4 4 4 
2 = = = — = = 
33. fwe = L— Lf f(t) Ie zi], sec’ tdt = — LC -ü-0)--7 
1 i 1 4.1 
— = —_ NN yA 
34. (a) fave baj, f(x) dx 4-1, v (c) 
1+ 
1 -1/2 e .. 4 
= sf dx [ave] 
= 3(2-1)=3 
1 2 3 9 0 
(b) f(c) fave a 3 Vc 2 C 1 


35. (a) The regions 9t; and Rə are shown in the figure. 


The area of Ra is Ay = d xz? dz = [12?]) = i, and the area of Rə is 


2 b? 
A» = R Vy dy = ERE = 20. So there is no solution to A; = Ag 


for b #0. 
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(b) Using disks, we calculate the volume of rotation of 9t; about the z-axis to be Va, = 7 f. Ma dx = znb°. 


Using cylindrical shells, we calculate the volume of rotation of 9t; about the y-axis to be 


Viy = 27 fo x(x?) dz = 2n[424]) = rbt. So Vi = Vi inb = ind! 2b — 5 b 


Nor 


So the volumes of rotation about the x- and y-axes are the same for b = 3. 


(c) We use cylindrical shells to calculate the volume of rotation of Rə about the x-axis: 


b? p? 
Roe = 20 J y (vv ) dy = 27 [y | = inb. We already know the volume of rotation of Rı about the x-axis 
0 0 


from part (b), and Ri. = Raz in b = ín b^, which has no solution for b Æ 0. 


2 2 2 
(d) We use disks to calculate the volume of rotation of Ra about the y-axis: Re, = 7 f, (vv ) dy = x|iy?] : = grb". 


We know the volume of rotation of Jt; about the y-axis from part (b), and Ri y = Ro,y im b = im b^. But this 


equation is true for all b, so the volumes of rotation about the y-axis are equal for all values of b. 
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1. The volume generated from x — 0 to x — bis qd [f(x]? dx. Hence, we are given that b? = ‘lg v[f(z)|? dz for all b > 0. 


Differentiating both sides of this equation with respect to b using the Fundamental Theorem of Calculus gives 


2b = «|f (b)? f(b) = y 2b/7, since f is positive. Therefore, f(x) = y 2x /r. 


. The total area of the region bounded by the parabola y = z — x? = z(1— zx) 


and the x-axis is n" (a — z?) dx = [$a te'ls = 4. Let the slope of the 


line we are looking for be m. Then the area above this line but below the 


parabola is f, Pu [(z — 2?) — ma] dz, where a is the x-coordinate of the point 


of intersection of the line and the parabola. We find the point of intersection 0 a ] * 
by solving the equation « — x? = ma 1—z-—m x = 1 — m. So the value of a is 1 — m, and 
T [(z — 2?) — ma] dz = iw [(1— m)z — x] dz = [$(1 — m)? 1,3], ” 


We want this to be half of 2, so 4(1 — m)? = 


Ble 
AX 
= 
3 
i 
w 
| 
sje 


1 m= Ji m -—1 y; So the 


slope of the required line is 1 — EZ ~ 0.206. 


. We must find expressions for the areas A and B, and then set them equal and see what this says about the curve C. If 
P= (a, 2a"); then area A is just ho (2x? — a?) da = J a? dx = za’, To find area B, we use y as the variable of 
integration. So we find the equation of the middle curve as a function of y: y = 227 «€ x = \/y/2, since we are 
concerned with the first quadrant only. We can express area B as 
2a? 4 2a? 2a? 4 292 
v s/2- C(y)|dy = z(y/2? ^| -| C(ydy-zaà — | | C(y)dy 
0 3 0 0 3 0 
2 2 
where C (y) is the function with graph C. Setting A = B, we get £a? = $a? — J C(y)dy © Toe C(y) dy = aè. 
Now we differentiate this equation with respect to a using the Chain Rule and the Fundamental Theorem: 
C(2a?)(4a) = 3a? => C(y) = $ \/y/2, where y = 2a”. Now we can solve for y: £ = 2 \/y/2 => 


r? = $ (y/2) > y= #2. 
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4. (a) Take slices perpendicular to the line through the center C of the bottom of the glass and the point P where the top surface 


of the water meets the bottom of the glass. 


P 
Q v7-Y R r—y 
S 
y Q 
r r+y 
C A L B 


A typical rectangular cross-section y units above the axis of the glass has width 2|QR| = 2 /r? — y? and length 


h=|QS|= x (r— y). [Triangles PQS and PAB are similar, so k = Án = A] Thus, 


T 


à L 
v-f ay Pe )di-L[ (1-2) ym = Pay 


=i væra- S yy r? — y? dy 


—r 


ES Tr L 0 the first integral is the area of a semicircle of radius r, T r? L 
and the second has an odd integrand 


(b) Slice parallel to the plane through the axis of the glass and the point of contact P. (This is the plane determined by P, B, 
and C in the figure.) STUV is a typical trapezoidal slice. With respect to an x-axis with origin at C as shown, if S and V 
have x-coordinate x, then |SV | = 2 vr? — z?. Projecting the trapezoid STUV onto the plane of the triangle 
PAB (call the projection S"T 'U'V^), we see that | AP| = 2r, |SV| = 2 Vr? — a, and 
[S'P| = |V'A| = 4(|AP| |SV) =r r? — r?. 


By similar triangles, ut = mtn so |ST| = (r — Vr? = 2?) - x In the same way, we find that 
|VU| _ |AB| Ee "T oe 
VP = [apy |VU| = |V'P| - E. (| AP| — |V'A]) - DE (r+ Vr?—x s The 


area A(x) of the trapezoid STUV is 2|SV| - (|ST| + |VU |); that is, 


A(x) = 1.272 s.c VETE E 4 (rt raw) E = Lr? — a. Thus, 
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(c) See the computation of V in part (a) or part (b). 
(d) The volume of the water is exactly half the volume of the cylindrical glass, so V — amr. 


(e) Choose z-, y-, and z-axes as shown in the figure. Then 


slices perpendicular to the x-axis are triangular, slices p 
perpendicular to the y-axis are rectangular, and slices l 
F 
perpendicular to the z-axis are segments of circles. 2 il 
Using triangular slices, we find that the area A(x) of L 
a typical slice DEF, where D has x-coordinate x, is given by 
A(e) = 4|DE|- |EF| = 3DE|- ( £|pg|) =  |pgg = E (r? — 2). Thus, 
r 2r 2r 
Á Lf", 2 2 Lf", 2 2 L| 2 z?" 
= A(x) dx = = = 
V $^ (a) dx zje x^) dx iG xu) dx ale eg : 


L aes M 
(r 4 ) wn ir = 2r?L [This is 2/(37) ~ 0.21 of the volume of the glass. ] 


i . dV f is ; 
. We are given that the rate of change of the volume of water is ap —k A(x), where k is some positive constant and A(z) is 


the area of the surface when the water has depth z. Now we are concerned with the rate of change of the depth of the water 


dV dV dx 


; : . d ; : . 
with respect to time, that is, T But by the Chain Rule, E ae gri so the first equation can be written 


dV dx E 


—— —- = —kA(x) (x). Also, we know that the total volume of water up to a depth x is V (£) = fj 


A(s) ds, where A(s) is 
the area of a cross-section of the water at a depth s. Differentiating this equation with respect to x, we get dV/dx = A(x). 


Substituting this into equation x, we get A(x)(da/dt) = —kA(x) = da/dt = —k,a constant. 


. (a) The volume above the surface is f EM A(y) dy — Sa 7 A(y) dy — f 2 y, A(y) dy. So the proportion of volume above the 


L—h L—h 0 
A(y) d A(y) dy — A(y) d 
surface is Jo AW) dy = Jon Aly) dy = [-, AW) dy Now by Archimedes’ Principle, we have F =W => 
Jon Aly) dy Ln Aly) dy 
0,9 [^, Aly) dy = pog [5 ^ Aly) dy, so [^ A(y) dy = (00/P 5) [^ A(y) dy. Therefore, 
L^ A()dy [4 Aly) dy — (00/0) SEn AW) dy — p,— 
[A Ay) dy [5 AQ) dy Py 


is 100( 22) %, 
Pf 


p 
B , So the percentage of volume above the surface 


(b) For an iceberg, the percentage of volume above the surface is 100(1930 917) 96 e 1196. 


(c) No, the water does not overflow. Let V; be the volume of the ice cube, and let Vu be the volume of the water which results 


from the melting. Then by the formula derived in part (a), the volume of ice above the surface of the water is 
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[(Pf — po)/p,] Vis so the volume below the surface is V; — [(p; — po)/p;]Vi = (po/p5)Vi. Now the mass of the ice 


cube is the same as the mass of the water which is created when it melts, namely m = po Vi = py Vw 
Vw = (0o/p,)Vi. So when the ice cube melts, the volume of the resulting water is the same as the underwater volume of 
the ice cube, and so the water does not overflow. 

(d) The figure shows the instant when the height of the exposed part of the ball is y. YA 
Using the volume formula from Exercise 6.2.61, V = inh? (3r — h), with 


r — 0.4 and h = 0.8 — y, we see that the volume of the submerged part of the 


sphere is in(0.8 — y)’ [1.2 — (0.8 — y)], so its weight is 1000g - ins?(12 — 8), 


where s — 0.8 — y. Then the work done to submerge the sphere is 


W = fa^ gre? (1.2 s) ds = gr Jours — s?)ds 
= gin [0.45? — 155] = g1999 (0.2048 — 0.1024) = 9.8 1999 5 (0.1024) ~ 1.05 x 10? J 


7T. A typical sphere of radius r is shown in the figure. We wish to maximize the shaded 


volume V, which can be thought of as the volume of a hemisphere of radius r minus h 
ZN 
the volume of the spherical cap with height h = 1 — V1 — r? and radius 1. 1 
E 
V = į. fnr? — in(1 -v1 -r? y [3(1) - (1— v1— r7)] [by Exercise 6.2.61] G 


= įr [2r — (2-2 V1 =r? — r°) (2+v1-=r?)] 


2 2 2 2 
r* +2)(—r 6r^/1—r? — r(r^ +2) -2r(1—r 
V — 4a |o + X m 1—r?(2r)| = 4r ( ) ( ) 
vV1-r? vV1-r? 
(S TTE aPN _ ar? QVI = 1) 
= =T a) 
: V1-r? /1-r? 
2 2 2_4 2 
V'(r) 20 2y/1l-r?-r 4—4r* =r fee r= Ze © 0.89. 
Since V'(r) > 0 for0 <r < = and V'(r) < 0 for z « r « 1, we know that V attains a maximum at r — Fi 
8. We want to find the volume of that part of the sphere which is below the surface quicum s = 
. f M [p i 
of the water. As we can see from the diagram, this region is a cap of a sphere N V 


with radius r and height r + d. If we can find an expression for d in terms of h, 
r and 0, then we can determine the volume of the region [see Exercise 6.2.61], 4 


and then differentiate with respect to r to find the maximum. We see that 


r r 
h-d= 
h —d sin 0 


sin 0 = d=h-—rcscé. =< 


[continued] 
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Now we can use the formula from Exercise 6.2.61 to find the volume of water displaced: 
V= anh? (3r —h)= in(r +d)? [Br — (r + d) = in(r -h-—rcscO)?(2r —h+rcscé) 


= $[r(1— csc0) + h]? [r(2 + csc0) — h] 


Now we differentiate with respect to r: 


dV/dr = 2 ([r(1 — csc0) + h]? (2 + esc) + 2[r(1 — csc 0) + h](1 — csc 6)[r(2 + csc 0) — h]) 


= &[r(1— csc 0) + h]([r(1 — esc 0) + h](2 + csc 0) + 2(1 — esc 6)[r(2 + csc0) — h]) 

= $[r(1 — csc 0) + h)(3(2 + csc 0) (1 — csc O)r + [(2 + csc 0) — 2(1 — csc0)]h) 

= $[r(1 — csc 0) + h][3(2 + esc 0) (1 — esc 0)r + 3h csc 0] 
This is 0 when r = —— and when r — wen Now since V (=) = 0 (the first factor 
vanishes; this corresponds to d — —r), the maximum volume of water is displaced when r — heey 


(csc @ — 1)(csc 0 + 2): 


(Our intuition tells us that a maximum value does exist, and it must occur at a critical number.) Multiplying numerator and 


hsin@ 


denominator by sin? 0, we get an alternative form of the answer: r = ——————_. 
sin Ó + cos 20 


. (a) Stacking disks along the y-axis gives us V = f d n [f(y]? dy. 


: ' dV dV dh _ 2 dh 
(b) Using the Chain Rule, Lx opt e [f(A)] ap 
2 dh dh 


(c) kA Vh = af (A) -5 


/ dh 
is, f(y) = z y" ^. The advantage of having T C is that the markings on the container are equally spaced. 


10. (a) We first use the cylindrical shell method to express the volume V in terms of h, r, and w: 


T T 2,2 T 2.3 
v= [naso fonce Z] ano f (no+ 52) as 
0 0 2g 0 2g 


2 2,4]T 2 2,4 2,4 
= on |" GE x m aig fur 


2 89 Jo 2 8g 4g 
TE V- (mw*r*)/ (49) | 4gV — qw? ra 
i mcr? 7 4ngr? 
(b) The surface touches the bottom when ^ — 0 AgV — nu? r* =0 w? EAA w 2 NV 
TIE Var? 
To spill over the top, y(r) > L € 
Eu wr? |. AgV — mw? rt wr? |. 4gV mur? wr? 
2g — 4ngr? ' 9g 4ngr? | 4mgr? 2g 
V wr? 4 wr? oV wr? 
Tcr? Ag 2g qr? 4g 
2,2 2 2 
V L—-V Ag(nr^ L — : 
= bu bs E w? o Eae . So for spillage, the angular speed should 
2 2L —V 
be w > uae 
r?4/n 
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w?. 12 
; -1 
(c) (i) Here we have r = 2, L = 7,h = 7 — 5 = 2. When z = 1, y = 7 — 4 = 3. Therefore, 3=24 2 2.32 > 
2 2 94 
1= a w? = 64 w = 8rad/s. V = 7(2)(2)? + LL = 8r + 8r = 16s fi. 
82.22 
(ii) At the wall, x = 2, so y = 2 + 3.327 — 6 and the surface is 7 — 6 = 1 ft below the top of the tank. 
11. The cubic polynomial passes through the origin, so let its equation be M y = px3 + qx? M rx 
y = pz? + qa? + rx. The curves intersect when px? + qa? +ra=22 © 
pz? + (q — 1)a? +ra = 0. Call the left side f(x). Since f(a) = f(b) = 0, 
another form of f is 
f(x) = px(z — a)(z — b) = pr[x? — (a + b)a + ab] x 
= p[z? — (a + b)a? + abx] 
Since the two areas are equal, we must have f? f(a) dz = — fe f(a)dx => 
[F(z)]g = 2 l F(a) — F(0) = F(a) — F(b) F(0) = F(b), where F is an antiderivative of f. 
Now F(x) = f f(x)dx = f p[a? — (a + ba? + abx] dx = p[32* — (a + b)x® + $aba?] + C, so 
F(0) = F(b) C = p|it^ — i (a +b)b? ia] C => 0-p[i) — (a +b)b? + iab] => 
0 — 3b — 4(a+b)+6a [multiply by 12/(pb?), b 4 0] 0 = 3b — 4a — 4b + 6a => b=2a. 
Hence, b is twice the value of a. 
YA 
12. (a) Place the round flat tortilla on an zy-coordinate system as shown in 4 (x, 16 — x?) 
the first figure. An equation of the circle is x + y? = 4? and the 
height — 
height of a cross-section is 2 V16 — z?. =4 4 x |2416—x? 
-4 


Now look at a cross-section with central angle 0; as shown in the 
second figure (r is the radius of the circular cylinder). The filled area 


A(x) is equal to the area A1(x) of the sector minus the area A2(x) 


of the triangle. 


arc length 
=2\/16 — x? 


A(x) = A1(z) — Ao(x) = $7702 — gr? sin 62 [area formulas from trigonometry] 


= ir(r6,)- ir? ei [arc length s = r0; 05 = s/r] 


—ir 216 — ir Psa (2) [s = 2 v16 — 2?] 


= ry 16-— r? — pal v16 — =) (x) 
Note that the central angle 0; will be small near the ends of the tortilla; that is, when |x| ~ 4. But near the center of 
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the tortilla (when |x| ~ 0), the central angle 0; may exceed 180°. Thus, the sine of 0, will be negative and the second 


term in (x) will be positive (actually adding area to the area of the sector). The volume of the taco can be found by 


integrating the cross-sectional areas from x = —4 to x = 4. Thus, 
4 4 
V(x) = if A(x) dx = Í b y 16 — z? — ir? sn(2v 16 — z? | da 
-4 -4 


(b) To find the value of r that maximizes the volume of the taco, we can define 


the function 


ve)= f. | as 72 - es (318728) as 


—4 


The figure shows a graph of y = V(r) and y = V'(r). The maximum 


volume of about 52.94 occurs when r ~ 2.2912. 


13. We assume that P lies in the region of positive x. Since y = z? is an odd function, this assumption will not affect the result of 


the calculation. Let P — (a, a?). The slope of the tangent to the curve y = a? at P is 3a”, and so the equation of the tangent 


is y — a? = 3a? (x — a) y = 3a?x — 2a?. 


wv 


P(a, a?) 


Q(—2a, —8a?) 


We solve this simultaneously with y = x? to find the other point of intersection: z? = 3a?z — 2a? © 


(x — a)’ (x + 2a) = 0. So Q = ( 2a, 8a?) is the other point of intersection. The equation of the tangent at Q is 


y — (—8a?) = 12a? [x — (—2a)] y = 12a?z + 16a?. By symmetry, this tangent will intersect the curve again at 
x = —2(—2a) = 4a. The curve lies above the first tangent, and 


below the second, so we are looking for a relationship between A = f^, [2° — (3a?x — 2a?)] dx and 


B= Cd [(12a7a + 16a?) — | dx. We calculate A = | zi^— Saul. Dara 


1 3,4 4y _ 27,4 
A 2a = 44. — (762^) = Fa", and 


B = [6a?z? + 16a°x — Dp = 96a* — (—12a^) = 108a^. We see that B = 16A = 24A. This is because our 


calculation of area B was essentially the same as that of area A, with a replaced by —2a, so if we replace a with —2a in our 


expression for A, we get 2*(—2a)^ = 108a* = B. 


14. From the solution to Problem 11 in Problems Plus following Chapter 4, an equation of the normal line through P is 


: : 1 ae 
+ a”, and the x-coordinate of Q is x = —a — Da The area of 9t is given by 
a 
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A(a) = Fz4 d 
(2) = ( 2a" 2 S ) | : | la” j oe eS 3^ 


$ —a—1/(2a) 


A 1 " 1  64a5-r-48a^ 12a? +1 — (4a? +1)? 
48a? 4a 48a3 48a3 


dro) = 4897-3027 Ba (da^ E de® 48- o (da + Dla 8a (a 17] 
(4823)? 48 - 48 - a? - a? 
(4a? + 1)? (4a? — 1) 


2 
i 1604 g n 


i a 5 (0) 


Since A'(a) < 0 for0<a< i and A'(a) > 0 fora > i there is an absolute minimum when a — i by the First Derivative 


Test for Absolute Extreme Values. 
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7 L] TECHNIQUES OF INTEGRATION 
7.1 Integration by Parts 


2x 


1 Let u = x, dv = e dr => du=dz,v= ie . Then by Equation 2, 


29 xc UE 22 — 1,22 s di 2x  1,2x 
J ve? dx = ize J łe” dx = ime qe" 4 C. 


2. Let u = Ina, dv = yx dx du = L dz, v = 2539/2 Then by Equation 2, 


1 
[ Vainede = ima. [429 Las = gama- [35 de = ga? ma- fo? +. 


3. Let u = x, du = cosárdr => du = dz, v = isin 4x. Then by Equation 2, 


f € cos 4z dx = irsin4mc — 1 sin 4a dz = ta sin 4x + i cos 4x + C. 
4. Letu = sin tz, du = dr => du= 1 dx, v = x. Then by Equation 2 
l i adis MOT LE , 


CSS dic ecd: x dx = ns ae d lg t-21-az?, 
sin rdr-zsin x Ane r-zsin x A 5 dis cut. 
=asinte+i ft? dt=asin zs 1.207 £C = zsin !z  V1—2? C 


Note: A mnemonic device which is helpful for selecting u when using integration by parts is the LIATE principle of precedence for u: 
Logarithmic 
Inverse trigonometric 
Algebraic 
Trigonometric 


Exponential 


If the integrand has several factors, then we try to choose among them a u which appears as high as possible on the list. For example, in f ze” da 


the integrand is xe?” , which is the product of an algebraic function (x) and an exponential function (e?”). Since Algebraic appears before Exponential, 


we choose u = x. Sometimes the integration turns out to be similar regardless of the selection of u and dv, but it is advisable to refer to LIATE when in 


doubt. 


5. Let u = t, dv = e” dt du = dt, v te”, Then by Equation 2, 


fte” dt = ite” -f te” dt = ite? = ie" +C. 


6. Let u = y, dv = e™” dy du = dy, v = —e™”. Then by Equation 2, 


J ye™” dy = —ye™” — f —e™” dy = —ye™” + fe dy = —ye™” —e* +C. 


T. Let u = x, dv = sin 10x dx du = dz,v = i cos 10x. Then by Equation 2, 


fvsin 10a dx = —i52cosl0r — f — 4 cos 10x dx = — i52 cos 10x + $ J cos 10x da: 


—— d dus 
= — ýr cos 10x + 455 sin 10x + C 
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8. 


9. 


10. 


11. 


12. 


13. 


M. 


15. 


CHAPTER7 TECHNIQUES OF INTEGRATION 


1 : 
Let u = T — x, dv = cos TT dx du dx, v sin zz. Then by Equation 2, 
T 
1 : l- 1 ; 1 
(x — x) cosnadx = —(n —zx)sinzz — | —— sinte dx = —(r — x)sin tgr — — cosa + C. 
T T T T 


Let u = ln w, dv = w dw du d dw, v = Zu. Then by Equation 2, 
w 


| 1 2 125 1 |l 3 1 |l 3 l2, 
[ omm zY ln w [se "LL z” ln w ; | ve z” lnw au C. 


1 1 
Let u = Ina, dv = E dr =x? dr => du= F dr = x7! dz, v = —z^ 1. Then by Equation 2, 
Em --x-[- 5x grid =-=, / T A DE per Lag 
x x x 


First let u = z? + 2x, dv = cosxr dr => du= (2x + 2) dz, v = sing. Then by Equation 2, 
I = f (£? + 22)cosz da = (x? + 2x) sinz — f (2x + 2) sinz dz. Next let U = 2 + 2, dV = sing dr => 
dU = 2dz, V = — cos x, so f (2x + 2)sinz dz = — (2x + 2) cosz — f —2 cosx dz = —(2x + 2) cosx + 2sin zx. 


Thus, J = (x? + 22) sin z + (2x + 2) cosg — 2sin z + C. 


First let u = t?, dv = sin Gt dt du = 2t dt, v 5 cos 3t. Then by Equation 2, 
I = f ° sin btdt = — $t cos Bt — J — $t cos Bt dt. Next let U = t, dV = cos tdt = dU — dt, 
V = Loni so f tcos 8t dt = lna J Gsinstat = Lain Be + l cos 8t. Thus 
B ^ B B B B? l : 
1 2/1 1 1 2 2 
I— -—-—t? cost - = (sts ++ cost) +C =—<t? cos Bt + — tsin Bt + — cos Bt + C. 
B B\B B? B E B? 
Let u = cos !z, dv = dx du = zl dx, v = x. Then by Equation 2 
> VI — a2 > = y q > 
= 1/1 Tops 
[5 dx = zcos iz — f rF dz = xcos ‘x — f Vi (s D | "ir 
= cos iy — 1.207 +C=acos ta—-VJV1—a2?+C 
Let u = ln yz, dv = dr > du= : l dr = Las v = x. Then by Equation 2 
= nae cm fee Be ert i 
1 1 1 
In Vz dz = z ln yz — z: zz d= xl ys 5 de = aln Vx z tO. 
Note: We could start by using In y£ = iln x. 
4 1 lis ; 
Let u — Int, dv — t^dt du t dt, v 5! . Then by Equation 2, 


1 ios 1 1 1 1 
t Intdt = it lnt- | 2O.-dt— 2t lnt- | it dt 2 28 lnt- =? : 
f 5 5 E t B C 5 pieds EG 
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u 2 
1+ 4y? 


- = 2y a 1 /1 t=1+4y?, 
fi 1(2y) dy = ytan e) - f 3 dy — ytan ien - f4 (3#) Fate | 


= ytan ! (2y) — 41n |t| + C 2 ytan ! (2y) — 4 In(1 + 4?) - C 


16. Let u = tan ! (2y), dv = dy du dy, v = y. Then by Equation 2, 


17. Let u = t, dv = csc? t dt du = dt, v = — cot t. Then by Equation 2, 


t 1 — si 
[ 15 tato nte - f Loto eee [ dt - tent e f dz E sint, | 
sint z dz = cost dt 


= —tcott + In |z| + C = —tcott + In |sin t| + C 


18. Let u = x, dv = cosh az dx du = dz, v = 1 sinh ax. Then by Equation 2, 
TON 1. 1. 1 
zcoshaz dx = —x sinhax — = sinh az dz = =z sinh ag — = coshaz + C. 
a a a a 


19. First let u = (Inz)?, du =de => du-21nnz- + dz, v = x. Then by Equation 2, 


I= f(Inz)? dz 2z(Inz? — 2 f zlnz- dz 2x(Inz)? — 2 f Inzdz. Next let U = n z, dV = dz => 


dU = l/rdz,V = vto get /Inzdz = zInz — f z- (1/z) dz = xlng — f dz = xInz — ge + Ci. Thus, 
I = x(Inz)? — 2(zlnz — z + C1) = z(Inz)? — 2x In x + 2z + C, where C = —2C3. 


—z 


20. le dz = ee 1077 dz. Let u = z, dv = 10 ^dz => du=dz,v=— . Then by Equation 2, 


1 
107 In 10 


-24,,. —210 * —10 * ae me 1077 z 1 i 
f d 30 f mio ^ > Tomio (In 10) (In 10) *tC- 39110 10*(In10)? ' = 


21. First let u = e?*, du = cosx dx = du = 3e?" dz, v = sin z. Then 
l= Te cosa dr = e?” sinz — 3.fe* sin x dx. Next, let U = e?*, dV = sinzdz = dU —3e?* dx, V = — cosx, 


32 cosa + 3 f e?” cos z dx. Substituting in the previous formula gives 


so f e?” sinzdz = —e 
I = e” sing — 3(-e?* cosx + 31) = e?” sinx + 3e?” cosx — 9I => 102 = e? sing + 3e?” cosx +01 => 


I = $e” sing + $e?” cosg + C, where C = $C. 


22. First let u = e”, dv = sin mg dx du = e* da, v = m cos x. Then 
T 


I= Je sin mg dx = -le COSTE + ife cos zz dx. Next, let U = e”, dV = cos mg dx 
T T 


1. b us 1 : MCN : 
dU = e” dz, V = — sin Tz, so fe cos mtg dr = ~e” sinne — — / e” sin zz dx. Substituting in the previous formula 
T T T 


: d. se I4 o 1 1, lp 1 
gives I = ——e* cossz + —| —e^sinzz — -I | = ——e*cosmr + — e” sinte — — Ò => 
T TNT T T T T 
1 1 1 1 
(+4)-= Te coste + wae sinma + OL i= ar cosa + a et sine +0, 
2 
T 
here C = Ci. 
where xt 
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23. 


24. 


25. 


26. 


27. 


CHAPTER7 TECHNIQUES OF INTEGRATION 


First let u = sin30, dv = e?! d0 = du = 3cos30d0, v = Le”, Then 


I = f e” sin30d0 = ze? sin 30 — 8 f e”? cos 30 d0. Next let U = cos 30, dV = e?? d0 = dU = —3sin 30 d0, 
Va ie? to get f e”? cos 30 d0 = ie? cos 30 + 3 f €?? sin 30 d0. Substituting in the previous formula gives 
I e?? sin 30 — 36? cos 30 = 2 efe? sin 30 d0 = ie ? sin 30 — 360 cos 30 — eI => 


137 = 1e?? sin 30 — łe?’ cos 30 + C1. Hence, I = wer" (2 sin 30 — 3cos30) + C, where C = 4C\. 


First let u = e~°, dv = cos20d0 => du = —e-?d0,v = 4 sin 20. Then 

I= fe~* cos20 d0 = 3e ?sin20 — f $sin20 (—e ? d0) = 3e ^sin20 + 4 f e ^ sin 20 dð. 
Next let U = e-?, dV = sin20d0 = dU = —e-?d0, V = pi: cos 20, so 

J e? sin20d0 = —ie ?cos20 — J (=) cos 20(-e~° dO) = —ie ? cos20 — 4 f e^? cos20 dd. 


So I = te? sin 20 + i [(-ie"? cos 20) — 37] = de? sin 20 — te? cos 20 — iI > 


šI = ie" ? sin 20 — ie ^ cos20 + C; > J= Eie ?sin20 — i 7? cos 20 + C1) = 2e~° sin 20 — e~’ cos20 + C. 
First let u = z?, du = e* dz du = 3z?dz, v = e”. Then I4 = f 3e4dz = ge 3 f z^e*ds. Next let u1 = 2°, 
dv, = edz dui = 2z dz, vı = e”. Then Ig = ze -2 f ze’ dz. Finally, let uo = z, dva = e* dz du» = dz, 


v2 = e”. Then f ze*dz = ze* — f e*dz = ze* — e* + C\. Substituting in the expression for I2, we get 
I = 2 e? — 2(ze* —e* + C41) = z?e? — 2ze* + 2e* — 2C. Substituting the last expression for Tə into I4 gives 


h = e —3(2e — Qze* + 2e* — 2C1) = z3e* — 3z7e* + 6ze? — 6e? + C, where C = 6C. 


1 
First let u = (arcsinz)?, du = dr = du = 2arcsin z - ——— da, v = x. Then 


V1-z? 
x arcsin x 


y1 -— r? 


[= L (arcsin x)?°dx = z(arcsin x)? — 2 dx. To simplify the last integral, let t = arcsin g [x = sint], so 


dt = ——— dz, and eae Ta tsin tdt. To evaluate just the last integral, now let U = t, dV =sintdt => 


1— A vV1-— i= 
dU = dt, V = —cost. Thus, 


[tsintat=—toost + [ costat =—teost + sint +C 


/L— we x 
— — arcsinz - vas +a+C; [referto the figure] 


Returning to I, we get I = a(arcsin x)? + 2/1 — 2? arcsin — 22 + C, 


1x? 
where C = —2C\. 
First let u = 1 + x°, dv = e dr =>  du-2xdz,v = ie. Then 
I—[(1-2?)e?* da = $e?* (1 x°) — 2 f ze?* dz. Next, let U = x, dV = e** dx dU = dz, V = 3e**, so 
J ce da = icc?" — $ f &?* da = tre?” — 1e?* + C4. Substituting in the previous formula gives 
I= $e°*(1+ 27) — 2 (Saxe — te?? + C1) = le". te?e’? — 2008 + Ze — 20, 


= He? — 2xe** + 13?8?* + C, where C = —2C1 
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28. Let u = 0, dv = sin 370 d0 du — d0,v = cos 370. By (6), 
T 
1/2 1 MER. dn quum 1 1/2 
T 0 sin 370 d0 = l-x^ cos 306) + xf cos 376 d0 = (0+ 0) + —; [sin 370| 
0 3m 6 37 Jo On 0 
1 1 
Ona | ge 97? 
1 
29. Let u = x, dv = 3” dx du = dz, v FEM By (6), 
1 1 1 1 
ap. ted n 1 z 3 1 l 2s 3 1 
j ias lius I, n3 |; ies (Š 0) In3 liis? I, I1n3  (In3)? eo) 
S NN. 
~ I3  (In3)? 
30. Let u = xe”, dv = l dx du = (xe* + e?) dz = e” (x + 1) dz, v = — : By (6) 
l Du (+r? i | = a hE aoa 


lo get FS | ge cai o 1 02d (-$0) + f ede = - Ves [e] 
o (1-2? " | 1+æ]ə Jo lor ED RO 0 aE 0 


31. Let u = y, du = sinhydy => du = dy, v = cosh y. By (6), 


2 2 2 2 
f y sinh y dy = [y cosh y| -f cosh y dy = 2 cosh 2 — 0 — [sinh y| — 2cosh2 — sinh2. 
0 0 0 0 
1 
32. Let u = ln w, dv = w? dw du = us dw, v = tw. By (6), 
25 id < 3 2 21,2 _ 8 3]2 _ 8 8-— 1 8 T 
ftw? Inwdw = [fw Inu]; —- f zw’ dw = $1n2—0 — [iw if = $n2- (3-4) =$m2-¢ 
33. Let u = ln R, dv = l IR > ducc qupd By (6) 
s r=. J m mg v R ^ — R y > 


>InR 1 E Im 1] 
[Fz dR | in] f gh il5-0 H iln5-(i-1)-$-iln5 


34. First let u = t?, dv = sin 2t dt du = 2t dt, v i cos 2t. By (6), 


Jo" t? sin 2t dt = |- $t? cos2t] = + fe tcos 2t dt = —2n? + i t cos 2t dt. 
Next let U = t, dV =cos2tdt => dU = dt, V = i sin 2t. By (6) again, 


Je" t cos2t dt ES [5t sin 2t] A ean 2 sin2t dt =0- [-i cos 2t] A — i — i = 0. Thus, qe t sin 2t dt = —2z?. 


35. sin 2x = 2sinx cos x, so qe x sin x cos g dx = i x sin 2z dz. Let u = x, dv = sin 2z d£ => 


du = dz, v = -i cos 2x. By (6), 


1 7T n oR T 1 fT 1 =< 1 1flg; Ws > 8 AN 
3 fo v sina da = &[ $2 cos2z]? — & f, —$cos2z dz = -įr — 0 + 3 [} sin 22] = 1 
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1 —1 —dz 
-.—— dx = ———,v = x. By (6), 
1+(1/x)2 x? wu rqq S? y ($ 


v3 v3 v3 
1 1 d. 1 v3 
T arctan( 1) dx = [sarete (2) «f Y =Vv3 s —-1: F + 2 In? + 1 . 
4 
2 


36. Let u = arctan(1/x), dv = dr => du= 


1 


n3 T 1 T3 T 1 TV3 T 1 

= In4—In2 I + -In2 

EN EU CC Er ag ye 6 4 D 

37. Letu = M, du - e " dM du — dM,v eM. By (6), 

5 5 5 5 5 

/ Sram f Me™ dM = |-Me~™] -f —e™™ dM = —5e~* eet — [e 

1 € 1 1 1 1 

=-5e" +e™ — (e — et) = 2e t — be 


2lng 


38. Let u = (Inz)?, du = x°’ de => du = dz,v = -is^?. By (6), 


2 2 212 2 
l 1 
r= f en pes | S «f 117 dy, NowletU —Inz, dV 22d» > dU =—dx,V=—1e? 
1 € 2x 1 i. av x 
Then 
*Ing gp LS eae es d esu ee ae ere 112. 1]g2.4 1 dde cu Lin? 
4 75247 z=-4m2+0+ 5 [-z], =-4m2+3 (4+3) = i —- 8102. 
Thus J = (-1 (m2)? +0) + (& - 112) = - 1 (n2)? - §n2+ &. 
39. Let u = In(cosz), dv = sinzdr = du = EE (— sin x) dz, v = — cos x. By (6), 
7/3 inz] dis 1 7/3 7/3 ana d ini ns 
[o^ sing In(cos x) da = | — cosa In(cosz) o TJ sSinzdz—-glng 0 cos £ 
=-}m4+(}-1)=}m2-4 
40. Let u = r?, du = —— dr => du-2rdr,v = v4 + r2. By (6), 
AFE ye 
Ir -g3 YS 1 1 PETS VE 2 2,3/2]! 
ar =fr avr -2f » 4+r?dr = 5-8|[4r | 
] a ui [e], 
-V6- 489» 8) = vB(I- 39) + B= 3 - 1v5 
4. Let u = cos x, du = sinhzdz = du = —sinz dz, v = cosh x. By (6), 
=f cos x sinh z dz = [cos coshe]” - f -sing cosh de = cosh — 14 f sin x cosh x dz. 
0 0 0 0 
Now let U = sin x, dV = coshadx = dU = cosg dz, V = sinh g. Then 
f sinzcoshz dz = [sine sinhz]” - f cosssinhz dz = (0 —0) - | cos x sinh z dz = —I. 
0 0 0 0 
Substituting in the previous formula gives J = —cosha —1— I 2] = —(coshz + 1) I= m. 
[We could also write the answer as J = — 4 (2 + e" + e^7).] 
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42. Let u = sin(t — s), dv = e? ds du cos(t — s) ds, v = e°. Then 


t 
I= So €? sin(t — s) ds = le sin(t — s)| + f €? cos(t — s) ds = e sin 0 — e? sint + Å. For I5, let U = cos(t — s), 
0 


dV = e? ds dU = sin(t — s) ds, V = e°. So T, = [e° cos(t — s)| í 


o^ fo € sin(t s) ds = e cos0 — e? cost — I. 


Thus, J = —sint + e — cost — I 2I = e! — cost — sint I = į (e — cost — sint). 

43. Let t = \/2, so that t? = x and 2t dt = dz. Thus, f eY? dz = f e (2t) dt. Now use parts with u = t, dv = e' dt, du = dt, 
and v = e' to get 2 f te’ dt = 2te* — 2 fe’ dt = 2te! — 2e + C = 2/seY* — 2eY* + C. 

44. Let t = In z, so that e* = x and e dt = da. Thus, f cos(ln x) dz = f cost e! dt = I. Now use parts with u = cost, 


dv = ë dt, du = — sint dt, and v = e' to get f e' cost dt = e* cost — f —e' sint dt = ef cost + f e' sint dt. Now 


use parts with U = sint, dV = e' dt, dU = cost dt, and V = ef to get 


fe sint dt = e* sint — fe cost dt. Thus, I = e* cost + e* sint — I 2I =e'cost+e'sint = 
I = te‘ cost + de’ sint + C = $x cos(ln x) + $x sin(ln x) + C. 


Va 
45. Let x = 67, so that dx = 20 d0. Thus, J 


VT Ds 
0? cos(0?) dd = | 0? cos(6”) - $(20d0) = if x cos x dx. Now use 
vna T. 


vnv/2 /2 


parts with u = x, dv = cos < dz, du = dz, v = sin z to get 


Tv T 
. T . . R: 
i xz cosr dx = i [x sin q] — singdg |) = E sin x + cos x] 
2 " 2 7/2 2 2 ni2 
T. T: 


= i(rsins + cos7) — 4 (4 sin $ + cos F) = i(v.0—-1)- 4(3-1+0)=-4-3 
46. Let x = cost, so that dx = — sin tdt. Thus, 


Jo ef * sin 2t dt = f7 e°™*(2sint cost) dt = fI le? . 2x (—dx) = 2 xe” dx. Now use parts with u = a, 


dv = e” dz, du = dx, v = e to get 


aqu. xe” dx —2 ([xe"]*, — fee e* dx) =2 G +e tH Caley = 2(e+e 1! — [et —e 1] = 2(2e7") = 4/e. 


47. Let y = 1 + z, so that dy = dz. Thus, f xln(1 + x) dx = f(y — 1) Iny dy. Now use parts with u = In y, dv = (y — 1) dy, 


du = = dy, v = 3y^ — y to get 


(1+ x)(a — 1) In( 


which can be written as 4 (£? — 1) In(1+ £) — 1a? + ix + $ 4C. 


f(u-)Inydy- (3? - y) ny - f Gy— 1) dy = guy -2))ny - 3^ t y € C 
i 1+2)—4(1+2)?+14+24+0C, 


arcsin(In x) 


1 
48. Let y = Ing, so that dy = * dx. Thus, I dx = f osinyay Now use 


x 


parts with u = arcsin y, dv = dy, du = dy, and v = y to get 


1 
V 1-3? 
J arosinu dy = yaresiny - | ze yarcsiny + 4/1 — y? + C = (ln z) arcsin(In x) + y1 — (Inz)? + C. 
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49. 


50. 


51. 


52. 


53. 
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Let u = x, du = e * dx du = dz, v = ze, Then 1 


—2r "— —2r 1,5-2r —u d —22  1,5,-2x 
[ze de —-ize ^ [ie -dr--ime ze" + C. We f 


see from the graph that this is reasonable, since F has a minimum where f 


changes from negative to positive. Also, F increases where f is positive and 


F decreases where f is negative. 


Let u = ln z, dv = x??? dr du — 1 dz, v = 2x5/2, Then 3 
fx? Inzdz- 20°/? Ina — 2 f a3 dz = 20°/? Ing — (2) 99/2 +C f 
= 22°/?Ine—- Aa? +O F 


We see from the graph that this is reasonable, since F' has a minimum where 


= 
[5 


f changes from negative to positive. 


Let u = $27, dv = 2a VI + z? dx du = z dz, v = 3(14 apum A 
Then F 


foe V1 +2? dx = iz? Ee Ed -i[zü + x°)’ dy 2 2 


We see from the graph that this is reasonable, since F' increases where f is positive and F decreases where f is negative. 


Note also that f is an odd function and F is an even function. 


Another method: Use substitution with u = 1 + z? to get z(1 ate = iu +2?) pce 


First let u = x°, du = sin 2zd£ => du = 2z dz, v = -i cos 2r. 6 

Then J = f x? sin 2a dx = -iz cos 2x + f x cos2x da. 

Next let U = x, dV = cos2r dx dU = dz, V i sin 2x, so 4 | - | 4 
f € cos 2a dx = da sin 2x — 3 sin 2x dx = da sin 2x + + cos 2x +C. W 
Thus, I = -is? cos 2x + da sin 2x + + cos2a + C. -6 


We see from the graph that this is reasonable, since F' increases where f is positive and F decreases where f is negative. 


Note also that f is an odd function and F is an even function. 


1 1 in2 
(a) Take n = 2 in Example 6 to get | sin? ede = —5 cos sine + ; [tae= 5 = ud +C. 
(b) f sinf x dz = — 4 cos xsin? x + 3 f sin? z dx = —$ cos z sin? z + 2x — 45 sin2z + C. 
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54. (a) Let u = cos"! x, du = cosx dz = du = —(n — 1) cos"? x sin æ dz, v = sin z in (2): 
J cos" z da = cos" ^! x sing + (n — 1) f cos"? x sin? z dx 


= cos” | s sing + (n — 1) f cos"? æ (1— cos? z)dx 


1 


= cos" ^! s sing + (n — 1) f cos"? z dz — (n — 1) f cos" x dz 


Rearranging terms gives n f cos" z dx = cos"-! y sina + (n — 1) f cos"? x dx or 
1 = . n—-1 —2 
n zdr = —cos" g sing + —— | cos" ^zdx 
n n 


sin 2x 


+C. 


(b) Take n = 2 in part (a) to get f cos? «dx = 4 cosx sing + sf idee z + 
3 qi xg 


(c) f cost zdz = + cos x sing + 3 [cos x dx = z cos’ c sing + ga + i sin2c +C 


n—-1 


55. (a) From Example 6, Í sin” z dx = -i cosa sin"! a + f? x dx. Using (6), 


am /2 - n—-1 7/2 E 7/2 
| sin” xz dx | a z] + i f sin"? y dz 
0 0 


n 0 n 
—1 ra E E 1/2 7 
— (0— 0) 4. 2 / sin”? ade = 7 f sin"? x dx 
nm Jo n Jo 
(b) Using n = 3 in part (a), we have pee sin? z dz = 2 [7 sinz dx = [-3 cos x] E 
, 0 3 Jo 3 0 3° 
Using n = 5 in part (a), we have ee sin? z dz = 2 2 sin? «dx = 2 . 3 = i. 


(c) The formula holds for n = 1 (that is, 2n + 1 = 3) by (b). Assume it holds for some k > 1. Then 


7/2 Du ATQ es (2k) 
+ 2k+1 
dx — LÀ —À— — A. By Example 6, 
T sin rdc 3-5. 7 Gk 1) y Example 


so the formula holds for n = k + 1. By induction, the formula holds for all n > 1. 


56. Using Exercise 53(a), we see that the formula holds for n = 1, because jo sin? «dx = i m ldz = i [x ] 5 


1:3.5..... (2k — 1 
Luc ( 17. Hy precis 53(a), 


7/2 
Now assume it holds for some k > 1. Then / sin?* z dz = 
0 


2.4.6... (2k) 2 
ne 2k+1 [7P 2k+1 1-3-5- (2k—1)r 
in? 4 dy — in?* qs dz — . 
i ion ES 23], QOEM EURO 246: (2k) 2 
2013.5 (2k — 1)(2k +1) m 
pr eee (2k)(2k4+2) 27 
so the formula holds for n = k + 1. By induction, the formula holds for all n > 1. 


57. Let u = (Inz)", du = dr. — du -n(Inz)" !(dz/z), v = x. By Equation 2, 
f (In z)" dz = z(Inz)" — f nz(In z)" ^! (dz/z) = z(Inz)" — n f (In z)"-! dz. 
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58. Let u = x", dv = e? dx du = na?! dz, v = e”. By Equation 2, f z"e* dx = r” e” — nf ete” dz. 


59. f tan" zdz = f tan"? x tan? z dz = f tan”? x (sec? x — 1) dz = f tan"? x sec? zdz — [ tan"? x dz 
= I — f tan"? z dz. 
Let u = tan"? z, du = se? rdr => du= (n — 2) tan"? x sec? z dz, v = tan x. Then, by Equation 2, 
I = tan" ^! x — (n — 2) f tan"? x sec? z dz 


1I = tan™™! z — (n — 2)I 


F tan £ 
n-—1 
: MELDEN tan”! g 
Returning to the original integral, f tan" xz dz = lS f tan"? zdz. 


60. Let u = sec"? x, du = sec? rde => du = (n — 2) sec"? y seca tanz dz, v = tan x. Then, by Equation 2, 
J sec" «dx = tan x sec"^? x — (n — 2) f sec"? x tan? x dx 
= tan g sec” * x — (n — 2) f sec"? x (sec? x — 1) dz 
= tan g sec” * x — (n — 2) f sec" x dx + (n — 2) f sec"? x dx 


so (n — 1) f sec" x dz = tan x sec"? x + (n — 2) f sec"? z dz. If n — 1 z 0, then 


tanz sec" "2 n—2 = 
[ sc? edz = 1 + 1 fre ? x da. 
n— n-— 


61. By repeated applications of the reduction formula in Exercise 57, 


f (Inz)? dz = z (In £)? — 3 f (n x)? dz = z(In £)? — 3[z(In z)? — 2 f (In £)" dz] 


z (Ing)? — 3z(In £)? + 6[z(In z)! — 1 f (Inz)? dz] 


= q (lng)? — 3z(Inz)? + 6zInz — 6 f 1 dz = z (ln x)? — 3z(Inz)? + 6zInz — 6z + C 


62. By repeated applications of the reduction formula in Exercise 58, 
f ate dz — z*e* — 4 f ze? dx = ste” 4(a?e* 3 f a?e* dx) 
= gte” — Av e® + 12(z?e* -2[zle* dz) = gle” — Ag? e* + 1222 e* — 24 (x! e" -[z?e dz) 


= gfe” — Agy?e* + 12? e* — 24e? + 24e7+C [or e*(x* — 4a? + 122? — 24x + 24) + C] 


63. The curves y = a? In x and y = 41n g intersect when z? Ina = 4Alnz € 


z?lnzr-4lnz-0 (2? — 4)lIna = 0 
x =1or2 [since x > 0]. For 1 < x < 2, 4Inz > x? In x. Thus, 


area = f? (41na — z? ln z) dz = S74 — x°) Ina] dz. Let u = Ina, 


dv = (4 — a?) dx du = Ł dz, v = 4x su Then 
2 : 1 
area = [(Inz) (4x — 2?)] H zi (40 — iz?) d dz — (In2)( 
= i$1n2 [4x 1,3)” = i$1n2 (S 35) = i$1n2 22 
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— -rT :; — = A 
64. The curves y = z?e ^? and y = ze? intersect when z?e * = ze "^ & X 


xr -—r=0 x(x—1)=0 z=Oorl. 


For 0 < x < 1, xe™? > z?e^*. Thus, 


area = fo (xe —a’e~*) dx = fo — z?)e ^? dx. Let u = z — 2”, 


dv —e "dz => du=(1-—2z2)dz,v = —e ?. Then 


1 
[U 


area = [(z — z?)(-e^?)] fl e *(1— 2z)| dz = 0T f; (ü- 2x)e * dz. 


Now let U = 1 — 22, dV =e *dx => dU = —2dz, V = —e *.Now 


area = [(1— 2x) ( enl; 


Jo 2e? da =e"? x 1- [~2e7"]} = € 14 2(e — 1) = 3e7' - 1. 


65. The curves y — arcsin( $2) and y = 2 — x? intersect at y22-x? 2 y- arcsin(1x) 
x =a —1.75119 and x = b ~ 1.17210. From the figure, the area 


bounded by the curves is given by 


2 2 
A= ale —g?y— arcsin($2)] dx = [2x — Duk — f? arcsin($2) da. 
Let u = arcsin($a), dv = dx => du= Zs : discus -2 
i-a ^ 


Then 
b b b 
A= [ae - al — [earesin( 52) -f = 
3 Ja 2 JJa Ja 24/1 — ig? 


b 
z? — c arcsin( 2a) —24/1— ła? | z 3.99926 


= [2x - 1 


i 
3 


66. The curves y = x ln(x + 1) and y = 3x — a? intersect at x = 0 and 


x =a X 1.92627. From the figure, the area bounded by the curves is given 


by 
A= fo [(3z—2?) - zIn(z - 1) dz = [32? — 325] — fo zIn(z-1) dx. 1 7 3 
Let u = ln(x + 1), du = x dx du dz, v = iz?. Then -1 
r-1 
a a a 2 
A= 3,2 ly liz In(r--1)| — J D dex 
3997 See o 2Jo 1+1 
3-5. 1 3]* [1.5 EMEN E 1 
= l 1 1 d 
E ze) E Weed ropes cp 
= [32? — ia? — Ia? ln(x - 1) + $a? — ix + iln|z + 1]]5 = 1.69260 
67. Volume — do 2nz cos(17/2) dx. Let u = x, dv = cos(11/2) dx du = dz, v = 2 sin(ra/2). 
1 Ji 1 
V=2n = x sin(™) —2n- = f sin( 77) dx = 2m z 0 4 = cos( 7) =44 So 1)=4 = 
T 2 /]|g T Jo 2 T T 2 /lo T T 


68. Volume = d 2na(e* — e?) dz = 2n i (ze? — ze?) dx = 2r [Jo xe” dax — So ze” da] [both integrals by parts] 


= 2n | (xe? — e?) — (-ze^* e~*) |) = 2n[2/e — 0] = 4r /e 
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69. Volume — Se, 2r(1 — x)e™” dx. Letu = 1 — z, du = e ? dx du = — dz, v e 


Wy=e" S z = lny. Volume = f? 2ry Iny dy. Let u = Iny, dv = y dy => du = ldyv-iy. 
y 


V= Qn |i? In y]? — 92m fè iy dy = 2n [Sy? Iny — nes 
—2n|($1n3— $) — (0— 1)] 22x($1n3 — 2) = (91n3 — 4)« 


71. (a) Use shells about the y-axis: 


2 
v-f 2nzlnnzdzx Pee E 
1 


du=tdz, v= Lx 
a 2 


= =2nf{ [$e ? Ina]? - E $e dar} = an{ (2In2 0) [427]7} = 2n(21n2 — 3) 
(b) Use disks about the x-axis: 
2 
o 2 u = (Inz)?, dv = dx 
v=f m(Inx) dx pa das Y=% | 
212 2 u=Inz, dv-dz 
= ino) -f 2meda} pe amus | 
2 " R 2 
—2 [zma] — fi dx} >} = 74 2(In2) - 4In24 2|z| 
1 1 
= n[2(In 2)? — 41n2 + 2] = 2z[(In 2)? — 21n2 + 1] 
72 Í: = fe T/A 2 d I dv = sec? z dz 
D ave — =A 0 TSEC TOT Hie di wcrtan 
m/4 n/4 m/4 
Pon » "er [in [seca] | \ -2(5-inv3) 
T 0 0 "(4 0 mi4 


=1-4nyvy2 or 1—21n2 


73. S(x) -f sin (4rt°) dt => [ 5e - [ n sin (47t”) a da. 


Let u — f sin (irt?) dt = S(x), dv = dx du = sin (3727) dx, v = x. Thus, 
0 


[ 5c - 256 x) — ELO TE ?) dz = zS(x x) [smut dy) Dor 


= zS(z) + cosy+C = zS(a) + icos(ima?) +C 


= 14 2(In2)? 


74. (a) The rocket will have height H = IE o V(t) dt after T seconds. 


= T T 
x= f° | gt ac 23] a= sel - f mm- rt)dt - f imd 
0 m 0 0 


= —igT? + v. (In m)T — ve S In(m — rt) dt 


[continued] 
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76. 


TT. 


78. 
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Let u = In(m — rt), dv = dt du : (—r) dt, v — t. Then 
m — rt 


oF dt = [t Sud sd d pu lag a 
Í n(m — rt) t= [eiam -r9] + f mem t = TiIn(m—r )+ (- + at 


T 


= TIn(m—rT) + |- — = In(m — t) o 


=TIn(m—rT)-T- (m — rT) anm 
T T 


So H = —igT? + v. (In m)T — v. T In(m — rT) + veT 4 T e In(m — rT) T e In m. Substituting T = 60, 
g = 9.8, m = 30,000, r = 160, and ve = 3000 gives us H ~ 14,844 m. 


6000 — 6000 
160 


(b) The time taken to consume 6000 kg of fuel is T' 37.5 s. The rocket will have height 


=f 375 y t) dt after 37.5 seconds. Evaluating this integral using the results of part (a) with T = 37.5, g = 9.8, 


m = 30,000, r = 160, and ve = 3000 gives us H ~ 5195 m. 


Since v(t) > 0 for all t, the desired distance is s(t) = T v(w) dw = i we dw. 


First let u = w?, du = e" dw => du = 2w dw, v = —e™™. Then s(t) = [-w?e Sai + 2f we " dw. 


Next let U = w, dV = e " dw dU = dw, V e ". Then 


a(t) = Pe  2([-we- v], + fre dw) = —Pe-* + 2(—1e7* +0 + [-e"];) 


tet + 2(—te^* — e™ +1) 2 -#e* — 2te™ — 2e +2 = 2 — e^! (t? + 2t + 2) meters 
Suppose f(0) = g(0) = O and let u = f(x), dv = g"(x)dr => du = f'(x)dz, v = g'(x). 
Then fj f(z) 9" (x) dx = [f() 9 ()]. — Jo E) 9 G) dz = f(a) g(a) — fg f (x) g(a) ae. 
Now let U = f'(x), dV = g'(x) dr = dU = f"(x) dx and V = g(x), so 
Js PE d'E) dx = [P (|^ — fo FE) g(x) dz = f'(a) gla) — fg’ f"(@) g(a) de. 
Combining the two results, we get [° f(x) g” (a) d = f(a) g'(a) — f'(a) g(a) + fg f" (x) g(a) da. 


For] = ie z f" (x) dx, let u — z, du = f"(x)dx = du=dz,v = f'(x). Then 


If i — fo f'(z) da = Af'(4) -1- f'(1) 2 [f(4) - f0) =4-3-1-5- (7-2) = 12-5 -5 =2. 


We used the fact that f” is continuous to guarantee that J exists. 


(a) Take g(x) = x and g'(x) = 1 in Equation 1. 


(b) By part (a), Jz f(x) dx = bf(b) — a f(a) E x f'(x) dx. Now let y = f(x), so that x = g(y) and dy = f'(x) dz. 


Then Vi x f'(x)dx = f TO gly g(y) dy. The result follows. 
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(c) Part (b) says that the area of region AB FC is 


- bf(b) = af(a) - ff gy 
= (area of rectangle OBF E) — (area of rectangle OAC D) — (area of region DCF E) 


yA 


graph of g 


f(b) 


(d) We have f(x) = Ina, so f^! (z) = e”, and since g = f^ !, we have g(y) = e”. By part (b), 


Ine 


e 1 
f medr=eme-1m1- f edyce- | dy=e [e]; =e (e — 1) 2 1. 
1 Ini 0 


79. (a) Assuming f(x) and g(x) are differentiable functions, the Quotient Rule for differentiation states 


a Fal = g(x) f'() — f() 9 (2) Writing in integral form gives 


dx | g(x) (g(x)|° 
f(x) | f g) F) — f(x) (v) 4 pa u = f(x) and v = g(x 
g(x) l [g()]" i To g(x) a x) dz. Now let u = f(a) and v = g(x) so 


that du = f'(x) dx and dv = g'(x) da. Substituting into the above equation gives = jJ 1 du — if E dv => 
v v 


[ho-t | [ou 
U vU v 


(b) Let u = ln z, v = x du L dx. Then, using the formula from part (a), we get 


[Ze -22 4 i(ia)- _Ing 4 fha =-Bt lic 
" "2€ x 


80. (a) We note that for0 < x < $,0 < sinz < 1, so sin?"*? x < sin?" t! x < sin?" x. So by the second Comparison Property 


of the Integral, [2542 < Tanti < Izn. 
(b) Substituting directly into the result from Exercise 56, we get 


1:38:58 [2(n+1)-— 1] 
Lhaa — 2.4.6: na1] 2 2(n-1-1 241 
T ieee Qn—1)7 2(n +1) 2n +2 


I2n42 < I2on43i Z Ion 


(c) We divide the result from part (a) by /2,.. The inequalities are preserved since 72; is positive: s3 Si 
2n 2n 2n 
: 2n -- 1 : 2n 4- LI 
Now from part (b), the left term is equal to n , SO the expression becomes S E nt) < 1, Now 
2n+2 2n +2 Eo 2n 
2n 4-1 Ion 
lim 2 37 lim 1 = 1, so by the Squeeze Theorem, lim EET 
noo An + noo T=? OO) 2n 
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(d) We substitute the results from Exercises 55 and 56 into the result from part (c): 


2.4-6---.- (2n) 


ea eee 3.5.7. (n1) _ Bul] ee (2n) || 26 ese (2n) (2) 
use dur nes emu (Gnu-lIp- ace|d 5 70m. 1) || | Teas on Lye 
2-4-6- (2n) 2 
NOUO ME EG sibs, Sota 
noo1 3355 7 2n—1 2n41 7 


Multiplying both sides by 5 gives us the Wallis product: 


(e) The area of the kth rectangle is k. At the 2nth step, the area is increased from 2n — 1 to 2n by multiplying the width by 


cl and at the (2n 4- 1)th step, the area is increased from 2n to 2n 4- 1 by multiplying the height by Ln . These 
two steps multiply the ratio of width to height b a and : c ee respectively. So, by part (d), the 
iid P amet One bien) mel $69 eo 0S ee 
limiting ratio is ELE E 
$ 133 5 5 7 2 


81. Using the formula for volumes of rotation and the figure, we see that 


Volume = Je vb? dy — fo va? dy — 15 v[g(y)? dy = nbd — sa? c — T v[g(y)? dy. Let y = f(x), 


which gives dy = f'(x) dx and g(y) = x, so that V = «b?d — ra?c — m fr x? f' (a) da. 


Now integrate by parts with u = z?, and du = f'(r)dr = du = 2xrdz,v = f(x), and 


ie a fear |x? f(a)? — qe 2x f(x) dx = b? f (b) — a? f(a) e 2x f(x)dx, but f(a) = cand f(b) =d => 


V = nt?d — ra?c— q [ea a?c f? 2x f(x ) de] = y 2mz f (x 


7.2 Trigonometric Integrals 


The symbols = and 5 indicate the use of the substitutions {u = sin x, du = cosa da} and {u = cos z, du = — sin x dz}, respectively. 


1. f sin?zcos?z dz = f sin?z cos?rsinz dx = D — cos?z) cos?rsinz dz = f (1 — u?)u? (—du) 


= f(u* — u’) du = iw? — ii +C = $ cos? z — 4 cos? £ +C 


2. f cos?ysin?y dy = f cos?ysin?ysiny dy = f cos?y(1 — cos?y) sin y dy f uê (1 — u?) (-du) 


= f(u? u?) du = iu? iu T4C= $ cos? y — = cos Ty+C 


T/2 7/2 
/ ag i 2 59s 
3. cos?z sin’ x dx = cos’ (sin?x)? sina dx = cos?z (1 — cos”)? sin z dx 
0 0 0 


0 1 1 
xf v u?(1— u?) *ca)- f P0 - mé ut)du= | (u? — 2u"! + ul) du 
0 0 


= [5u? - pu? + du^] (© su) 0 215 
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m/4 n/4 n/A 1//2 
4. li sinřz dx = Í (sin?z)? sin z dz = j (1 — cos?z)? sinz dx = ji (1 — u?)? (—du) 
0 0 0 1 


a ee UNE anes 
e wa) 8 432 


15 2 6 40 15 120 
5. f sin? (2t) cos? (2t) dt = f sin*(2t) cos”(2t) sin(2t) dt = f[1 — cos? (2t)]? cos? (2t) sin(2t) dt 
m es (-i du) [u = cos(2t), du = —2sin(2t) dt] 
= —-i[f(w — 2u? + 1)u? du = Se 2u^ + u?) du 


: (žu 2u° tu’) +C = —d cos" (2t) + i cos 5(2t) — 1 ł cos 3(2t) - C 


«(9 )«- /C-9 (9) ()- 


o 
Q 
o 
[^] 

w 
EON 
NY 

9. 
5B 

N 
PAN 

NIS 
Sy 
Q 
+ 
Il 
Q 
o 
n 

N 

£C UN 
NIS 


- 


elo 7/2 cog?0 do = m 21 (1 + cos 20) d0 [half-angle identity] 


-i[e- t sin 20]7” = i[(8 +0) —(0+0)] = 


ela 


m/4 m/4 1 
8. I sin“ (20) d0 = / 3 — cos 40) d0 [half-angle identity] 
0 0 


~ 
ALA 
o 
eM d 
o 
UR 
| 

œ| 3 


o 


Jo. cost (2t) dt = fy [cos? (2t)? dt = fj [40 + cos(2- 2t))]? di ^ [half-angle identity] 
= 4 fo [L + 2cos 4t + cos?(4t)] dt = + fF [1 + 2cos 4t + $(1 + cos 8t)] dt 


= if (2 + 2 cos 4t + i cos8t) dt — ilit- dsin4t+ 4 3g sin 8t]5 = ral T 40-0) — 0] = im 


10. f7 sin? t cos! tdt = + fo; (Asin? t cos? t) cos? tdt = 1 fy (2sint cost)? $(1 + cos2t) dt 


= į fo (sin 20)? (1 + cos 2t) dt = į fy (sin? 2t + sin? 2t cos 2t) dt 


zd ijo sin? 2t dt + if sin? 2t cos2t dt — SM i(1— cos 4t) dt + ¿[4 2 3 sin? 21]^ 
= &[t- 3sm4]; + 30-0) = &(-0)-0- & 
11. (77 sin? x cos? zde = (7? 1(4sin? x cos? x) dz = (7^? 1(2sinz cosz)?dz = 1 (7^ sin? 2x dz 
ml pud $(1 — cos 4a) dx = i 7h — cos 4z) dz = į [x — į sin 4z]7 7/2. Hass 


12. [7 (2 — sin 0)? do = Me Asin 0 + sin? 0) d0 = RS [4 — 4sin 0 + $(1 — cos 20)] d0 


= AC — Asin 0 — 1 cos 20) d0 = [20 + 4cos0 — 1 sin 26]7^ 


= (88 +0 0) (0+4 0) = on 4 
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13. 


14. 


15. 


16. 
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J Vcos@ sin?0 d0 = f V/cos0 sin?0 sin dO = f (cos0)!/? (1 — cos?0) sin 0 dO 


È full? — u?) (-du) = f (u — u?) du 
= du^ — iP C = (cos) — B(eos0)/? +C 


f (1 + Vsint) cos?t dt = f (1 + (sin t)/*) cos?t cost dt = J (1 + (sint)/*) (1 — sin?t) cost dt 


= f a u/*)(1- w?)du = f(1— u? +. ul? — u?) du 


1,3 | 3,4/3 __ 3,10/3 
a eg Ue a 104 +C 


= sint — i sin?t +3 3y sin? io 3 Ysin t +C 


2 cogn f ag 
foo costo da = [ 58, cosgao = | SF" cosoae > f ! zz du — f- 75) du 
4 -23 1 1 
== C C 
4" ^ 2" E Asin’@ ^ 2sin?0 m 


Alternate solution: 


3 
[ cos?0 d0 = f d - E d0 = foo csc?0 dé 
sin’@ sin*^0 


= fw (—du) [u = cot 0, du = —csc?0 d6] 


=—fwdu=—jui+C=—jfcot*0+C 


[cots cos?z dx = f SoS (1— sin’) dx 


sin t 


;f1l1-a 1 w3 
E " du = ocu du = In|u| — 5u^ + C = In|sina| — isin?r +C 


. 2 
2 sn r . 2 s 2 
fi x costnde =f 7 cos?rdzr = | sin?z cosrdr= | u? du = gue +C= 3 sin 32+ 


COS“ Xv 


. [ sin?z sin 2z dx = f sin?z (2sinz cosz) dz = f 2u? du = 4u*+C = į sinz C 


. [sing cos( 3) dx = f sin(2- ix) cos ($2) dx = J 2sin($2) cos "(ha a) dz 


= = faut —2 du) [u = cos( $a ), du = —isin(iz) dz] 
=- $u" + C = —$ cos? (4x z)+C 
. f tanz sec?zdz = ak seca sec^z dz = f u? du [u = sec x, du = sec x tan z dz] 


w+o= i secx + C 


. J tan?0 sec*0 dO = f tan?0 sec?0 sec?0 dO = f tan?0 (tan?0 + 1) sec^0 d0 


= f u? (u? + 1) du [u = tan 0, du = sec? 0 d6] 


= f(u* +u?)du = $u? + iu? C = Ptan?0 + itan?0 +C 


. f tan?z dz = f(sec?r — 1) d = tanx — x + C 
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24. f(tan?z + tan*z) dz = f tan?z (1+ tan?z) dz = f tan?z sec?rdz = f u? du [u= tana, du = sec? de] 
= tu +O = + tanðr +C 
25. Let u = tan x. Then du = sec?x dz, so 
J tan*z sec?z dz = f tantz secte (sec?v da) = f tan*z(1-- tan?z)? (sec?z dz) 
= f u*(12- u?y? du = f(u’ + 2u® + u*) du 


= iu? +2 u + už +C = i tan?z + 2 tan'z + itan?z + C 
26. joue sec?0 tan90 d0 = (ee tan?0 sec*0 sec?0 d0 = DW. tan®0(1 + tan?0)? sec? d0 


u = tan 6, 
= fou? ü + u’)? du E = sec?0 A 


= 1 u$ (ut + 2u? + 1) du = folu + 2u + u®) du 


[1,11 ,2,9 , 1,7]1. 1 ,2, 1. 634154499 316 
= [qu +u rw] Sats te 693 693 


27. [ tan?z seca dz = f tan?z secx tana dx = f (sec? — 1) secx tang dz 


= f(u? — 1)du [u = sec x, du = sec x tan x dz] = ju? -u+ C= 4 sec? — seca +C 


28. Let u = sec x, so du = sec x tan x dx. Thus, 
J tan?z sec?z dx = f tan*x sec’ x (secz tan x) dz = [ (sec?x — 1)? sec?z (sec x tan x dz) 
= f(u? —1)?u? du = f(u? — 2u* + u?) du 


=7uU — 2u° + iu S4C0= 3 sec’ a — 2 sec? a + $ sec? r+C 


29. f tan®x sec°x dx = f tan?x secz sec’a da = f tan?z (1+ tan?z)? seca dx 
— 3 242 u= tang; 
=fu (+u ) du P 
= f u? (ut + 2u? + 1)du = f(u" + 2u9 + u?) du 
x iu? + ue + tut +C= + tan®a + + tana + itan'zr +C 


30. SOO tantt dt = [7/* tan? t (set — 1) dt = C tan? t sec?t dt — [77 tan? tdt 


1 n/4 
= do u? du [u = tan t] - f?" (sect 1)dt [zu] [tant t] 
0 0 


31. f tan?z dz = [(sec?z — 1)? tan z dz = f sec*x tanz dz — 2 f sec? tanz dz + f tanz dx 


E f sec^?x seca tana dx —2 f tana sec?z dx + J tan x dx 


= }sec*x — tan?z -In|secz| +C [or 1secz — sec?^z + In |secz| +C] 


32. f tan?x secz dz = [(sec?z — 1) secz dz = f sec?v dz — f seca dx 


(sec x tan x + In |secx + tan z|) — In |sec x + tan z| + C [by Example 8 and (1)] 


NIB 


(sec x tanx — In [sec x + tan z|) + C 


tole 
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s f mma. =| ( cos?z — sin *2) de= [ cos2zdz = }sin2r +C 


sec? 


tanzsec^r © d 2 
34. sec?z tanz sec dz = | d? du [u = sec x, du = seca tan z dz] 
COS X 
luy 
3" 


+ C= se z +C 


T/4 23 T/4 n2 T/A|1 2 1/2 l-u? 
35. f 2m dex / Sm T sina dx =| L0 T sina dx «f i (—du) 
0 0 0 ii u 


1 1 
=| (i u) d= | 5 | = (m-3)- (n5 -1)--i- n 
36. a= [Emma [Shao S mun a0 + f sec?0 tan 0 sec ad 
cos30 cos30 cos30 cos30 
Hd la ET 24 u = cos 0, du = — sin 0 dé 
= us Y VOU v = sec 0, dv = sec 0 tan 0 d0 
js 1 


1 m 3 1 2 1 3 
"iz POS 5 af F 3 sec O+C = 5 sec 0 3 sec 04 C 


37. lle conde = [o (sèx 1) dx = |- cot x a]"/ (0-4) -(-v3- 4) =v3- 


1/2 7/2 1/2 1/2 
38. f cot^r dz = f cot x (csc?x — 1) dz = Í cot x csc?°x da — / SORS dy 
T T 7/4 n/A sın t 


7/2 
2 A l 
= E cot z-hjnal]". — (0—1n1) | i-1n 3 iind. = i(1-1n2) 


39. i cot? $ csce?ddd = d cot ^ csc?$ csc ó cot ddd = Tur (csc?¢ — 1)? csc?¢ csc à cot ddd 


1 
= f (u? = 1)?u? (—du) [u = csc $, du = — csc ó cot ¢ d$] 


V2 
v2 V. 
=f (u* — 2u* +u?) du = [ba — u" + bu’) A 
120 — 168 + 70 15—42 +35 a 
OE pe ves Reed E = 
105 iS 105 105 V2 


40. [ín csc!0 cot^0 dé = qp cot^0 csc?0 csc?0 d0 = 13 cot^0 (cot?0 + 1) csc?0 dé 


NE L u — cot 0, 
= J, u (u +1)( du) Pm 


csc g (csc x — cot x — csc x cot £ + csc7x 
44. I = | cscz dr = sch CSE) es SCL CONT EC E du Let u = csc x — cot x 
csc x — cot x csc x — cot x 


du = (— csc x cot x + csc?x) dx. Then I = f du/u = ln |u| = In |csc £ — cot z| + C. 
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42. Let u = csc x, dv = csc?z dx. Then du = — csc x cot x dz, v = —cotz => 
3 = 2 - 2 
fesc’a dx = — csc x cotx — f cscax cot*xdx = —cscx cota — f csc x (cscs — 1) dx 
= —csca cotz + f cscz da — f csc?z dx 
Solving for f csc?z dx and using Exercise 41, we get 
1 1 


f escz dz = —5 csc x cot z+ 4 fcscadx = — 3 cscx cotx + 4 In |cscz — cot z| + C. Thus, 
7/3 cd 1 1 Ms 
Sije csc'z dx = ELT cot z + $ In csez — cot x} | / 
1/6 
Lil 1 — 1 = 
=- 2 d ih[A-4|ei23-imp-v3| 
=-3+V3+5ln % — 31n(2— V3) ~ 1.7825 


43. ['sin8x cos5z dx = f $[sin(8a — d + sin(8a + 5z)] dz = 4 f (sin3z + sin 132) dx 


= 3(—F cos 3a — i; cos 13x) + C = —# cos 3x — zg cos 13x + C 


44. fsin20 sin 60 do = 2 fa [cos(20 — 60) — cos(20 + 60)] d0 


4 f[cos(—40) — cos 86] dd = 4 f (cos 40 — cos80) d0 


-i(i sin 40 — isin80) + C = isin40 — 4 sin80+C 


45. p cos 5t cos 104 dt = TS 4[cos(5t — 10t) + cos(5t + 10t)] dt 


2 De *[cos(—5t) + cos 15t] dt = X due (cos 5t + cos 15t) dt 


HE sin 5t + + E sin 15:]^ ^" = i(i- 5) =i 


46. [tcos?(t?) dt = f tcos*(t?) cos(t?) dt = f t[1 — sin?(t?)]? cos(t?) dt 
(1 — u?)? du [u = sin(t?), du = 2t cos(t?) dt] 


1 
2: 
= į f(u* — 2u? + 1)du = (iw — $4? +u) + C = sin’ (t?) — $ sin? (t?) + § sin(t?) +C 


; 2 
47. fue ae) dt = | sin?u (—du) [u = 1, du = — 3 dt] 


=~ f $Q- cos2u)du= - (u— }sinzu) HC xin) +C 


48. f sec?y cos? (tan y) dy = f cos*udu [u = tan y, du = sec?y dy] 


= sin u — i sin?u + C [by Example 1] 


= sin(tan y) — į sin?(tan y) + C 


49. [1/5 VIF cos2z dz = [7/5 1+ (2cos?a — 1 ) dz = [7/5 V2 costa da = V2 (7/9 /cos?a dx 


= = ya [7/5 [cos x| dx = Vaf /6 cosa da: [since cos x >OforO0<a< 7/6] 


= 23 [sina] = v2 (3 — 0) = 1/2 
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50. JE VT cos40 do = wit = (1 — 2sin?( 20)) dð = qo asit 20 )d6 = V2 [7^ sin 20) d0 
ES c e [sin 20| d = V2 (7^ sin20 d0 [since sin 20 > 0 for0 < 0 < 7/4] 


= Va[-cos26];^ = -4v2 (0 - 1) = $2 


51. f tsin?tdt = f t[3(1 — cos2t)] dt = 4 f (t — tcos2t) dt = 4 f tdt — 4 f tcos2t dt 


u=t, dv - cos2tdt 


= $ (4€) — $($tsin 2¢ — f $ sin 2t dt) di Sun ARS iud 


m 


= ie — itsin2t + i(—icos2t) +C= ij — itsin2t — cos 2t + C 


52. Let u = z,dv = secx tanzydz => du=dz,v = seca. Then 


fJ x secx tanz dz = zsecz — f secz dz = zsecz — ln |secz + tanz| + C. 


53. f ztan?rdz = f z(sec?z — 1) dz = f zsec?z dz — f x dz 


u=a, dv = sec? adr 
= ztanz — f tanzdz — ig? j 
2 du = dz, v = tang 


= ztanz — ln|sec z| — iz? +C 


54. I = f xsin?r dx. First, evaluate 


f sin?z dx = [(1— cos?z) sina dz = f(1— u?)(-du) = f (v? — 1) du 


= gu? u+ C1 = 4 cos*x — cos z 4- C. 
Now for I, let u = x, dv = sin?x du = dz, v i cos?x — cos x, so 
I= àv cos*x — «cosa — f (i cos?z — cos £) dx = ic cos*a — £ COST — = 4 f cos? xdx + sing 
east 3 Lies L a3 : 
= g1cos'r — x cosg — a(sinz —[;sin'z)-d sinx + C [by Example 1] 


= ircos?z — xcosx + 2 sina + isin?r +C 


55 7 = f —— Sti de = | ae = | SE ae 
] coszr—1l cosr—1 cosr-d1 E cos?x — 1 B —sin?x 
=f (- cot x csc x — csc”) dx = csc x + cot x + C 
1 1 sec — 1 sec — 1 sec — 1 
56. —— — d0 = | ————. ————d60-—[ —.——_ d0 = | ——É— d0 
f secO+1 f secÜ--1 sec0—1 i sec20 — 1 f tan?0 
cos Ü cos?0 cos 0 d0 1 — sin?0 š 1 2 
= dé dé = dé = d 0 d0 dé 
/ sin? i sin?6 ^ sin? T sin?0 / wo [ose T f 


Sal epot qs 
sin 0 


Alternate solution: 


: 0 2 cos? (5) —1 
7 d0 = f SOS V: dics f dÓ ^ [double-angle identities] 


secO+1 1-4 cos0 0 
2cos2| = 
2 
1 2f@ = 0 
= f1% n (5) d0 — 0 tan($) «c 
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In Exercises 57—60, let f (x) denote the integrand and F (x) its antiderivative (with C' = 0). 


T 
57. Let u = x°, so that du = 2x dx. Then 
J vsin? (2?) dz = f sin?u ($ du) = 4 f $(1 — cos 2u) du å 
T T 
= į (u — į sin 2u) +C = iu— 4 (4 - 2sinu cosu) +C f 
= iz? — } sin(x?) cos(x?) + C 
T 


We see from the graph that this is reasonable, since F increases where f is positive and F decreases where f is negative. 


Note also that f is an odd function and F is an even function. 


58. f sin?z cos?rz dx = Jf sin?z cos?zr cosg dx 


= f sin?z (1 — sin?z) cosz dx 2 F 
= fw(1—u’) du= f(u? —u") du m 7 
= i sinóy — i sin*z + C 


We see from the graph that this is reasonable, since F increases where f is -04 


positive and F' decreases where f is negative. Note also that f is an odd 


function and F is an even function. 


= 


59. f sin 3x sin 6x dz = f 4[cos(3x — 6x) — cos(3x + 6x)] dx 


= 4 f(cos3x — cos 9x) dx 
= isin3r — $ sin9x + C 4 2 
Notice that f(x) = 0 whenever F has a horizontal tangent. 


Ole 


60. [sec*(4x) dx = f (tan? £ +1) sec? 2 dz 20 
= f(u? +1)2du [u= tan 2, du = 4 sec? Z da] 
= ĝu? + 2u +C = Stan? 2 E 2tan +C T m 
Notice that F is increasing and f is positive on the intervals on which they 
are defined. Also, F has no horizontal tangent and f is never zero. —20 


61. Let u = tan/z, du = secx tanzdz => du = 7tanÜx sec?z dz, v = sec x. Then 
f tan®z sec x dx = f tanx -secx tan z dr = tan'z seca — f T tan°x sec?x sec x dx 
= tan’x seca — 7 f tan?z (tan?z + 1) sec x dz 


= tan'z sec g — 7 f tan?z sec x da — 7 f tan°x sec x dx 


Thus, 8 f tan?z secx dr = tan'z secx — 7 f tan?x sec x dx and 


n/4 1 s 7 m/4 5) 
Í tan?ysecz dz = — [tan’x sec x] oe sf tan®x seca dz = v2 — 
0 8 0 8 Jo 8 


ol N 
= 
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62. (a) f tan?" z dz = f tan?" ?ztan?z dz = f tan?" ?z (sec? x — 1) dx 


= ] tan? “72 sec?z dx — {tant 35 dx 


= f u^ du — J 1an^^-*g dx [u = tan z, du = sec? x dz] 
2n—1 2n—1 
u 2n—2 tan x Qn—2 
= — [| tan xdr = ————— — [tan xdr 
2n —1 / 2n—1 T 


(b) Starting with n = 4, repeated applications of the reduction formula in part (a) gives 


tan” tan” tan? 
f tm m fewfzas- = :-( = ud MEC 


tan/z tans tan?z 2 
— + — | tan^zdx 


7 5 3 
tan/z tan?z tan?z tan x 
S — + — — ldx 
7 5 3 1 


tan’ tan’ x tan? x 
= — due —tanrz-c-z4C 


7 5 
63. fare = + [T sin?r cos?rdz = + f^ sina (1— sin?z) cosg dx 
= x ^ u?(1 = u?) du [where u = sin «| =0 
64. (a) Let u = cos x. Then du = —sinzdz => f sinx cosxdx = f u(—du) = —hu? +C= -i cos?z + C1. 


(b) Let u = sin x. Then du = coscdz = fsing coszdx = f udu = id +C= i sin?z + Co. 

(c) f sinz cosz dz = f 4 sin 2x dz = —1 cos 2x + Cs 

(d) Let u = sin x, dv = cos x dx. Then du = cos x dz, v = sin z, so f sin x cos x dx = sin?x — f sin x cos x dz, 
by Equation 7.1.2, so f sinx cos z dx = dsin?x + Ca. 


Using cos? x = 1 — sin? and cos 2x = 1 — 2 sin?z, we see that the answers differ only by a constant. 


65. A= fy (sin?z — sin?z) dz = f; [5(1 — cos 2a) — sinz (1 — cos?z)] dæ 


u = cos T, 
du = — sin z dx 


= fE (3 — 1cos22) de + f (1 — u?) du | 


66. A— fo" (tana — tan?z) dz = fo" (tana — sec?^z + 1) dz 


n/4 
= [In|secx| — tanz + z] = (In /2 1+ £) - (In1—0-- 0) 
0 


=Inv2-1+% 
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67. 1.25 It seems from the graph that f 2r cos*a dx = 0, since the area below the 


z-axis and above the graph looks about equal to the area above the axis and 


0 2m below the graph. By Example 1, the integral is [sin x i sin 


3 


x] 14 =0. 
Note that due to symmetry, the integral of any odd power of sin x or cos x 


between limits which differ by 2n (n any integer) is 0. 


= 125: 
68. 1 It seems from the graph that f, E sin 2zx cos 57a dx = 0, since each bulge 
above the x-axis seems to have a corresponding depression below the 
0 U g2 x-axis. To evaluate the integral, we use a trigonometric identity: 
do sin 2ra cosSmax dx = 4 Jo: [sin(2ra — 57a) + sin(2zz + 5ra)| dx 
-1 E Js [sin(—372) + sin Tra] dx 


ud 


2 
=z COS Trx] " 


= į [+ cos(-3n2) 
-i[Éiü-1-Zza0-10]20 


69. Using disks, V — [7,7 sin?z dz Z 7 [a $(1 — cos 2a) dz = x[ $a — 4 sin2z]7, -2(-0-£40)- x 


70. Using disks, 


V = fo n (sin?z)? dz = 2x Tf [$(1— cos 2x)]? dx 


= ma 2 cos 2a + cos? 2x) dx 


fous [1 — 2 cos 2x + 1(1— cos 4x)] dx 


1/2 


qus ($ — 2cos2z — i cos 42’) dx = £ [3x — sin 2x + & sin 4x]? 


0 2 2 


= 4/( —0+0) — (0-0 +0)] = i7? 
71. Using washers, 


V= da. m{(1 — sin £)? — (1 — cos z)?] dx 


= v fol [a — 2sinz + sin?z) — (1 — 2 cosx + cos’) | dx 


4 ; ; 
= aq (2cosz — 2sin x + sin?a — cos*x) dx 


=7 17 (2cosz — 2sina — cos 2x) dz = v [2sinz + 2cosz — $sin2x 


=n[(v2+ v2- 3) - (0+2-0)] = n(2/2- 8) 


ees 
0 


72. Using washers, 


V = fr? rf [seca (—1)]? - [cos x — (—1)]?} dz YA — 
=n f (sec? + 2secz + 1) — (cos?z + 2cosx + 1)] dx 
1 
= oe [sec?a + 2seca — 4(1 + cos 2x) — 2 cos <] da 
y=cosx 
= n[tanz + 21n |secz + tanz| — }a—}sin2e—2sina]"” 0 7 x 
3 
-maxsmnoy3)e-143-43)-0] —  —àà— à eeehe eerie: 


= 2 In(2+ V3) — an — ix V3 
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s=f(t)= Jn sinwu cos?wu du. Let y = coswu = dy = —wsinwudu. Then 


sif dy = -E [Ay TP" = LC — costa) 


(a) We want to calculate the square root of the average value of [E(t)]? = [155 sin(1207t)]? = 155? sin? (120zt). First, 


we calculate the average value itself, by integrating [E (P over one cycle (between t = 0 and t = a since there are 


60 cycles per second) and dividing by (d — 0): 


[E(£]2, = 17 Ja ^ [155 sin? (120nt)] dt = 60 - 155? (7/9? $11 — cos(2401)] dt 


LIES 


= 60 - 155? (3) [t — sy sin(2402t)];/^^ = 60 - 155? (3) [(d5 — 0) - (0 — 0)] = BE 


The RMS value is just the square root of this quantity, which is v2 & 110 V. 


(b) 220 = ,/[E(t)2, => 


avg 


220? = [E(t)] To Jo? A? sin? (12071) dt = 60A? (7/9? 111 — cos(240nt)] dt 


ce 


= 304? [t — z5 sin(240nt)] 0/°° = 304? [(& — 0) — (0 — 0)] = 14? 


Thus, 220° = $A” => A=220V/2%311V. 


Just note that the integrand is odd [f (—x) = —f(a)]. 


Or: If m # n, calculate 


f sin mz cosng dx = / i[sin(m — n)z + sin(m + n)z] dz = à | mex EROR 


>F —mT 


=0 
m-—mn m+n 


= 
If m = n, then the first term in each set of brackets is zero. 
fZ sin mz sinnz dz = f" $[cos(m — n)z — cos(m + n)z] dz 

-T -r 2 t 


itin equal to S89 = umts = 
2 m-n mtn N 


If m =n, we get f^. $[1 — cos(m + n)z] dz = [$2]"_ — [AE —mq—0-zm. 


JZ cos ma cosnz dz = f... S[cos(m — n)z + cos(m + n)a] da. 


If m Æ n, this is equal to 


1 ES —n)r  sin(m + d i 
+ =0. 
2 m-n m+n es 


If m =n, we get f^. [1 + cos(m + n)z] dz = [ix] 


z +n) 


a =7+0=7. 
2(m +n) a 


1 T 1 T Th m - T 
p f(x) sinmz dx = — f (È Qn imos) inn dz = 5 Es T sin mz sin nz dx. By Exercise 76, every 
T Jax 7T Jan n=1 n=1 A Rd 


; . a 
term is zero except the mth one, and that term is — - 7 = am. 
T 
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7.3 Trigonometric Substitution 


1. (a) Use x = tan 0, where —7/2 < 0 < 7/2, since the integrand contains the expression 1 + z?. 


(b) x = tand da: = sec?0 d and VI + x? = V1 + tan?0 = v/sec?0 = |sec 0| = sec 0. 


3 3 
Then f eo | Aero = f tan®0 seco a. 


2. (a) Use x = 3sin0, where —7/2 < 0 < 7/2, since the integrand contains the expression v32 — x?. 


(b) x = 3sinf = de = 3cos0 d0 and 


V9 — 2? = V9 — 9sin?0 = \/9(1 — sin?0) = V9 cos20 
= 3|cos6| = 3 cos 0 


27 sin eg 


Then | —2— z= |Z 3cos0d = | 27 sin*o do. 
AU 


3. (a) Use x = v/2sec0, where 0 < 0 < 1/2 ort < 0 < 37/2, since the integrand contains the expression Vx? — 2. 


(b) x = V/2secÜü = dz = V2secOtané dé and 
Ja? —2 = V/2sec20 — 2 = J/2(sec?0 — 1) = V2 tan? = V2 |tan 0| = v2 tan 0. 


2 
dz = ZRK VZsecøtanðdð = | 2sec'6d6. 


2 
x 
ls V2 tan 0 


Then 


4. (a) Use x = 3 sin 0, where —7/2 < 0 < 7/2, since the integrand contains the expression 
(9 — 4x 2)3/2 — aa ta — qe) 
(b) z = 2 sin => dr= 3 cos 6 d0 and 
3 3 3 3 
(9 — 452)9/2 = 2M — ie = : 9(1 — sin 0j) = (v9c0870 ) = (3 |cos 0) = 27 cos?0. 


bond T sin? 


Then | — (0 ~ 42) 37; d vt E | 3 cos 0 d0) SET 0 sec?0 dO. 


5. Let x = sin 0, where —7/2 < 0 < 1/2. Then dx = cos 0 dé and 


sin?0 = V/cos?0 = |cos 0| = cos @. Thus, 


in?0 


x s 2 
—— dr = cos d0 = | (1 —cos*6) sin 0 dé 
re " f 
*fa u?)( au) = ft 1+u’)du= ut gui +c 
= —cos6 + 1cosó +C — -/ 1-32  1(VI- 33) +C 


Je 
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6. Let x = 3tan 0, where —1/2 < 0 < m/2. Then dx = 3sec?0 d and 


V9 +x? = V9 + 9tan?0 = 4/9 (1 + tan?0) = v9sec?0 = 3 |sec 0| = 3sec0. Thus, 


x? ri a 2 3 
sec 0 d0) = | 27tan’@sec 6 d0 
lyre = | a / Jx?49 
=27f ua = 1) tan 0 sec 0 d0 


= 27 f(u? — 1) du [u = sec 0, du = sec 0 tan 0 dé | [ ] 
= = 27(4 u 3—u) 4- C = 9sec?0 — 27 sec 0 + C 


-( ZE) DIVIT 6 1 
D URS E MINE REED 3 


T. Leta = 3 sec 0, where 0 <0<fForn<0< at. Then dz — 3 sec 0 tan 6 dð 
2x 
and /4a? — 25 = J25sec20 — 25 = v25 tan? 0 = 5 |tan 0| = 5tan0 for 4x? — 25 
the relevant values of 0, so 6 
5 


/Am3 — 
[| —S9a-[T (žsecotanoao) = JE 
x 


(x? + 9)? — 9/232 +940 


2 sec 
= 5(tan 0 = 0) +C [by Exercise 7.1.59 or integration by parts ] 
A 2. 
= (== —sec ! (2) HC = y 4r? — 25 sect (3) +C 


8. Let x = v2 sind, where —r/2 < 0 < 7/2. Then dx = V/2cos0 d0 and 
= y2 — 2sin?0 = V2 cos20 = V2 |cos0| = V2 cos. Thus, 
[Z= Nue às f ee? Vi cosodd = [ 85, 54 = f «codo 


2 sin?0 sin? 


V2 
= f(csc?0 — 1) d0 = —cot 0 — 0 + C T 
J/2— x? [ 
aes sin!( & ) +c 3 
cr J/2 2 
9. Let x = 4tan0, where —7/2 < 0 < 1/2. Then dx = 4sec?0 dé and 
V16 + x? 
V16 + x? = v16 + 16tan?0 = V 16sec?0 = 4 |sec 0| = 4sec 0. Thus, 
f° 16 + x? dx = f 64tan?0 (4sec 0) (4sec?0 d0) = 1024 f tan?0 sec?0 dO 1 Li 
= 1024 f tan?0 sec?0 sec 0 tan 0 dO = 1024 [ (sec?0 — 1) sec?0 sec0 tan 0 d0 
— 1024 fa? — 1)u? du [u = sec 0, du = sec 0 tan 6 d0] 
745 243 
7 es x) T" Es (“SE ) s (“SE ) ns 


= ase y^ ($052) - T) coe Gem (Se TE) «c 
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10. 


11. 


12. 


13. 


CHAPTER7 TECHNIQUES OF INTEGRATION 


Let x = 3sin0, where —7/2 < 0 < 1/2. Then dx = 3 cos 0 d0 


and V9 — x? = 4/9 — 9 sin?0 = V9 cos?0 = 3 |cos0| = 3cos0. 


9 sin?0 .2 
dx = g 3c0sd.dd = 9 sin“ 0 d0 
I= Sh n / 


=9 f 1a - cos26) do = 2 (0 — $sin20) + C = 20 — 2? (2sin6 cos) + 


Let x = sec 0, where0 <0 < Form <0 < am, Then dx = sec 0 tan 0 d0 


and Va? — 1 = V/sec?0 — 1 = v/tan?0 = |tan 0| = tan 0 for the relevant 
values of 0, so 


Jos 
Marc dx = f cond sec0 tan 0 d0 = [txt cos?0 d0 
xt sect 


= f sin?@ cosodo > fuè du= ih +0 = sin? 0 +C 


AZLI? 2. 43/2 
-s( T J .c-liG =" te 
3 x 3 x3 


Let u = 36 — x”, so du = —2a dx. When x = 0, u = 36; when x = 3, u = 27. Thus, 


[ot - [as ) = Seve) - (ver vm) -0-373 


Another method: Let x = 6sin0,so dz = 6cos0d0,z —0 => 0-—0,andz —3 > 0=5 


1/6 B 7/6 y 
= 6sin0 soso = | 6sin0 c 
0 


V/36(1 — sin? 0) 6 cos 0 


= e[- cose] =6(-£+1)=6-3v3 


| 
——— da 
0 36 — x2 


n/6 
osodo=6 | sin 0 dé 
0 


Jxi-1 


Let x = a tan 0, where a > 0 and —Z < 0 < Z. Then dz = a sec?0 d0, x = 0 => 0-—0,andr—a > 


0 = 4. Thus, 


d dx p Tya a sec?0 d0 /4 asec?0d0 _ 1 [7/4 cos 0 do 
o (a2 22)8/2 o  [a2(1 + tan?0 TEN o ase ^ a? 0 


= Z [sing = (2 0) 


1 
Vaz 
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14. Lett = 4sec 0, where0 x 0 < Form x 0 « az. Then dt = 4secÓ tan 0 dé and 


Vt? — 16 = J16sec?0 — 16 = v 16tan?0 = 4tan 0 for the relevant 
values of 6, so f P? -—16 
f dt =| 4secÓÜ tandd@ 1 ET _ PEST 

DD —16 16sec20.4tanO 16 "T E 


4 
1 1 vee 10 a 16 
= — sin = Sees 
go = ie X im TS 
15. Let x = sec 6, so dx = secÓ tan dð, x =2 = @=4,and 
X 
z—3 => 0-sec !3.Then vx’ -1 
p dx E *" 3 sec tanddd _ sec ^3 cos do 9 
2 (£2 Dae - Js tan?0 — Jaja sin? i 
pp eg m M E. 3 2 
= —;du-|-- = —= + Á = iV + 2V3 
v3/2 U J£» V8 v3 4 3 
16. Let x = 2 sin6, so dx = 2 cos0 d0, x = 0 > 0 = 0, and z = 2 > 
2 
0 = $. Thus, 3x 
2/3 1/2 
f 7977 de = | 4—9. = sin?ð 2 cos dà C 
9 J ? 4— 9x? 
1/2 1/2 
=f 2cosÓ - = cos do = = J cos?0 dé 
0 3 Jo 
4 ENT 2 1 "2 2pm 
ER s 20) d0 = =|6 + =sin20 =3|(4 )- Jen 
Fl zi + cos 26) al +5 sin I, 3 z d (0 4- 0) 
1/2 0 Zi 4o a2 
17 x ta ae= f ul? [ -5 du ey dE 
0 1 8 du = —8x dx 
1 
3/2 
-i[iv^| -5a-0-5 
18. Let t = 2tan6, so dt = 2sec?0 d0, t = 0 0 —0,andt — 2 0 = 4. Thus, 


ih =f 2 sec?0 db = 7/4 2sec?0 dO 
o VAT € o V4+4tan? 0 0 2sec 0 


= In V2 + 1| 2 In|1 4- 0| = In(v2 + 1) 


19. Let x = 3sec 0, where0 <0 < Form x 0 « am. Then 
dx = 3sec0 tan 0 dé and Vx? — 9 = 3 tan 0, so | 2-9 
CEP 2 
[= ar= [ d g 3secd tan 0 dð = JE- 0 a0 L] 
S 3 


ec?0 


7/4 "1/4 
al sec 0 dð = [In [sec + tan 6]] 
0 [U 


DEM i f $(1 — cos20) dd = 10 — 4 sin 20 + C = 10 — Lsin0 cos0 +C 


1 
6 12 


a/ r2 — 2.. 
= = sec"? (2) = lvz?—9 9 3 +C = = sec (2) — MR Ly. 9 +C 
6 3 6 c x 6 
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20. Let x = tan 0, so dz —sec?Ódó,y =0 => 60 —0,andr—1 => 0— 4%. Then 
E dx = T/4  sec?0 dO = 7/^ sec?0 dO 
o (x? +1)? o  (tan?6 +1)? o (sec?0)? 


n/4 3 n/4 1 
-f cos od = | = (1 + cos 20) d0 
0 o 2 


s m/4 T T 
= 3[0+3sin26]0 = 8-0] - $i 
21. Let x = asin0, dx = acos0 d0, x = 0 0—0andr-—a 0 — $. Then 


/2 


a 7/2 T 
/ x? ya? — r? dx = f a? sin? 0 (a cos 0) a cos 0 d0 = e] sin^0 cos?0 d0 
0 0 0 


e| 


71/2 2 at n/2 5 a 7/2 
= af [$(2sin@ cos0)]|" dé = f sin? 20 d0 = zf 1(1— cos 40) d0 
0 0 0 


= e [o - i opas prs e [(£ -9) -o- Zat 


1, 1 1 T V3 T 
22. Let z = 7; sinÜ, so dx = 5 cos0.d0, z = 7 > o= y ae Se > Oi Then 


v3/4 


7/3 2/3 7/3 
1 — 4r? da= f V 1-— sin?0 (s cos0 dd) = JI cos?0 d0 = Ji ja + cos 20) d0 
7/6 T T 


/6 


ae 0+ l sin20 et up oid um at 
4 2 RS 4/\3 2 3 6 2 3 
1 T v3 T 3 T 
ea eaa a 


jae E 


1/4 


23. Let u = x? — 7, so du = 2x dx. Then 


24. Let u = 1 + z2, so du = 2x dz. Then 
y a: ds - f s Ed a5 [oP au= a^ +0= Veg +0 
VIF vu \2 2 2 


25. Let x = tan 0, where —3 < 0 < 3. Then dx = sec? 0 d0 


and 4/1 + x? = sec 0, so 1+x? 
X 
v 1-4 2? sec 0 2 sec 0 2 
f = da: n sec aap = f (1 + tan* 0) d0 c 


= [(csc0 + sec tan 0) d0 
= In |csc0 — cot 0| + sec 0 + C [by Exercise 7.2.41] 


V Tees 1|) pg Vite —1 
-m| ZEZ LG MEE cow XE vec 
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26. Let x = 2 sin6, so dx = 2 cos0 d0, x = 0 = 0-—0,andz —0.3 = 0 -— $.Then 
0.3 T [s 3 sin 0 
———— dr = i (3 cos 6 dd 
I (9 — 2522)3/2 B (V9—9sin?6 ) (s ) 


9 [7/9 sind 1 dE o.e 1 Veg 
— "EL NE Se m do ee cm 
/ (3cos 0)? poetae zÍ cos? af is 


Sc pet Rude e 
B p o BAGS "925 "5 


27. Let z = 2 sin0, so dx = 2 cos0d0, x = 0 => 60-—0,andz —0.6 => 0-— 4. Then 


0.6 x2 1/2 (3)? sin?6 , à T/2 " 
f o an : ESL sin 0 d0 3 3 
x 
n/2 r 7/2 
= à fr! 5(1 — cos 20) dO = 385 [0 — 5 sin 20]" rj 
A J9— 25x? 
= aso [(3 0) 0] = 5007 
28. Let x = tan 0, where —5 < 0 < 5. Then dx = sec?0 d0, 
Vx? + 1 = sec and x = 0 0—0,x-—1 0 = 4,80 vx’ +1 
is Va2+1dr= joe secÓ sec?0 d0 = joe. sec?0 d0 
n/4 
=e [sec tan + ln |sec 0 + tan 6| | i [by Example 7.2.8] 


i[V2.1--1n(1-- V2) - 0 In(14-0)] = [V2 4 In(1-- V2)] 


a f dx e da -f 2 sec?0 dO 
`] va? + 2a +5 J(a 4- 1)? +4 v4tan?0 +4 


dx = 2sec?0 d0 


x +1 = 2tanð, | 


or In | x? + 2r -5-- r4 1| + C, where C = C; — In2. 


1 1 1 
2 

30 y z — x? dx = 1 (x? z+ i)dz- i-(r-1i) da 

0 0 0 

7/2 1 qu 

: —$-— $sin6, 
= i — isin?0 4 cos6 d0 EC E cd 

—2/2 dz = 5 cos0 dé 


1/2 7/2 7/2 
=2 f + cos $ cos 0 d0 = jd cos? d8 = al (1 + cos 20) d0 


— 1[0-- isin20]77 2 1(3)- & 
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2 
= f ESF = f sec0 a0 = in [seco + tan 0| + Ci 
jid Vx? + 2x45 
24 + +1 
= in Vx? + 2x Sog ed +G, x 
2 2 
2 
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31. 


32. 


CHAPTER7 TECHNIQUES OF INTEGRATION 


f[ a2 3 2x — à? da — fa? 4/4 — (3? +22 c 1) dy = f x? — (x — 1)? dz 


2 
: — 1 — 2sin6, 
= f (1+ 2sin0)?/4 cos?02 cos 0 d0 i a x-1 
= f (1+ Asin + Asin?0) 4cos? 0 d0 c 
V3 +2x- x? 
= 4 f (cos?0 + 4sin 0 cos?0 + Asin?0 cos?0) dO PADE 
= 4 f 4 (1 + cos 20) d0 + A f Asin 0 cos?0 d0 + 4 f (2sin 0 cos 0)? d0 
= 2 f (1 + cos 20) dé + 16 f sin 0 cos?0 d0 + 4 f sin? 20 d0 
= 2(0 + $ sin20) + 16(—4 cos?0) + 4 f $(1— cos 40) d8 
= 20 + sin 20 — 12 cos?0 + 2(0 — 1 sin 40) + C 
= 40 — $sin 40 + sin20 — {Ê cos*0 + C 
= 40 — 1 (2sin20 cos20) + sin 20 — 48 cos? 0 +C 
= 40 + sin 20(1 — cos 20) — 1$ cos?0 + C 
= 40 + (2sin 0 cos) (2sin?0) — 1$ cos*@ + C 
= 40 + 4sin?0 cos0 — 48 cos?8 + C 
3 L 2)3/2 
causaftX—lY {fealty v3+2r-r?  16(3+2r- x°) 
= 4sin (= ) a( 5 ) 5 3 98 +C 
-asia (251) eie - iy 3-4 2r — x? “(3 + 2x ypr+e 
34 Ax — Ax? = — (Ax? — Ay + 1) + 4 = 2? — (2x — 1)?. 
2 
Let 2x — 1 = 2sin0, so 2dx = 2cos0 d0 and V3 + 4x — Az? = 2cos0. 2x—-1 
Then c 
x? ids Re +2sin@)]? ne PESE 
Joe? | um =y3+4xr—4x 
Vp. 2 - 2 
= 5 [Sm y- 5 (sec?0 + 4Atan 0 sec + Atan?0) d0 
= + J[sec?0 + 4tan sec + A(sec? 0 — 1)] d0 
E a5 | (bsec^0 + 4tand sec 0 — 4) dð = d; (btan0 + Asec0 — 40) + C 
-&b- 2r —1 l 2 EE EE 
32 ca ee oa V3 + 4a — Ax? 2 
| 10r43 Meet a 
32J/3--4r — 4r? 8 2 
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SECTION 7.3 TRIGONOMETRIC SUBSTITUTION 
33. a? + 2x = (x? + 2a + 1) - 1 = (x + 1)? — 1. Leta + 1 = 18sec6, 
+1 
so dx = sec@ tan 0 d0 and yz? + 2x = tan 0. Then 3i væ+1 -= 
NET 
f. Vx? + 2x dx = f tan (sec 0 tan 0 d0) = f tan?0 sec d0 f 
1 
= [f (sec?0 — 1) sec 0 d0 = f sec?0 d0 — f sec do 
= $secÓ tan 0 + iln |sec 0 + tan 0| — In|sec@ + tan 0| + C 
= isecÓ tan 0 — 4 In|secO + tan0| + C = 3(x+1)V2? + 2z — iln|z  12- Vz? 2x | +C 
34. a? — 2x +2 = (a? — 2x + 1) + 1 = (x — 1)? +1. Let z — 1 = 1 tan 0, Jera IÝ 
so da: = sec?0 dO and Vx? — 2x + 2 = sec 0. Then =VX -2x*2 
x—1 
r? +1 (tan0 +1) +1 > 
— n de= | 0 d0 
[w^ z / sect n i 
2 EP NM 
" tan^0 2tand +2 y9 
sec?0 
= | (sin?8 + 2sin 0 cos0 + 2cos?0) d8 = [ (1+ 2sin 0 cos0 + cos?0) d0 
= f [L+ 2sin 0 cos + 3(1-- cos20)| do = f (2 -- 2sin0 cos0 + $ cos20) d0 
= $0 + sin?0 + 1 sin 20 + C = $0 +sin70 + 1sin0 cos0 +C 
— — 2 — 
-ge(* J (x —1) n r—1 1 +C 
2 zx?—2xz--2  24/z2—2z +2 /z?—2r42 
3. cd 2(a? —2xz--1)- 2-1 $ ncc 25? — 3x -- 1 
=xt 1) + ———————À—— 1 CH= = t —1)4 ————— + C 
pO aetna ay 000.008 ot pape AE) 
We can write the answer as 
Bika 424 (2a? — 4x + 4)+ 2 — 3 diee zr—3 
2t EE S eal TATR PE zd eel e cen 
pu celo ge ona e mph Vr Does em S 
3 E z—3 
= it 1)+ h =1 
5 tan (x-1) suem qu ee +C 


35. Let u = z?, du = 2x dx. Then 


E Z —3 (1i = A . where u = sin 0, du = cos 0 d6, 
[vvi-zids—[wV1-u (5 du) = 5 f cos0 cos 0 d0 and /T— = cos 


= $f $(1 + cos 20) dd = 10 + 1sin20 + C = 40 + 1sin0 cos0 +C 


= isinlu-ciuvl—u?-L-OC-isi (x°) + Ga? VI-2?+C 


36. Let u = sint, du = cost dt. Then 


5/2 cost dim 1 1 ducc 7/4 1 sec?0 db where u = tan 0 , du = sec? 0 dé, 
0 4/1 + sin?t 7 o Vl+u? iB 0 sec Ü and VI + u? = sec 0 


n/4 
= s sec 0 dð = [In seco + tan || 
0 


[by (1) in Section 7.2] 


= In(V2-- 1) —In(1 + 0) = In(V2 + 1) 
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37. (a) Let x = atan 0, where — $ < 0 < 5. Then vx? + a? = asec and 


dx e a sec?0 d0 
V/2? + a2 a sec Ü 


=In(a + Va? a?)-C where C = Ci — In a| 


[ee ae 
= [ sec0 d0 = tnjsecd + tan6) + C1 = In| —— 


(b) Let x = asinht, so that dz = a cosh t dt and Vx? + a? = a cosh t. Then 
a cosh t dt 


=t+C=sinh Z4 c. 
|=- [== acosht i rd P 


38. (a) Let x = atan0, —5 < 0 < $. Then 
x? a? tan?6 2 tan? sec?ü — 1 
I f (= aye dx f a goag 99€ 0 d0 f ET do f P do 
= f (sec0 — cos0) d0 = In |sec 0 + tan 0| — sin6 + C 


VEE 


a 


=In 


Lue SE e maghan Eo 
ara lS In(z + T +a?) — TIE 


x 
a 


(b) Let x = a sinh t. Then 


2 rap? 
r= | TAPE acoshtdt = ftanh?tdt = (1 — sech?t) dt = t— tanht + C 


a? cosh?t 
x x 
= sinn! (=) == c 
Q V a2 EN 2 


39. The average value of f(x) = vx? — 1/2 on the interval [1, 7] is 


1 d z?—1 det 1 ~ tan Otan 0 do where x = sec 0, dx = sec @ tan 0 dé, 
7-1 x = 6 Jo seg S an. Vaz? —1 = tan 9, and a = sec™! 7 
a 2 a 2 a 
= & fo tan^0d0 = à fj (sec? — 1) 0 = $ [tan0 — 0]^ 
= į (tana — a) = 4 (v48 — sec ! 7) 
40. 92? — 4y? = 36 y=t3Vr—-4 > 
F 
(2,3) 
area = 2 3/2? —4dz = 3j Vu? —Adzx 
3 
where x = 2 sec 0, 
= 3 fy 2tan02sec0 tan 0 d0 dx = 2sec0 tan6 dé, X 
a = sec! (8) 3 * 2 


=12 (sec? — 1) sec 0 dO = 12 Jo: (sec? — sec 0) d0 


= 12[$(sec@ tan 0 + In|sec@ + tan 6|) — In |sec 0 + tan 0|]^ 


= 6 [seco tan — In |sec 9 + tan 6| |" e [25 n(3+)| ovs 6n( 245) 
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4. 


42. 


43. 


SECTION 7.3 TRIGONOMETRIC SUBSTITUTION 
Area of APOQ = 3(rcos6)(rsin0) = 1r? sin0 cos. Area of region PQR = Tias V? — dus 
Letz =rcosu => dz = —r sinu du for? X u < 5. Then we obtain 
f Vr? =x? dz = f rsinu (—rsinu) du = —r? f sin?u du = — ir?(u — sinu cosu) + C 
= —ir!cos !(r/r) + iy Vr? - 3? +C 


so area of region PQR = 4 [—r? cos! (x/r) + e vr? — z? | NS e 
= 5 (0 — (-r?0 + r cos Ó r sin 6)] = ir?0 = ir? sin0 cos0 


and thus, (area of sector POR) = (area of APOQ) + (area of region PQR) = $r70. 


Let x = V2sec 8, where 0 < 0 < Form <0< 32 so dx = V2 sec 8 tan 0 d0. Then 
ip dx JE tan 0 d0 02 
wt Jax? — 2 Asec? 0 /2 tan 0 


= + f cos? 0 d0 = + J (-simn?0) cos 0 d0 


i[sin0 — $sin?0] + C [substitute u — sin 6] 


—0.2 
+C 9 


[vaa (8-3) 
= £ 3x3 


From the graph, it appears that our answer is reasonable. [Notice that f(x) is large when F increases rapidly and small 


when F levels out.] 


Use disks about the x-axis: 


i 9 Y df 
o X349 o (a? +9) 


Let x = 3tan0, so dx = 3sec?0d0,x =0 — 0 =0and 


0| 3 
x=3 => @0=4. Thus, 


"1/4 1 5 T 


= F [0+ 5 sin26]5/* = [(F + 3) - 0] = Sa? + fa 


/4 3 "1/4 1 
cos“ dü = anf 3ü + cos 20) d0 
0 


. Use shells about x = 1: x=1 i 


V= f 2r(1— x) zy 1-— 22 dx d 
= Qn fo aV1 — r? dx — 2r f x? /1— x? dx = 21V4 — 21 V5 | 


For Vi, let u = 1 — z?, so du = —2z dz, and 
Vi = fe VE (4 du) = 3 fy w^ du = [| 


For V2, let x = sin 0, so dz = cos 0 d0, and 


1 


EROR 


V= pe sin? 0 /cos?0 cos 0 d0 = His sin?0 cos?0 d0 = E i(2sin0 cos 0)? d0 


= 1 f7/? sin? 26 d0 = 1 17? 1(1— cos 26) d0 = 3 (0 — 1 sin 20] 7/ =:(4)=4 


m 
[o 


Thus, V = 27 (4) Qn (45) i iv. 
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45. (a) Let t = asin0, dt = acos0 d0, t = 0 0 = Qandt = x 
a 
0 = sin! (r/a). Then t (or x) 
T sin ^! (z/a) 5 sin ^ 1 (z/a) " E 
li du a cos (acos0 dð) =a ji cos^0 d0 = 
0 0 0 qr 
n l(z/a) sin ^! (r/a) 2 sin ^1 (x/a) 
-7f (1 + cos 20) do = 57 [ø + 4 sin26] = © |o+sino cos 6] 
2 2 2 0 2 0 


a a 


m 
ee ey MEE =) o] = za? sin- 1(x/a) + $x Va? — x? 


(b) The integral de v'a? — t? dt represents the area under the curve y = a? — t? between the vertical lines t = 0 and t = x. 
The figure shows that this area consists of a triangular region and a sector of the circle t? + y? = a”. The triangular region 


has base x and height v/a? — z?, so its area is 4. v/a? — x”. The sector has area 4a70 = 4a? sin” *(x/a). 


46. The curves intersect when z? + (4 x)? =8 r? + 4f =8 rt +4r? —32=0 6 
(x? + 8)(a? — 4) =0 x = +2. The area inside the circle and above the parabola is given by 
A = T (v8 — z? — ic?) dx = 2p V8 — x? dz — 2] ia? dx YA 
2 yc 
= 2] 3(8) sin! (4) + 4(2) V8- 2 — EZ [by Exercise 45] «QD» 
= 8sin^ (3 5) +2vi-$=8 (ajri 82241 aoe 
Since the area of the disk is n( V8): — 87, the area inside the circle and x+y =g 


below the parabola ia Az = 87 — (27 + 1) — 652 — 2. 


47. We use cylindrical shells and assume that R > r. z? = r? — (y — R)? x = +,/r?2 — (y — R}, 
so gly) = 2 /r? — (y — R)? and 
= [ei 2ny-2 /r2 — (y - R} dy = f", 4n(u-- R)vr? —u2du — [whereu = y — R] 
Lug Rap du aen a where u = rsin 8 , du = r cos 8 dó 


in the second integral 


= 4r [-3(r? — ud B + 4n R [77 e > T? cos?ü d = —*£ (0 — 0) + 4r Rr? Dr cos?0 d0 


= 2r Rr? jr (1 + cos 20) d0 = 2x Rr? [0 + $ sin 20]? = 27° Rr? 


Another method: Use washers instead of shells, so V = 8x R fo \/r? — y? dy as in Exercise 6.2.75(a), but evaluate the 


integral using y = r sin 0. 
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48. Let x = b tan 0, so that dx = bsec?0 d0 and Vx? + 6? = bsec 0. 


E(P)= re am dx = an i 1 s bsec? 0 d0 
-a  A4meo(a? + 52)?7? 4mto Jo, (bsec0) NS 
X 
X 05 1 À 05 À . 05 
4m&ob i sec 0 id 47€9b j dm 4m&ob [sine] 01 [ | 
b 


-À | x lee A L-a i a 
4n£ob | V£? +b? | _ 4reob\ (L-a)? Fo Va? Fo 


49. Let the equation of the large circle be z? + y? = R?. Then the equation of 


the small circle is x? + (y — b)? = r?, where b = VR? — r? is the distance 


between the centers of the circles. The desired area is 
A=f", [b+ VP a) - VR 2] dz LR 

= 2 (b+ yra — RET )da 
=2 f, bde +2 fi Vr? — a? da —2 f, JR? — 2? dz 


ay 


The first integral is just 2br = 2r y R? — r?. The second integral represents the area of a quarter-circle of radius r, so its value 


is iar). To evaluate the other integral, note that 


Ja? — x? dx = [a?cos?0d0 [x = asin0, dx = acos@d6] = (La?) f (1+ cos20) d0 
2 
= $a? (0 + $sin20) + C = }a° (0 + sin cos0) +C 
a2 2 2 


2— 3 
So arcsin( Z) + <(=) va a T arcsin( Z) + 5 Va? — a? +C 
à à 


2\a a 


Thus, the desired area is 
A = 2r / R? — r? + 2(3nr?) — [R? arcsin(z/R) + x VR? = x? lo 


= Ir JR? — r? + iar? — [R? arcsin(r/R) +r VR? —r?] = r VR? =r? + Sr? — R? arcsin(r/ R) 


50. Note that the circular cross-sections of the tank are the same everywhere, so the yA 
percentage of the total capacity that is being used is equal to the percentage of any 


cross-section that is under water. The underwater area is 
= 2 2 5 x 
A=2 f“; /25— y? dy 


2 
= [25 arcsin(y/5) + y /25 — y? | , [substitute y — 5sin 6] 


= 25arcsin 2 + 2 V21 + Br = 58.72 ft? 


gees x 0.748 or 74.8%. 


so the fraction of the total capacity in use is «(by ^ Zr 
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7.4 Integration of Rational Functions by Partial Fractions 


T mm MERE NE Lm 
i (r—3)(2-5) z-3 zr+5 
2x +5 A B Cr+D 
O G ery ra 297 25:2 
r—6 r—6 A B 
2, EE. et OE ny, A 
Oa x-6 (x-3)r-2) z+3 «cx-2 
1 1 A B Czr+D 
O2ye Nu.) ol et ise 
r? +4 r? +4 r? +4 A B C 


LO NEL ACE ROT. MR PEN IQ aa M TP NN 
0 s qp z(z?—3x42)  z(r—1)x-—2) r oral E2 


e+e A B C Dez+E Fe+G 


©) eo eae x Ow-1^49— 18 a Gop 


on 
D 
w 
Q 
8 


: 5 5 E 7 -D 
uer aie) Galerie) El soi anc 


(b) z'crcl _ z'-rcl - sitet 
(x3 —1)(z2—1) (x—1)(zx?+x+1)(x+1)(x—1) (x+ 1)(a@—-1)? (a? +441) 
|| A n B , C Di+E 
xtl z—1 (x—-1? 24241 
5 5, ote 
5. (a) rcl = z^ +1 uber B 4 oe D Ex + F 
(x? — z)(x*- 2z? +1)  z(r—1)(?2--1? zxz z—-1 2?41 (a? +1)? 
x? —x +6 —xz +6 A B 
ETE cce rt (a — 2)(x + 3) 1+2 ee 
6. (a) S" zt ds? +16 64 bits divis 
" sa = Te T STA ee NP E on, IVISIODn. 
gd (spy cay Pree 
= zf 442? +164 A B 
TEZ r-—2 
(b) x |. Arzt B p stp Ex + F 
(£2 — z--1)(2--2)) 2?-a2+1 2242 (a? + 2)? 
5 A B ; : 
7. = + . Multiply both sides by (x — 1)(z + 4) to get 5 = A(a+4)+ B(a-1) => 


(r—1)(x-c4-4) «-1 «+4 
5 = (A+ B)a + (4A — B). The coefficients of x must be equal and the constant terms are also equal, so A + B = 0 and 
4A — B = 5. Adding the equations together gives 5A = 5 < A = 1, and hence B = —1. Thus, 


5 1 1 
— — d= z noct dn ed +C. 
[c 3j £ f (zh ps i) dz = In|x —1|—In|ja+4|+C 
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10. 


11. 


SECTION 7.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS 711 


cz — 12 c — 12 A B 
= = . Multiply both si — 4) to get x — 12 = A(x — 4) + B 
adh D m tzr Mu iply both sides by x(a — 4) to get x (r—4)-Bry => 


x — 12 = (A + B)z + (4A). The coefficients of x must be equal and the constant terms are also equal, so A+ B = 1 


and —4A = —12. The second equation gives A = 3, which after substituting in the first equation gives B = —2. Thus, 


c — 12 3 2 


5r +1 A 


+ Tm Multiply both sides by (2x + 1)(x — 1) toget5z + 1 = A(z — 1) + B(2x +1) = 


"Qzcl1)(z-1) 2x41 z-1 


5z +1= Ar- A+2Br+B > 544+1=(A4+2B)x4+(—-A4 B). 
The coefficients of z must be equal and the constant terms are also equal, so A + 2B = 5 and 


—A + B = 1. Adding these equations gives us 3B =6 < B = 2, and hence, A = 1. Thus, 


be +1 1 2 : 
LIE y dx = Lin|2z -- 1] - 2n |z — 1| +C. 
] m g (z) Pig ee U TI 


Another method: Substituting 1 for x in the equation 5z + 1 = A(x — 1) + B(2x + 1) gives 6 = 3B & B=2. 


Substituting -i for x gives 3 3A A=1. 


y A B 


OERIEN = TET + yT Multiply both sides by (y + 4) (2y — 1) to get y = A(2y — 1) + Bly +4) => 


y = 2Ay — A+ By+4B = y= (2A + B)y + (—A + AB). The coefficients of y must be equal and the constant terms 


are also equal, so 2A + B = 1 and —A + 4B = 0. Adding 2 times the second equation and the first equation gives us 


9B=1 s B = į and hence, A = $. Thus, 
y $ i 4 1 1 
dy = 2 3 d In|y +4 -=In|2y—1)/+C 
leas ; bou y= ghletato smelt 


= $In|y -- 4| + 4 In|2y-1/+C 


Another method: Substituting i for y in the equation y = A(2y — 1) + B(y + 4) gives i = 2B e B= i. 


rae ; 4 
Substituting —4 for y gives -4 — —9A A= 


2 2 A 


B 
= LI . Multipl th si 2 1 1)t t 
2? +3e+1 Qrt lett) anri za ultiply both sides by (2x + 1)(x + 1) to ge 


2 = A(x + 1) + B(2x + 1). The coefficients of x must be equal and the constant terms are also equal, so A + 2B = 0 and 


A + B = 2. Subtracting the second equation from the first gives B = —2, and hence, A = 4. Thus, 


: 2 dE. 2 4 á 3 
] aar] —— —— \ar= |Žinj2z+1|-2In|z+1|| = (21n3-21n2) -0 2 21n 2. 
o 2x? +3r+1 o \2e+1 x+1 2 8 2 

Another method: Substituting —1 for x in the equation 2 = A(x + 1) + B(2z + 1) gives 2 = —B B--2. 


Substituting -i for x gives 2 = iA € A=4. 
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12. m LL pe 4 2E y Multiply both sides by (x — 2)(z — 3) to get x — 4 = A(x — 3) + B(r —2) => 
x — 4 = Az — 3A + Bz — 2B x — 4 = (A + B)x + (—3A — 2B). 
The coefficients of x must be equal and the constant terms are also equal, so A + B = 1 and —3A — 2B = —4. 
Adding twice the first equation to the second gives us —A = —2 A = 2, and hence, B = — 1. Thus, 


+ z-4 we 1 1 
dz = d. 21 2| — | 
/ o—ba+6 / (253 =) Sme e 


= (0 — In 2) — (21n2 — In 3) = —31n2 + In 3 [or In 3] 


Another method: Substituting 3 for x in the equation x — 4 = A(x — 3) + B(x — 2) gives —1 = B. Substituting 2 for x 


gives —2 = —A A — 2. 
1 A B : 
13. ——— — = — + ——. Multiply both sides by z(x — a) to get 1 = A(z—a) + Br => 1=(A+B)a4+ (—-aA). 
zx(r—a) mx x-a 


The coefficients of x must be equal and the constant terms are also equal, so A + B = 0 and —aA = 1. The second 


equation gives A = —1/a, which after substituting in the first equation gives B = 1/a. Thus, 
f xe [ (CR SR) ee nt Ente aec 

x(x — a) x z—a a a 

1 1 1 1 
14. If b, —— = = if b, th 
a > (a +.a)(x + b) cu ay) ita ond 
1 1 1 rca 
dz = l -1 b = l 
|e bas tal moe b-a” Lee 


1 1 
If a = b, th dz = — , 
a p a f oiy £ Serena 


zi?  (æ?—1)+1 (@+1)(e@—-1)4+1 
r—1 r—1 r—1 


15. =x2+1+ — [This result can also be obtained using long division.] 


2 
Thus, fds = pyth E de = İz? +r pais cape 
r—i1 r—i1 2 


31-2 3t43—5 3(t+1)—5 5 3t — 2 5 
16. e omini enl ng ah ee NN D dt = — —_) dt =3t-5nlt+1) 4 C. 
6 DE t+1 t+1 3- 77I us, [2 f(s =) ADD. 


4)-—7y—12 A B C 3 
17. =^+ | 4 
yy+2)(y—3) wv y+2 w-3 d 


y = 0 gives —12 = —6A, so A = 2. Setting y = —2 gives 18 = 10B, so B = 2. Setting y = 3 gives 3 = 15C, so C = i. 


Ty — 12 = A(y + 2)(y — 3) + By(y — 3) + Cy(y + 2). Setting 


Now 


PP 2 
Ay" — Ty — 12 [C 9/5 m) 5 1 2 
dy = + + dy = |2ln |y| + 2lIn|y - 2] - zlIn|y — 3 
cece 1 W y+2 y-3 Lu d RR lle al 


ES 9 1 9 1 
=2]n2+ £ln4-F zln1  21n1— £In3— g In2 


—21n24- n2- EI1n2— 21n3— ZIn2— $1n3— 2(3In2— 1n3) = 21n $ 
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INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS 


SECTION 7.4 
32? + 6x + 2 —3z — 4 ; —3z — 4 A B T 
—————— = ———————4. Write ———————— = —— . Multipl both sides b 1 2 
x? + 3x42 TET D 3) DE Gr l1) 2) PES CU QUE EUIS oet Deae» 
gives —3x — 4 = A(x + 2) + B(x + 1). Substituting —2 for x gives 2 = —B B = —2. Substituting —1 for x gives 
—1 = A. Thus, 
24,2 2 2 
f am TOTE de if 3 : : dx = [3x —In|x + 1| - 21n[z + 21] 
1 t^--3r42 1 x+1 r-4c2 1 
= (6—1n3— 21n4) — (3 — In 2 — 21n3) = 3 + In2 + In3 - 21n4, or 3 + ln 
2 
1 A B C TN . . 
19. mayer = PEE + (e+? a FEN Multiplying both sides by (a ES i + 2) gives 


z?-Ez-1- A(x-1)(x--2)-- B(x + 2) 4- C(x -- 1)?. Substituting —1 for x gives 1 = B. Substituting —2 for x gives 


3 = C. Equating coefficients of x? gives 1 = A + C = A + 3, so A = —2. Thus, 
1 


1 
l 2 
sug eme In 


F1| 


1 x?+re+l ay EE 1 3 
[ (s d J s | eps)” | TS 


+1)2(a+2 
= (-21n2— į + 3ln3) - (0-14 3In2) 2 į — 51n2 + 31n3, or į +n ZZ 


20. m-e- ri ga D Multiplying both sides by (3x — 1)(a — 1)* gives 


1) + C(3a — 1). Substituting 1 for x gives 


2=2C C=-1. 


z(3— 5a) = A(x — 1)? + B(x — 1)(3x 
ZA < A= 1. Substituting 0 for x gives 0 = A + B — C = 1 + B + 1, so B = -2. 


Substituting i for x gives $ I 


Thus, 
173 


2 1 2 1 1 
= —L — ——__| dx = | = In |3z — 1| —2In|x — 1 
TR 1 G nd x£ E n|3a — 1| n|z Dr ; 


3r—1 x 


= (4ln8— 2ln2 + 2) - (4155-0 1) 2 —In2—- 1In5- 4 


1 1 A B C D 
24. —— = — 2-4... c... Multiplvi th si t+1)?(t—1)? gi 
(P-i1y (EDI? £41 F tP i T ultiplying both sides by ( y( )* gives 


+ C(t — 1)(t + 1)? + D(t + 1)?. Substituting 1 fort gives1=4D = D= iG. 


1= A(t4- 1)(t 1? + B(t — 1)? 4 
C + 4,s0 


Substituting —1 for t gives 1 AB. & B= i Substituting 0 fort gives 1 = A+ B-C+D=A+ i 
€ A= H, and so 


4 = A — C. Equating coefficients of t? gives 0 = A + C. Adding the last two equations gives 2A = 4 


C = —4. Thus, 
dt... off as, 1/4 1/4 1A 
[em f [A I eA 


1| H Gori (In 


1 1 
= <|In|t +1- —— — Injt 
inire Bi ml 
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2 2 2 
12r —2 1227 — 2 127 — 2 A B ; ; 
$x +12r— 20 3x" 12r 20 | 3a -12z 20 _ duae C z- Multiply both sides 


D 
22. = — n = = —— + —_ 
x^ — 8r? + 16 (a? — 4)? (r—2)?(r--2)p 2-2 (4-2)? TEXTU (a 4-2) 


by (x — 2)? (a + 2)? to get 3a? + 12x — 20 = A(x — 2)(x + 2)? + B(x + 2)? + C(x — 2)? (a + 2) + D(x — 2)?. Setting 


x = 2 gives 16 = 16B, so B = 1, and setting x = —2 gives —32 = 16D, so D = —2. Now, using these values of B and D 


and setting x = 0 gives -20 = -8A+4+4+8C—8 & —2—-—A-4 C (1). Also, setting x = 1 gives 


—-5=-9A+9+3C-2 4 = —3A + C (2). Subtracting (2) from (1) gives 2 = 2A < A= 1, and hence 


34^ + 12x — 20 |. — DUE co SE d 
z^— 822-16 ^ — r—2 (x-2)? 2+2 (x2) 


= In [xz — 2| —À; Ino +2|+ —— C 


C = —1. Thus, 


10 A Br-4-C : : 
23. -Ne +9) = NET + "Po Multiply both sides by (x = 1) (x? + 9) to get 


10 = A(x? +9) + (Ba +C)(x — 1) («). Substituting 1 for x gives 10 = 10A <= A — 1. Substituting 0 for « gives 


10 =9A- C C = 9(1) — 10 = —1. The coefficients of the z?-terms in (x) must be equal, so 0 = A+B => 


10 1 —r-1 1 x 1 
dx = dx = d 
lwaesa 2 f(x) n Ms x? --9 =) € 


= Injx — 1| — 4 ln(z? + 9) — itan“! (2)+C 


In the second term we used the substitution u = x? + 9 and in the last term we used Formula 10. 


337—r48 3235-248 A, Bod 


24. 
x3 + 4r x(x? + 4) x x? 4 


a Multiply both sides by a(x? + 4) to get 


3a? — x +8 = A(x? +4) + «(Bx + C) 3a? — x +8 = (A + B)z? + Cx + 4A. Equating constant terms, we get 


44—8 < A= 2. Equating coefficients of x gives C = —1. Now equating coefficients of z? gives A + B = 3, so 


B = 1. Thus, 
3x? —x +8 2 r—1 2 x 1 
dx = dz = d 
f pi 7 TE E JE 23.477 
= 2 In(z) + į ln(z? + 4) - tan! ($) + C 
3 
z” —4r+1 3a —5 3a —5 A B 
25. ———— = . Writ = . Multiplyi 
123x42 r+3 e- De- ier EA skr aa ultiplying 


both sides by (x — 1)(x — 2) gives 3a — 5 = A(x — 2) + B(x — 1). Substituting 2 for x 


gives 1 = B. Substituting 1 for x gives -2 = —A A = 2. Thus, 

0 3 0 

xz” —4r+1 2 1 1.2 0 
| Sg]. (z*3* +) dx = E *3:42h|s-l|eh|z-2] | 


= (0--04-04-1n2) — (3 —34+ 22+ In3) = 3 - In2— In3, or $ — In6 
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3 2 2 2 
x?’ +4e*+a—-1 3x +a2—-1 . sa°+a2-1 A B C "- ] 2 
26. —————————— = 1 + — ———. Write —————— = — + — + ———. Multipl: both sides b 1 
PONE + art rite (eb) eo Ge er] ultiplying both sides by x*(a + 1) 
gives 3x? + x — 1 = Ax(a +1) + B(x + 1) + C2’. Substituting 0 for x gives —1 = B. Substituting —1 for x gives 1 = C. 
Equating coefficients of x? gives 3 = A+ C = A + 1, so A = 2. Thus, 
27.8 2 _ 2 2 
| FEE e-/ p ee dz = stome - in| 1] 
1 z? +r 1 roc zl £ 7 
= (24-21n2 + $ - In3) —-(1+0+1+4+In2) =$+4+1n2+In3, or $ +In6. 
4x Ax 4x A Br+ C 
27. ——————— = SF sas tt ———-. Multiply both sides b 
zx?-pzx?-cz-c1  a?(z-1)-c-1(z-1) (x+1)(z? +1) xu z?-F1 ELA es ey 


(x +1)(a? +1) to get 4r = A(x? +1) + (Bx + C)(x + 1) 4¢ = Ao? + A+ Br? + Bzr+Cr+C e 

Ax = (A + B)z? + (B + C)z + (A + C). Comparing coefficients gives us the following system of equations: 
A+B=0 (0 B+C=4 Q) A+C=0 (3) 

Subtracting equation (1) from equation (2) gives us —A + C = 4, and adding that equation to equation (3) gives us 


2C=4 e C —2,andhence A = —2 and B = 2. Thus, 


4x e —2 eee PT —2 4 2x 2 dz 
x3 +r? +xr+1 rc-1 «#41 +1  xz2+1 z241 


= —2ln [z + 1| + In(z? +1) - 2tan ! z - C 


2 2 
x +xr+1 xl +1 cz 1 1 1 2 
a [m d= | net] gyt] aula ULIS 1, du = 2x dz] 


29 r? +4r+3 — x? +4r +3 |. Ax+B Cr+D 


: : 2 2 
Did nghi = G2 1G 4) = 333-1 X $ Multiply both sides by (x +1)(x + 4) 


to get x? + 4r 4- 3 = (Az + B)(z? + 4) + (Cx + D)(x? +1) © 


x? + 4r +3 = Av? + Br? +4A04+4B4+ Cr? + Dr? +Cr+D © 


z? + 4r 4-3 = (A + C)a? + (B + D)x? + (4A + C)x + (AB + D). Comparing coefficients gives us the following system 
of equations: 
A+C=1 (1) B+D=0 (2) 4A+C=4 (3) 4B+D=3 (4) 
Subtracting equation (1) from equation (3) gives us A = 1 and hence, C = 0. Subtracting equation (2) from equation (4) gives 
us B = 1 and hence, D = —1. Thus, 
3 
[H f (85 T —) a= f (= 1 = = i = i) oe 
1 


x ln(x? + 1) + tan ! z — = tan! (5) +C 
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3 E 3 e ES 
Bs obe eee + cet? Multiply both sides by x? (x? + 6) to get 


30. Se mme RD 
xt + 62? xu? (x? + 6) x x? r2 + 


x? + 6a — 2 = Ax(a? +6) + B(x? +6) + (Cu - D)? e 


xr? + 6e — 2 = Ar? + 6Ax + Ba? +6B4+C2?4+ Da? & 2°4+6x—-2=(A+C)a?+(B+D)ax? +6Ax + 6B. 


Substituting 0 for x gives -2 = 6B B= i. Equating coefficients of z? gives 0 = B + D, so D = i. Equating 


coefficients of x gives 6 = 6A <= A = 1. Equating coefficients of z? gives 1 = A + C, so C = 0. Thus, 


z?-F6r—2 1 -1/3 1/3 1 1 if c 
dx = dz =1 tan !| — ; 
f For x£ [C+ z2 as) x = In|z| 3c 1 3/6 an (%)+e 


31 x+A4 ae = f z+1 a+ f 3 a=3 | EES 3 dx 

“fo aw +2r4+5 7 J a2 +2n+5 z? +2r+5 " 2) 2242¢45 (z 4-1)? +4 
_1 2 2 du where x + 1 = 2u, 
-gln|z £2 8 3 | om poc | 


1 1 1 
= gin! 225) + Stn hu C gin! 225) e San (77 )*e 


32 [me xf ide 
` Jo x? +4r +13 o z? +4r+13 o (+2) +9 


= ]: fi? dy 2 5 3 du where y = x? + Az + 13, dy = (2a + 4) da, 
2 i3 V 2/3 9u? + 9 x + 2 = 3u, and dz = 3 du 


1 1 A Br+ C 2 
33. = > = — 4 ————— 1=A 1 B — 1). 
zx? 1. (r—1)((a?-z-41) m Pop T e (Bae Gees) 


Ls 


ole 


Take x = 1 to get A= i. Equating coefficients of z? and then comparing the constant terms, we get 0 — i +B,1= 


so B i (y 


WIN 


1 i —liy — 2 a+2 
dz = 3d 3—3 da = 41 1| 
[=e IES s+ | aM i nlp Pirri” 


-dni-u-if RA ae— 5 | Oo eas 
3J z^-ctr-cl 3J (x--1/2)) +3/4 


in |e — 1| — 2In(z? 1) (=) a(2*2), x 
—-iln|r—]1|— 4 ln(z? +241) — l| — | tan ! | —— 
3 6 2 V3 V3/2 


= iln|r-1 -n +2 +1) - Jg tan! (AQ +1) +K 


3 
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3 2 3 2 
x? — 2x +2x—5 x’— 2r“ +2r—5 Ar+B Cr+D ; ] 2 2 
34. — — ———————À— - ———— H —— —. Multiply both sides b 1 3) to get 
TOEDSTU EE G+ Di +3) aap zz 3 ` Multiply both sides y (z^ + 1)(x^ + 3) to ge 
r? — Qa? + 2x — 5 = (Az + B)(x? -3) + (Cz + D)(aà? +1) & 
xz? —23? + 2x — 5 = Az? + Ba? 3Ax -3B + Cr? + Dre? +Cr+D & 
x? — 2? + 2x — 5 = (A + C)a? + (B + D)z? + (3A + C)z + (3B + D). Comparing coefficients gives us the following 
system of equations: 
A+C=1 (0) B+D=-2 (2) 3A4+C=2 (3) 3B+D=-5 (4) 
Subtracting equation (1) from equation (3) givesus2A=1 & A= 4, and hence, C = 3. Subtracting equation (2) from 
equation (4) gives us 2B = —3 B= 3, and hence, D = —5. 
Thus, 
1 Sua d 1 1 3 1 1 
[ Bef a E aa ax = [ 3t 5 | 3t 3 dz 
xi +4r? +3 xz? +1 xr? +3 z? +1 z?+1 z?43 r?+3 
1 x 
= 1 ]In(z? +1) — Stan! z + t ln(x? + 3) —- — tan ^! (=) +C 
4 ( ) 2 4 ( ) 2/3 V3 
35. Let u = z^ + Ax? + 3, so that du = (4z? + 8r) da = 4(a? + 2x) dr,£x =0 > u=3,andr=1 > u=8. 
BEES aa 1 1 1, 8 
5 = ED = E) = = 
s; 7 +271 XQ geom 2 a+a-1 es be iis 
x3-F1 x3 --1 (a + 1)(a2 — x41) x+1 
5 
x +a—1 2 1 1 3 
[ 539p sues In|z - 1] +C 
Set + 7a? +a+2 A Bet+C | Dz4E : 2 2 
387. = — 4+ ———— H |. Multiply b 1)* to get 
a(x? + 1)? x = r2? +1 (a? + 1)? Mit Dy diee Dt Be 


5z* + 7x? +x 4-2 — A(a? -- 1? -- (Bx - C)g(z? -1) -(Dx - E); © 
2 = A(a* + 2a? + 1) + (Br? + Cz)(z? +1) + Da? -- Ex. © 


5z* px? +r 


5z^- 743? +x +2 = Axt + 24:3? A + Brt + Or? + Bai +Cr+ Dre? + Ex e 


batt 7x? +x 4-2 — (A + B)o* + Ca? + (2A + B + D)a? + (C + E)x + A. Equating coefficients gives us C = 0, 
A=2,A4+B=5 > B=3,C+E=1 > E=1,and2A+B+D=7 => D=0. Thus, 


5z* + 7a? -E x --2 2 3x 
—— R31 — AE = ——— | dx = I.N 
I u(x? +1)? dz / x n r? +1  (z241) n Nm 
dx _ T sec? 0 dé z= tan6, 
(z2--1) J (tan?0--1)? dx = sec? 0 d0 a 
sec? 0 2 
= | Sap feos 640 = f $0 + cos20)ab x 


40+ isin20 +C = $0 + isin0 cos0 + C 


x 1 


1 


1 2s 
= tan 


+C 


EN 
2 2 


Therefore, J = 21n |x| + 31n(z? + 1) + 3tan ! x + 
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38. Let u = a? + 52? + 52, so that du = (5a* + 15z? + 5)dx = 5(x* + 3x? + 1)dz. Then 


z* 4-32? 41 1/1 1 1 5 3 
dz = du) ==1 sini 
js E js u) ORRE toe P FE 


2 
yg, 73547 _ Av+B_ ,  Cxt+D z?— 3r 4 7 2 (Az + B)(x? — 4r +6)+Cr+D = 


'(z2—4x--6)) x?—4r+6  (x?—4x--6) 


a? — 3x +7 = Ax? + (-4A + B)a? + (6A - 4B + C)x + (6B + D). SSA-0,—4A4--B-1 > B=1, 


6A-—4B4+C=-3 => C=1,6B+D=7 => D=1. Thus, 
z? — 3r +7 1 r+1 
N E no a E M M RE P 
| ae | (=t ee) M 


elc gsm i des E ce 
|J (x-29542 (x? — 4x + 6)? (x? — Ax + 6)? 


=h +h +. 

1 i r—2 
I -[ pt m3) 
à (a — 2)? + (V2) v2 v2 i 


(d Qn —4 NYTOITAMEC GT 7 1 
b= 5 f Mei aeq jee- X8 —4:46) 


"E 1 = 1 2 x» — 2 = J/2tan0, 
a. [« -3* + (v2y] 4-3 [mper Vise Om [Laune] 
3V2 f sec? 0 32 3J2 
= XS [Sw 2x2 f cos? oan = 2X2 [ $0 + 00528) ao 


3 2 : 3/2. ,jfr—2 32 , 
= —g (0 + 3sin20) + Cs = —— tan at 2) SÉ G 2sind es) «os 


32 "(£2 32 r—2 /2 
= tan . . + Cs 
8 J/2 8  V/z?—4x-c6 Vx? -—4¢4+6 


E ILC Y 3(x — 2) 
= wc) EL 


So l=h+h+TIs [C = Ci + C» + C3] 


ape tat 2 + =l 4 3V2 uni ge 
ENVZ: /2 2(x? — 4a + 6) 8 V2 J ` A(x? — 4x +6) 


(4x2 3v2 1(x-2 3(2—2)-2 YM2. s af m2 3x —8 
= (FE + SE) tan e gv BO 


40 T? +22? + 3-2 — Ar+B |. Cx + D 
` (z2-2xz--2)? — x?+2r+2 (2? + 29 + 2)? 


T? + 2a? + 3a — 2 = (Ax + B)(x? + 2x +2)+Cr+D > 


a? + 2a? + 3r — 2 = Az? + (2A + B)a? + (2A + 2B +C) + 2B + D. 


So A=1,2A+B=2 B=0,2A+2B+C=3 > C =l1l,and2B+ D = -2 D = —2. Thus, 
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3 2 
ge’ +2e° +32 — 2 x xz—2 
pl pm c dam y S d 
f (x? + 2x + 2)? j (n Sy) 5 


= pu dx + zt dx + dut. dz + z dx 
(jJ 2332-422 2 xz? -E2x 42 (a? + 2a + 2)? (a? + 2x + 2)? 


=h +h +Í +. 


at+l1 = 1/1 u =x? + Qe + 2, En 2 
h ] 2x f Ga) eel -gln|z +2 + 2| + C1 
1 1 ed rcl —1 
Ig =- | — dr = -=t Cos =t DC 
i lera Prices ( 1 )+ gE 2 


ctl 1/1 1 1 
d dz = d | 
3 |i P [aG u) gu > Sade gy 


z--1-1tan, 
dx = sec? 0 d0 


1 1 " 
b= neu dx JE rum sec* 0 d0 


1 = 2 __ 3 
= JE T. 3 | cos 0d0 — 5 | (+0526) a0 


x!*2x t2 
= —3(6+ 1sin20) + C4 = — $0 — 2 (1 -2sin6 cos0) + C4 x41 
3, ftl 3 E 1 
NT M NG, = 
2 ( 1 ) 2 Vatt? vetat 1 
2 3(x + 1) 
=—<tan7! 1)- 
an’ (a + 1) D(a? + On +2) +C4 
So I=h +h ++ [C = Ci + C» + Cs + C4] 
1 E 1 ISAE 3(z +1) 
— i] 249 2)—t 1 1) e———————-1 : 1)- —————— tC 
3 n(x x + 2) — tan™ (x + 1) 2(3?-2x 42) 2 Buceo) 26.2242) 
1 4 
= Zn? 2s 2) 2 tan (1) = — +0 


2(x? + 2x + 2) 


4 dx E 2u du u=VJVr-1,r=u74+1 
i zr—1 u(u? + 1) u? =xz— 1, dz —2udu 


1 
=2f 3 du = 2tan tu +C 22tan ! /rz—14 C 
u? +1 


42. Let u = Vz F 3, so u? = x + 3 and 2u du = dx. Then 


/ dx -f 2u du -f 2u du = f 2u du. Now 
2T +3+£ J 2u-(u2—3) J wt+2u-3 J (u+3(u-1) ` 


2u A B _ . As sol c ZA 
aroe res” r 2u = A(u — 1) + B(u + 3). Setting u = 1 gives 2 = 4B, so B = 5. 


Setting u = —3 gives —6 = —4A,so A = 3. Thus, 


[ect f GR) 


= 3 Inju +3|+ 4ln|u -1| +C 2 3ln(Ve+3+3) + EIn|/z F3- 1| - C 


E. 
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dx 2u du 2du 2du 
43. Let u = e 2u du = dx. Th = = = : 
et u = yT, so u x and 2u du z af aL ] m Ez lacs 


2 A B ; ; ; 
Pur u'r + < => 2=Au(u+1)+ B(u + 1) + Cu”. Setting u = 0 gives B = 2. Setting u = —1 


gives C = 2. Equating coefficients of u?, we get 0 = A + C, so A = —2. Thus, 


2 du —2 2 2 
————M = — +> du = —21 —-— +21 1 = —21 — —— +21 . 
| wep "nt +3 +=) u n|u| “+ nju+1|+C na A n(/z+1)+C 


A4. Letu = 4/z. Then x = v), dz = 3u?du => 


1 1 
3u? du 3 
Live® ae TE (» ae lie ~ Su-+SIn(1 + u)], = 3(n2- 2). 


45. Let u = </e? +1. Then x? = u? — 1, 2x dx = 3u? du = 


C= d (a? +1) — 2(a? +1) +C 
46 i da pn u-14 V, 
i (a + Ja)? u2 x = (u — 1)?, dz = 2(u — 1) du 


=2 f (2-5) u= 2ml = +C=2In(1 + fa) + 


uU 


gs 
E 


2 
Ir. 


47. If we were to substitute u = Vz, then the square root would disappear but a cube root would remain. On the other hand, the 
substitution u = V/a would eliminate the cube root but leave a square root. We can eliminate both roots by means of the 
substitution u = Vx. (Note that 6 is the least common multiple of 2 and 3.) 


Let u = Vz. Then x = u$, so dx = 6u? du and Va = u$, Vz =u. Thus, 


lee a [memea 


1 
= sf G tuti+ =) du [by long division] 


= (Di + du? +u+lnju— 1) £C —2V23 Vz 6 Vz 6n Vz - 1) +C 


48. Letu = x!” = g= u5, so dz = 5u^ du. This substitution gives 


1 5ut 5u? 5u? 5u? 
t= [ an®= | atm | ait | i-es / wpe" 


N 5u? _ A 2 B i uer 
°W = Du + DG 1) u—l ucl wt 


D 
i Multiply both sides by (u — 1)(u -- 1)(u? +1) to get 


5u? = A(u + 1) (a? +1) + Blu — 1)? +1) + (Cu + D)(u—1)(u-1) © 
5u? = A(u? +u? +u+1)+ Blu? — u? +u — 1) + Culu? — 1) + D(u? — 1) 


— (A4 B Cy? -(A— B4 Dh? -(A4 B — C)u-- (A— B — D) 


[continued] 
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Setting u = 1 gives 5 = 4A, so A= 2. Now, comparing coefficients gives us the following system of equations: 
A+B+C=5 (1) A-B+D=0 (2) 
A+B-C=0 (3 A—-B-D-0 (4) 


Adding equations (1) and (3) gives 2A + 2B = 5, so B = 2. Subtracting equation (4) from equation (2) gives D — 0. 


Finally, substituting the value of A and B in equation (3) gives C — 3. Thus, 


7 5/4 , 5/4 , 5u/2 E 5 
I [Ars FFI du qinlu 1| + Ž nju +1] 2 qin’ +1)4+C 


= 3in|(w? — 1)(u? + 1)| +C = $in|ut -1| +C = $ m|et5 -1] +0 


49. Letu = Vz => x — u?,so dx = 2u du. This substitution gives I = j: / ENSE du. Now 


1 

ME PENNE OR 

z—3J242 | w-—3u42 
2u 2u A 


B 
> = = + —.. Multiply both sides b — 2)(u — 1) to get 
u?—3u-c-2  (u-—2)(u-— 1l) ue ed uta eles RU E 


2u = A(u — 1) 4- B(u — 2). Setting u = 1 gives 2 = —B or B = —2, and setting u = 2 gives A = 4. Thus, 


1- f (53 =) 4ln |u — 2| - 21n |u — 1| +C = 4In|vz — 2| - 2In|VYe—1|+C. 


50. Let u = V1+ V2, so that u? = 1 + Vz, x = (u? — 1)?, and dx = 2(u? — 1) - 2u du = 4u(u? — 1) du. Then 


us due 2-1)? '4u(u? pa fo au= f (a 54 


+ 
"oper i < = 
4 = —2A,so A = —2. Thus, 


1 


;) du. Now 


=> 4=A(u—1)+ B(u + 1). Setting u = 1 gives 4 = 2B, so B = 2. Setting u = —1 gives 


: au= f du. ade du = 4u — 21n|u + 1] + 2ln ju — 1| + C 
2—1 ucl u-1 


=4V1+ Vz - 2n Vi Ve+1) -2m( V1 Vs -1) C 


51. Let u = e”. Then z = Inu, dx = d > 


e” da u? (du/u) udu —1 2 
= = = + du 
e? + 3e* +2 u? + 3u + 2 (u+ 1)(u 4- 2) ucl u-2 


= 2ln |u + 2| — In ju + 1| + C = In 


i 1 —1 
52. Let u = cos xz, so that du = — sin x dx. Then f ——— ai f —>+—— (-du) = | —— du. 
cos? z — 3 cos x u? — 3u u(u — 3) 


=—+ —] = A(u — 3) + Bu. Setting u = 3 gives B = -£&. Setting u = 0 gives A = i 


-1 3 3 zx 1 1 1 
Thus, ff —— du E ms du z m lul zmlu 3| +C = gIn|cosz| — 3 In|cosx — 3| + C. 
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2 
53. Let u — tant, so that du — sec? t dt. Then | t| sau = f at 
tan? t+ 3tant +2 u? + 3u +2 (u+ 1)(u + 2) 
1 A B 
N | 1=A 2)+B 1). 
e (u+1)\(u+2) u+1 u+2 n eoe) 
Setting u = —2 gives 1 = —B, so B = —1. Setting u = —1 gives 1 = A. 
1 1 1 
Thus, | —— — ————— du = — du = ln |u + 1] 2 In|u + 2 - C = In [tant + 1| —1n |tant + 2] - C. 
(u+1)(u+ 2) utl u+2 
54. Let u = e”, so that du = e” dx. Then e dx = 1 du. Now 
Dies ee Te A: 1000) Tæ] (u-2)u F1) ^ 
1 A Bu+C 2 ; ; 1 
u Ju I em. ae — 1= A(u +1)+ (Bu + C)(u — 2). Setting u = 2 gives 1 = 54, so A= =. 


Setting u — 0 gives 1 — i — 2C, so C = -$. Comparing coefficients of u? gives 0 — i + B, so B = -i Thus, 


: du= ca rees Asst eae yee sua ni 
| mes " f une u? 4-1 " Lf " a A | zu n 


#Inju—2|—4-4In|u? +1|- 2tan-tu+C 


on 


+ In|e* — 2| — d In(e** +1) — 2tan ! e” +C 


= du 1 aoe B 2 
|J ü-cu u(u-l) u util 


55. Let u = e”, so that du = e” dx and dx = di, Then f z 
u 1 +e 


1 = A(u + 1) + Bu. Setting u = —1 gives B = —1. Setting u = 0 gives A = 1. Thus, 


du 1 1 E E HT i 
[z G- c) nn In|u- 1| + C = lne” —In(e* +1) - C 2 z — ln(e” +1) - C. 


56. Let u = sinh t, so that du = cosht dt. Then f - UE i; dt = f : du = f 1 du. 
sinh” t + sinh’ t u? + ut u? (u2 + 1) 


1 A B Cu+D 
= + 


= 2 2 2 —0oei ES 
Pe a. XGA 1 = Au(u* + 1) + B(u* 4-1) + (Cu + D)u*. Setting u = 0 gives B = 1. 


Comparing coefficients of u?, we get 0 = B + D, so D = —1. Comparing coefficients of u, we get 0 = A. Comparing 


coefficients of u?, we get 0 = A + C, so C = 0. Thus, 


1 1 1 1 1 1 = ps 
du = du — — t +C=-—_— -t ht) + 
if 23 +1) u TE 3 3 z) u „tn u C sar den (sinht) +C 


= —cscht — tan! (sinh t) + C 


2x —1 ; ; 
57. Let u = ln(z? — x + 2), dv = dz. Then du = 5 dr, v = z, and (by integration by parts) 
Qa? — x r—4 
2 — E 2 4 2 f f 
nc x+2)dx = zln(x^ — z + 2) ] z—e zln(z^—24-2) [6 | 5) dx 
1 
E avec i de f um 
= nino? 2 +2)—20— | ET det 5 @-i +i 


[continued] 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 7.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS 723 


— v7 
VT du where z — à = Yu, 
= zIn(z? — z + 2) — 2x Ini? € 4-2)4 E = 1 dz = XT du, 
(UD dc prag Hot +1) 
= (x — 4) ln(x? — x + 2) — 2x + V/7tan ^u +C 
21 — 1 
= (x — 4) ln(z? — z + 2) — 2x + VT tant ~— +C 
(s 4) 1n( ) 7 
58. Let u = tan! 2, du = xz dx du dz/(1 + 22), v = iz?. 


E 3 1 x : ot 
Then I Pian "rds ig? tan z — 5 f Toe dx. To evaluate the last integral, use long division or observe that 
£ 


2 
1 7 
[ae SR E v= fias- fI UI E 


f ztan ^! xdr = $a?tan ! z — 4(z — tan! g+ C1) = 4(x? tan! x+ tan! x — 2) 4 C. 


59. 0.05 From the graph, we see that the integral will be negative, and we guess 


0 2 that the area is about the same as that of a rectangle with width 2 and 


height 0.3, so we estimate the integral to be — (2 - 0.3) = —0.6. Now 


1 7 1 BE UE: 
z?—2r—3  (r—3)x41) x-3 «+1 
=i 1 = (A+ B)x + A — 3B, so A = —Band A-3B = 1 A=ż} 

and B = — 43, so the integral becomes 

IUE 1f? 4 1f? d 1 2 1 : 

] 2-3 il ij ER MANT SEEN sia 

o dE x—3 4J]g v—-3 4), x+1 4 o 4 x+1] Jo 

= i(Ini-1n3) = -4 n3 ~ —0.55 
da: dx 1 
a | zx ecu 


dx dx 1 if cm 
exe fatu | aaa uem O 
dx dx dx 1 
aoe keea a 
da dx du 
a f= foc / es Ipsum 


— +C [by Equation 6] = —=In 


r—X-—k LC 


by Example 3 
ONSE [by ple 3] 


7A 


" (Qa+1)dxe . 1 (8x 4- 12) dx 2dx 
` J 4x2 4+122-7 4j 4x? 1223— T (2x + 3)? — 16 


du 
1 2 


= 4In|40? 12r — 7| - iln|(u — 4)/(u -- 4)| +C [by Equation 6] 


= 4 In 42? + 12r — 7| - 4 In |(2z — 1)/(2x + 7)| + C 
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63. (a) Ift — tan(=), then ; = tan ! t. The figure gives 


x 1 x t e+ 
cos| = } = ——— and sin(=) moi t 
(5) VIF E 2 vV1-4 t? 
(b) cosx = cos(2- =) = 2cos* (7) —1 1 


sing = sin (2 5) =2sin(=) cos(5) =2 t l TELS 
2 2 2 P+il Dr C1 


2 


ply d 


(c) > =arctant => x= ?2arctant => dr = 
64. Let t = tan(x /2). Then, by using the expressions in Exercise 63, we have 
dx -f 2dt/(1+ t°) a 2dt -[22-f i 
l—cosr J 1—(1—#7)/(1+#2) J (1+#)-(1-#) JÆ Je 


1 
tan(x/2) 


Another method: I 1 .l-teosr cs l-4cosr dz 
1 — cos x l — cosx 1+ cosg 1 — cos? x 


= [Hu] E: i oe) ae 
sin? x sin?r  sin?r 


= fet nem cot x) dx = — cot x — csc x + C 


A +C = — cot(x/2)+ C 


65. Let t = tan(x /2). Then, using the expressions in Exercise 63, we have 


1 1 2 dt dt dt 
: dx = —2 < 
3sinz — 4 cosx «( 2t ) (+5) 1+? 3(2t) — 4(1 — t?) 2t? + 3t — 2 


14+? 1+? 
dt 2 1 1 1 ; ; T 
- | a -f E SES s dt [using partial fractions] 
1, |2t—1 1, |2tan(x/2)—1 
= }[In 2-1] - mite2]] c 7 z1 =<1 
JU pode rey eec n EZ TCI E 


66. Let t = tan(z/2). Then, by Exercise 63, 


RS dx EE; 2dt/(1 +t?) EE i 2 dt 
z/a ld sinz —cosz vs L+ 2t/(1+ 0) — (1— 0)/0 +8) yy L+ +2- 14t 


1 1 1 1 
=| | | dt = [int -me + 1 


In 1 _,¥3+1 
2 V3+1 2 


In 
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67. Let t = tan (/2). Then, by Exercise 63, 


9. 2t 1-? 8t(1— t?) 
1/2 : 1/2 y 12: r E T] 1 TIU 
f sin 2x d= [ SS ae = f 1-ct ltt 2 a= f (1-12) di 
o 2+cosz a 2+ cosg ö 1-t 1+: o 2(1 422) - (A1— t?) 
2+ 
1+? 
1 1-8 
= 8t: ——— dt =I 
f (t2 + 3) (t? + 1)? 
pem 2 pn 

If we now let u = t°, then ae pu CENSET EN > 


(2+3)\(@+12 (ut+3\(utl2? ut3 u+1 (u+? 


725 


1— u = A(u + 1)? + B(u + 3)(u + 1) + C(u + 3). Set u = —1 to get 2 = 2C, so C = 1. Set u = —3 to get 4 = 4A, so 


A = 1. Set u = 0 to get 1 = 1 + 3B + 3, so B = —1. So 


1 1 
8t 8t 8t 2 2 4 
I= dt = |4ln(t Aln(t? +1 
i Dex mote | NOS) SUR )- gii " 


= (4l1n4— 41n2—2 4In3 —0—4) = 81n2— 4I1n2 — 41n34-2— 41n2 +2 
( 3 


1 1 A Br+C 
6B. a SS ee 1= A(x? +1 B . Set x = 0 to get 1 = A. 
e+e s(x? +1) gi aepo pue EE a x 


1=(1+B)2?+Cx+1 > B+1=0 [B-—-1] andC =0. Thus, the area is 


"e ? (1 z 2 
| e f rA) eta pmj? Qn iln5)- (0— $In2) 


= $1In2- iln5 [or in| 


2 
69; By Jong division reste, e qao tent Now 
3x — x? 3x — x? 
3z+1 3:41 A B 
3r- r? xz(3—-2) z 3-2 


get 1 = 3A, so A = i. Thus, the area is 


? gtl i 3 Ed 1 10 2 
f paw | (-1+ $+ 52 )de = [-2 + $ tnle- 2 In|3 — zl]; 


= (-2+ $1n2- 0) - (-12-0— 321n2) = -14- # 1n2 


1 2 1 
70. (a) We use disks, so the volume is V = 7 Í T : dx =T f da . To evaluate the integral, 
o Lz? +3r+2 o («#+1)?(a +2)? 


we use partial fractions: i __A af B Ej C Jr D = 
p ` ++ xl @tlp r42 GF? 


1 = A(x + 1)(x + 2)? + B(x + 2)? + C(x +1)? (x + 2) + D(z + 1)?. We set x = —1, giving B = 1, then set 


x = —2, giving D = 1. Now equating coefficients of z? gives A = —C, and then equating constants gives 
1=4A+4+2(—A)+1 A 2 C = 2. So the expression becomes 
T 3t 1 
We hee i eee eee 
o [t1 (x41) (x42) (x42) etl] TEL- z-2]g 


-[(2m3-i-3)- Qm2-1-3)] 2 »(2m 2 + 8) - «(3 +n) 
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1 1 
(b) In this case, we use cylindrical shells, so the volume is V — 27 I zas = 2m f md . We use 
o z? +3r+2 o (£z +1)(x +2) 
: : NU : x A B 
partial fractions to simplify the integrand: = + x = (A + B)x + 2A + B. So 


(r--1)(x4-2) z+1 «+2 
A+B=1and2A+B=0 = A= —l and B = 2. So the volume is 


1 
—1 2 1 
an f ES | zia emm [menie zie +] 


= 2n(—In2 + 21n3 + In1 — 21n2) = 22(21n3 — 3In2) = 27 In $ 


PS Pag PS A B 
"diee lacie z 7 | sop” Pah Nw sips) BG Wie 


P + S = A(0.1P — S) + BP. Substituting 0 for P gives S AS A 1. Substituting 105 for P gives 


-1, 11/10 
= 1i = mem EN 
11$—10B8 = B= H. Thus, t= [3 +a) dP > t=—-InP+11m(0.1P—S)+C. 


When t = 0, P = 10,000 and S = 900, so 0 = — In 10,000 + 111n(1000 — 900)+ C = 


C —1n10,000 — 111n 100 [= In 1077? = —41.45]. 


10,000 P — 9000 


Therefore, t = — In P + 111n ($P — 900) +1n10,000—11In100 = t=In +11 na 


72. If we add and subtract 2x” (because 2x” completes the square for z^ + 1), we get 


vt +22? 41— 232 = (£? +1)? — 22? = (z? +1)” = (Va) 
[(z? +1) 2 V2z] [(z? +1) + V2x] = (£? — V2x + 1) (a? + vV2x +1) 


rft +1 


So we can decompose : = Ae TB ES Cz +D 
p xt+1 L2? +V2r+1 —22— 241 


1 = (Az + B) (a? — 2x 1) + (Cz + D) (x? + V22 + 1). Setting the constant terms equal gives B + D = 1, then 


from the coefficients of x? we get A + C = 0. Now from the coefficients of x we get A +C + (B — D)/2—0 © 


(1— D) — D]|/2—0 D-i B = 4, and finally, from the coefficients of z^ we get 
J/2(C—A)+B+D=0 C—A 5 C x2 and A — x2 So we rewrite the integrand, splitting the 


terms into forms which we know how to integrate: 


z?-2z-21 B mE CE 


z*c-1l a2. V2x-41  a2— 2x41 4v2 


-£| 2x + V2 = 2x — V2 EE n 
8 [2 +V2e41 z2— 2x41 4 (s E) i (s- E) + 
2 


1 vey 4 th ee ee 1 | 2x + 24/2 2r — 2/2 | 


Now we integrate: 


J= = L a(t) ps [tan (V2 1) tan! (V2a — 1] E 
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73. (a) In Maple, we define f(x), and then use convert (£,parfrac, x) ; to obtain 


. 24,110/4879 668/323 9438/80,155 4 (22,098x + 48,935) /260,015 


für 2r 41 3a —7 2 +ae+5 


In Mathematica, we use the command Apart. 


(b) EO dz = 242 . iln|bz + 2| — $$ . i nj2x + 1| — 


438 . 1 
4879 323 ` : gIn|3z — 7] 


9 
80,155 


di 
+5 aut I _ P - M dz +C 
= 24110 . + In|5x + 2| — se . iIn|2x +1) - aie . iln|3z — 7| 
+ zoo [22.098 $ln(z? + æ + 5) + 37,886- 4/75 tan! (= (£+ ») +C 
= S In|5z + 2| — 24 In|2z + 1| — EIS In|3z — 7| + Oo In(a? +z+5) 
+ sisti en [Ag r+] «c 


Using a CAS, we get 


48221n(5r--2)  334ln(2r--1)  3146ln(3z — 7) 


4879 323 80,155 
11,049In(z? +£ +5) , 398819 , [19 

t ~~ (2x +1 

260,015 + -260,015 jg Vr D 


The main difference in this answer is that the absolute value signs and the constant of integration have been omitted. Also, 


the fractions have been reduced and the denominators rationalized. 


74. (a) In Maple, we define f (x), and then use convert (f, parfrac,x) ; to get 


f) = 5828/1815 — 59,006/19,965 , 2(2843: + 816)/3993 , (313v — 251)/363 
(5x — 2)? 5a —2 2x? +1 (222 + 1)? 


In Mathematica, we use the command Apart, and in Derive, we use Expand. 


(b) As we saw in Exercise 73, computer algebra systems omit the absolute i 


value signs in f (1/y) dy — In|y|. So we use the CAS to integrate the 


expression in part (a) and add the necessary absolute value signs and 


constant of integration to get p 


I yas 5828 59,0961n|5z — 2| | 2843ln(22? + 1) a 
9075(5a — 2) 99,825 | 7986 
503 e 1 1004r +626 | 
+ FE 975 V2 ten (v22) - opp aai O 


(c) From the graph, we see that f goes from negative to positive at x ~ —0.78, then back to negative at x ~ 0.8, and finally 
back to positive at x = 1. Also, limz—o.4 f(x) = oo. So we see (by the First Derivative Test) that f f(x) dx has minima 


at x ~ —0.78 and x = 1, and a maximum at x ~ 0.80, and that f f(x)dx is unbounded as x — 0.4. Note also that 
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just to the right of x = 0.4, f has large values, so f f (x) dx increases rapidly, but slows down as f drops toward 0. 


f f(«) dx decreases from about 0.8 to 1, then increases slowly since f stays small and positive. 


75. There are only finitely many values of z where Q(x) — 0 (assuming that Q is not the zero polynomial). At all other values of 
x, F(x)/Q(x) = G(x)/Q(x), so F(x) = G(x). In other words, the values of F and G agree at all except perhaps finitely 
many values of x. By continuity of F and G, the polynomials F and G must agree at those values of x too. 

More explicitly: if a is a value of x such that Q(a) = 0, then Q(x) Æ 0 for all x sufficiently close to a. Thus, 


F(a) = lim F(a) [by continuity of F] 


rua 


= lim G(z) [whenever Q(x) 4 0] 


— G(a) [by continuity of G] 
76. (a) Let u = (x? + a?) ", dv = dx du = —n(a? + a?) "^1 2x dz, v = x. 
dx x —2na? 
f (x2-pa3) — (32-3) f (x2 pai) 5 [by parts] 
re eee) 
2—2” _ yn [Et -i i 
(x2 + a2)" (x2 F a2) 


-— 2 m| E -me f 
= (a? RR a2)" (a? + a2)” (x2 + a2)n+1 


Recognizing the last two integrals as In and In+1, we can solve for In+1ı in terms of In. 


x T 2n — 1 
2na? Iny = ——— —— + 2nls — In PR " 
Dc (a? + a2)» ee P 2a?n(x? + a2)” 2a?n 
É 2n — 3 — : 
I l,-1 [decrease n-values by 1], which is the desired result. 


e 2a?(n — 1)(zx? +a?2)"-1 — 2a?(n — 1) 
(b) Using part (a) with a — 1 and n — 2, we get 


I da = x «sf dz x blier as 
(a2 +1)?  2(m2 +1) 2 B 


Using part (a) with a — 1 and n — 3, we get 


dx u x 4 3 dx ee £ i 3 x mM +C 
(x? +1)%  2(2)z? + 1)? ( | 


= x + oe +=tan-t2+C 
— 4(z2--1)  8(a2--1) 8 
77. Ifa zz 0 and n is a positive integer, then f(x) = pr "E a) = a + a Ted an + m Multiply both sides by 


z"(x — a) to get 1 = Aix" (x — a) + Aoz" ? (x — a) +--+ + An(x — a) + Ba”. Let x = a in the last equation to 
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get 1 = Ba" => B= 1/a”. So 


fæ) B | 1 1 . n "—aq' 
z—a z^(r—a) a^(x—a)  z"a"(rx-—a) a? az" (x — a) 
E (x _ a)(x^-i +? ?a + qy^-3g2 Ens. + ra”? + a^-1) 
2 a^a" (x — a) 
a” 1 r” 2a x” 3a? za" ? aT! 
= Narn npn npn + por + npn Narn 
a^ ara are are a? 
ZEN 1 1 C rer 
= arr an-1g42 an-243 a3gyn-1 ax” 
1 1 1 1 1 
Th et ee E c 
usn z"(x — a) arx alg? ar a? (x — a) 
78. Let f(x) = aa? + bx + c. We calculate the partial fraction decomposition of Ee Since f (0) = 1, we must have 
a? (x 
T" f(r ax? +br +1 A B C D E ; A 
c= 1, so CaS Pla 4-1) m H = s TE + CESE | ca nee in order for the integral not to 


contain any logarithms (that is, in order for it to be a rational function), we must have A = C = 0, so 
ax? + ba +1 = B(x +1)? + Dx? (x + 1) + Ex”. Equating constant terms gives B = 1, then equating coefficients of x 


gives3B=b = b= 3. This is the quantity we are looking for, since f’(0) = b. 


7.5 Strategy for Integration 


1. (a) Let u = 1 + z?, so that du = 2x dx idu c dx. Then, 
x 1 fil 1 1 2 
[esi usimta )+C 


Note the absolute value has been omitted in the last step since 1 + z? > 0 for all x € R. 


e f —- z dx = tan aepo 


1 1 1 1 1 f l 
o f — a= | 31-3 a=; f(z } =) da [by partial fractions ] 


In|1-z|- ilh|i-z|4 C 


2. (a) Let u = x? — 1, so that du = 2x dx ldu = z dg. Then 


fe Z -1dr- 5 f wi auo s^ | C- iG 1)? 4 c. 


(b) Let x = sec 6 where 0 < 0 < 1/2. Then dx = sec0 tan 0 d0 and Vx? — 1 = Vsec?0 — 1 = vtan?0 = |tan 0| = tan 0. 


ZIEL f” 0 +C =sec™tr 4 C. 


sec Ó tan 0 


1 
Thus, 
| zz 
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(c) Let x = sec@ where 0 < 0 < 7/2. Then dx = sec 0 tan 0 dé and 


Va? — 1 = Vsec?0 — 1 = vtan?0 = |tan 0| = tan 0. Thus, ed 
XS 
I — 1 dz = i tant sec tan 0 d0 = n = n — 1) d8 1 - 


= tanb — 0 + C = Vx? = 1 — sec™ tg + C 


3. (a) Let u = In z, so that du = Lgs Then | Sar = f udu = p.c 5 (na) 4 C. 
x x 


(b) Use integration by parts with u = In(2x),du=dx => du= zz) dr = B dz, v = x. Then 
z x 


[rename — f « (2dr) = rins) — f de = 2in(2e)—2 4 C. 


(c) Use integration by parts with u = Ina, dv = x dx du = — dz, v = ju. Then 
garde nen lg bd: Ligue guerre is 
2 2 x 2 2 2 4 


4. @ f sinteae — f a — cos2) dz = i(r— $sin2r) + C = ir — isin2r + C 


(b) E da = [ 9 sin z dx = | (1- cos^z) sin z dr = fo — u?) (—du) 
= -(u- iu?) +C = —cosz + 4 cos*x + C 


(c) Let u = 2x so that du = 2dx. Then f sin 2z dx = f sinu (i du) = 3 (—cos u) +C= -i cos2z + C. 


D. 1 e x 
—4r+3 (x-3)(a-1) 2-3 


B 
5. (a) = + ar Multiply both sides by (a — 3)(x — 1) to get 


1 = A(x — 1) + B(x — 3). Setting x = 3 gives 1 = 2A, so A = 4. Now setting x = 1 gives 1 = —2B, so B = — 1. 


1 bf a 1 1 í | 
(b) 1 = : Let u = x — 2, so that du = dx. Th 
Soap GF e , SO = dz. Thus, 


1 1 1 a 1 
dx = dx = du = du = — -- 
] 2— " l= " lz s fe E HUMO cue E 


(c) x? — 4x + 5 is an irreducible quadratic, so it cannot be factored. Completing the square gives 


a? — 4r +5 = (x? — 4c + 4) — 4 + 5 = (x — 2)? +1. Now, use the substitution u = x — 2, so that du = dx. Thus, 


1 1 1 i -ü 
da = —— —Á;—- dx = du — tan +C=t 2 . 
fz 4x +5 lean fz 1 utc an (x )+C 
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6. (a) Let u = z?, so that du = 2adx => idu = x dz. Thus, 
2 1 Le’, l. 2 
zcoscz dz = 5 cosudu= 5 sinu+C = 5 sing TC. 


(b) f 2 cos?zdz = 4 f z(1-4- cos2z) dz = à f rdx + $ f xcos2r dz = Ia? + 3 f 1 cos2z da. 
The remaining integral can be evaluated using integration by parts with u = x, dv = cos2adx => 


du = dz, v = i sin 2x. Thus, 


xz? $($asin 2x — f $ sin2z da) = ig? + (5a sin 2x + ; cos 22) +C 


f x cos?z dx = i 


r? + ta sin 2x + $ cos 2a + C 


(c) First, use integration by parts with u = z?, du = cosz dr = du = 2x dz, v = sin x. This gives 


2 


I-f z?cosz dz = z? sin z — f 2x sin x da. Next, use integration by parts for the 


remaining integral with U = 2x, dV =sinzxdx = dU = 2dz,V = —cos x. Thus, 


2 


I = z? sina — (—2x cosa + f 2cosz dx) = z^ sing + 2x cosz — 2sinz + C. 


1 1 1 
7. (a) Let u = z?, so that du = 3a? dr => $ du = z? da. Thus, fae dz = 3E du — gem "d +C. 


(b) First, use integration by parts with u = z?, dv = e" de = du = 2z dg, v = e”. This gives 
I=f z?e* dy = a? e” — J 2xe” dx. Next, use integration by parts for the remaining integral with U = 2z, 


dV — e* dx dU = 2dz, V = e”. Thus, I = a2e* — (2xe* — f 2e” dz) = xe" — Qre™ + 2e* +C. 


(c) Let y = x”, so that dy = 2x dx. Thus, Se dx = f ae” zdr = i f ye" dy. Now use integration by parts 


with u = y, dv = e" du = dy, v = e”. This gives 


fae” dz = i (ye — fe%dy) = iye” — ie" +0 = 427" E ign +C. 


8. (a) Let u = e? — 1, so that du = e” dz. Thus, f e* /e? — 1dz = ful? du = 3 u”? po 2(e* —1y7.g. 


(b) Let u = e”, so that du = e^ dx. Thus, f du = sin! u + C = sin ! (e) + C. 


e” 1 
=E gt e 
V1 -— e?r | 


2u du 


(c) Let u = ye? — 1, so that u? = e? — 1 2u du = e” dx, and "| = dx. Then 
u? 
1 2udu 1 cq em F 
[= SEED [tu = tan u+C=2tan wVvVer—1-4C. 


9. Let u = 1 — sin x. Then du = —coszdxz => 


f CoS? de [5 du) In|u| + C = 2 in|1 — sin z| + C = — ln(1 — sin £) + C. 


1 — sin g 


10. Let u = 3x + 1. Then du = 3dx => 


[ erana fo (Fa) u | 1 wl = 1 aor 1) 
0 1 3 31/241 ; 3(V2+1) 
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= = _il _ 2 3/2 
11. Let u = lny, dv = \/ydy du y? 3Y . Then 
. 2 4 
i vy lny dy = [mu] -f y? dy = 81n4— 0 | y 
3 1 1 3 1 
= #(2ln2) — ($ -8 - $) = $112- $ 
1 arcsin & y 

12. Let u = arcsin x, so that du = ———— dz. Thus, £ —dr= | e dy = e" +O = eem? O. 

1—z? 1— z? 


13. Let x = In y, so that dx = 1 dy. Thus, I = / 
y 


nD) = f ln z dz. Now use integration by parts with 


u = lng, dv = dx = du = dz/x,v = x. This gives 


I=alne~ | Sdz- sns [ sms x+C=Iny[In(Iny)] — Iny + C. 
x 


14. Let u = 2 + 1. Then du = 2dx. => 


Li 


3 3 3 
z (u—1)/2 /1 1 1 1 35 epu 1 
dx = du | = du = 
2x 4-1)? * I us (3 u) if u? =) j i| ia], 


15. Let u = x, so that du = 2x dx. Thus, 


J 


x 


4 1 E. (1/3)? sid pus aa PON NS eae Ns 
wo I| a 2| t 5 3 ban (3) EC gn 3 HC. 


16. ftsint costdt — f t- 3(2sint cost) dt = 4 f tsin 2t dt 


2 


i(-itcos2t — f — $cos2t dt) 


u=t, dv=sin2tdt 
du=dt, v= -i cos 2t 


= —4tcos 2t + + f cos2t dt = —itcos2t + z sin 2t + C 


x+2 x+2 A B : 
; = = . Multipl 4)(x — 1) to get 2= A(x—1 B 4). 
i G iGO = Fea TET Minty by (e + 4)(@ — 1) togetz +2 = A(z — 1) + Ble +4) 
Substituting 1 for xz gives 3 = 5B e B= 2. Substituting —4 for x gives —2 = —5A A= 2. Thus, 


4 4 4 
r2 2/5 3/5 2 3 
dr = dz = 2l 4| 4- 2In|zr — 1 
I x2 + 3x — 4 2 f EI M E Bye cogit |]. 


(21n8 + 21n3) — (21n6 +0) = 2(31n2) + 21n3— 2(In2 + In3) 


= $In2+ iIn3, or 2 In48 


18. Let u = 2 dv = Eost l/d) => du= = dax, v = -sin(2). Then 
x x x 


J 


cos(1/2) 4 -isa(i) - f 391) az = ~2sin( 2) E i 
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19. Let x = sec 0, where 0 <0 < Form <O « az, Then dx = sec 0 tan 0 d0 and 
Va? — 1 = vsec? 0 — 1 = vtan? 0 = |tan 0| = tan 0 for the relevant values of 0, so 
1 [IS sec tan 0 f 2 | " 
d0 = | cos 0d0 = | Z(1-Fcos20) dé 
Sec? 0 tang 2 
= umm sec? 0 tan 0 x 
1 1 1 1 Vel 
= 50+ 7s8in20+C = 50+ 5sin@ cos + C 
6 
[T3 1 2— 
= sec gm Ey ucc Lc = b ott 1 
2 2 x x 21? 
2x — 27 —3 A Ba+C 1 2 2 
+3 x(x? + 3) Sie as Multiply by x(x? + 3) to get 22 — 3 = A(x? +3) + (Bx +C)x © 
2x — 3 = (A+ B)z? + Cx + 3A. Equating coefficients gives us C = 2, 3A 3 A 1, and A+ B = 0, so 


21. 


22. Let u = n(1--z?), dv — dz > du= A 
1+? 


3 
S dz = | cos!zsinzdz È u? (—du) Lg Chase ea HC 
csc & 4 4 


dx, v = x. Then 


2x? (z? +1)-1 
à ul HE d 
pate ) dx = zln(1- z^) E zi dz = xzln(1 + x^) if [ae dx 


1 
2 2 -1 
=ein(t +a) -2 f (1-74) dr = zln(1 + z^) — 2z--2tan x C 


23. Let u = x, dv = seca tanxdx => du = dz, v = secx. Then 


fusecx tanz dz = rsecz — f secadx = xsecx — In |sec x + tanz| + C. 


2/2 


0 


25. (^ t cos? tdt = fr t[$(1 + cos2t)] dt = 4 fr tdt + 4 f tcos2tdt 


2 


e 2 


= 1 [1]7 1 _ u=t, dv=cos2tdt 
= 5[3t7] Tii t sin 2t]^ i l sin 2t dt Pe =] 


2 2 
26. Let u = vt. Then du = x z dt dt = f e" (2du) = 2 [e] = 2(e? — e). 
1 
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27. Let u = e”. Then f e*** dx = f e e” dz = f e" du = e" +C = e 4 C. 


e” 1 e” 
28. dx = ar | eee 
| - x ix]: z pres tl 


29. Let t = Vz, so that t? = x and 2t dt = dx. Then f arctan Vz dz = J arctant (2t dt) = I. Now use parts with 


1 
u = arctant, dv = 2t dt du dt, v = t?. Thus, 
1-182 


2 


1+ 


di 
I = t arctant — / dt = t? arctant — f (: — x dt = t? arctant — t + arctant+C 


= varctan Vx — v/z + arctan Vs + C lor (a + 1) arctan Vx — Va + c] 


21 
30. Let u = 1 + (Inz)?, so that du = = dx. Then 


31. Let u = 1 + Vz. Then x = (u—1)?, dz = 2(u — 1) du 


dr (ie vs) dz = f? u? -2(u— 1) du = 2 [2 (u? — u5) du 


— [1,10 9, 1,9]2 1024 ^ 1024 
= [àv 2- gu], = 


32. [(1 + tanz)? secz dz — f(1+2tanz + tan? x) sec z dz 
= f[secx + 2secax tanz + (sec? x — 1) secz| dz = f (2secx tang + sec? x) dx 


= 2secx + 4(secx tanx +In|seca + tanz|) +C [by Example 7.2.8] 


T 1 it 
14 12t (12t+ 4) - 3 | 3 1 
33. die dt 4 dt = [4t -1 3t 11] 
I 14 3t i 3i+1 A 361 aT 


= (4—1n4) —- (0—0) 2 4— In4 


32? 4-1 32? +1 A Bau+C : 
- = + . Multiply b 1)(2? + 1) to get 
x?-Ex?-Ez-c41  (z2-c-1)(r—-1) x41 x?+1 ultiply by ned) (act) doge 


3x? +1 = A(x? -1)-- (Bx -C)(zr--1) e 32?+1=(A4+ B)a? - (B 4- C)z 4- (A+ C). Substituting —1 for x 
givs4—2A4 « A= 2. Equating coefficients of x? gives 3 = A+ B = 2 + B B — 1. Equating coefficients of x 
givsO=B+C=1+C C = —1. Thus, 


* 3241 dst a. pg n "f 2 "E: Logs 
o 3 +r? +r+1 o \z+1 z?+1 o \z+1 zg2?+1 z?+1 


1 
= [21n|z +1) +3 n(x? +1) — tan“! | = (2n2+4In2— 4)—(0+0-0) 
0 
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35. Let u = 1 + e”, so that du = e? dx = (u — 1) dx. Then : dz = Lo e 1 du = I. Now 
1+er u u—l u(u — 1) 


: zu. B 1 = A(u — 1) + Bu. Set u = 1 to get 1 = B. Set u = 0 to get 1 = —A, so A = —1. 
u(u—1) u u-1 


thus, = f (2+) du = —In|u| + In|u 2 1| + C = 2 In(13- e?) - Ine? +C 2 z— In(14- e?) 4 C. 


Another method: Multiply numerator and denominator by e ^ and let u = e ^ + 1. This gives the answer in the 
form — In(e ? + 1) + C. 


36. f sin Vat dt = f sinu- 2udu [u= Vat, u? = at, 2udu 2 adt] = 2 fusinudu 


a 


= 2[ ucosu+sinu]+C' [integration by parts] = -2 at cos y at + 2 sin Vat + C 


= -2,/£ cos at + 2 sin at +C 


37. Use integration by parts with u = ln(x Hyr? —1 ), dv = dx 


rv EIE 
du = l (1+ m )e- l ( a =") dz = 1 dx, v = x. Then 
xr+vzr? -1 vz? -1 z4vz?—1 vz?—1 vVz?-—1 


[H+ 71) de = ain(2+ V 71)- f LR mme Ve-1)- Ve -1«c. 


38. |e? — 1| e” —1 if e* -1>0 e —-1 ifr20 
. |e — 1| = = 
—(e*—1) ife*—1«0 1—-e* ifr<0 


0 2 
Thus, js le* — 1| dz = PG. — e?) dz + fate —1)dz- E — e + le — z| 
zi 0 


= (0-1) —(=—1—e7!) + (e — 2) — (1-0) =e? +e! -3 


39. As in Example 5, 


VJ y 1 d d 
i a= f icu Im yp a Fg da= f E + eve = sin! g — y1-— zr? +C. 
VI=z Vi-a Vita Vica Vi-e | Vine 


Another method: Substitute u = ,/(1+ x)/(1 — x). 


m [i e3/* " f e" (ea du) u = 3/2, 5 ze Mi [e"] 1 a 1(e e? - l(e e) 
1 x? 3 3 du = —3/z* dx 3 3 3 3 


41. 3 — 2x — z? = —(a? + 2z +1) +4 — 4 — (x + 1}. Let x + 1 = 2sin8, 


where — 5 < 0 < $. Then dz = 2 cos 0 dé and 2 54 
x 
f. V3 — 2x — 2? dz = f /4 — (x +1)? dz = f V/A— Asin? 02cos0 dd 
[ ] 
= 4 f cos? 0 d0 = 2 f (1 + cos 20) d0 4— (x 1? 
= 20 + sin 20 + C = 20 + 2sin0 cos 0 + C -N3-2x-6 
og -1f@tl\ 3 2*1 v3-2r-r? 
= 2sin ( 2 ) 2 7 2 EC 


= 2sin (221) + ZELA 2x — x? +C 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


736 CHAPTER7 TECHNIQUES OF INTEGRATION 


7/2 7/2 : : 
42. 14+ 4cotaz dz sl (1 + 4cosx/sin x) _ sing] gz 
x A (4— cosz/singz) sing 


[. sin x + 4cosx d 
Te a 
nja 4sin g — cosg 


ja 4-—cotz /A 
= 4 1 d u = 4sin x — cos g, 
É AL ET u du = (4cos g + sin x) dx 
4 3 4 4 
= In [ul | — Inn4— In — ln — In 2 
| lul 3/ v2 J/2 3/4/2 ($2) 
1/2 z 
43. The integrand is an odd function, so l To dr =0 [by 5.5.7]. 

_n/2 1+ cos? x 


"m 1+sinz de= (1 + sinx)(1 — cos x) des EH T COST gy 
1 + cosx (1 + cos z)(1— cos x) 


sin^ x 


S 


= — cott + A + ln |csc x — cot z| — In|sinz| +C [by Exercise 7.2.41] 


; 1 — cosx 
The answer can be written as ————— — In(1 + cos x) + C. 
sin x 


1 
45. Let u = tan@. Then du = sec?0d0 => jor tan? 0 sec? 0 d0 = So u? du = [iu^] = 


7/3 os 6 t0 1/3 T 7/3 1 1 nf 
46. 1 sin? cot? iy _ f cos? 0 do = sf (1 + cos 20) d0 = = l += sima 
2/6 sec 0 2/6 2 Sn /6 2 2 1/6 


385) 39] 3 7 2 


47. Let u = sec 0, so that du = sec 0 tan 0 d0. Then Bec gant dð = 1 du = 1 du = I. Now 
sec? 0 — sec 0 u?—u u(u — 1) 


1 A B 
= TSA 1) + Bu. Setu = 1t t1 = B. Setu = Ot t1 = —A,s0 A = —1. 
u(u — 1) u cuc cup u. Set u SET Set u = 0 to ge so 


Thus, r= f (= + 4y) uu In |u| + 1n |u — 1| + C = In|sec6 — 1| — In|sec6|+C [or In|1 — cos6| + C]. 


48. Using product formula 2(a) in Section 7.2, sin 6x cos3x = 4 [sin(6x — 3x) + sin(6z + 3x)| = $ (sin 3x + sin 9x). Thus, 


-3G«9-Ci- 91-3848 =4 


49. Let u — 0, dv — tan? 0d0 — (sec? 0 1) dd du = d0 and v = tan 0 — 0. So 


Jo sin6z cos3z dz = fő $(sin3a + sin 9x) dz = ii cos 3x — } cos 92] ” 
0 


J 0 tan? 0 do = 0(tan0 — 0) — f (tan0 — 0) d0 = 0tan0 — 0? — In |sec0| + 20? +C 


= 0tan 6 — 10? — In |sec 0| + C 
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50. Let u = yx — 1, so that x = u? + 1 and dz = 2u du. Thus, 


1 2u 1 BST -1 
dx = du = 2 du = 2t = 2t —1 A 
== x£ ] oc u | zu u an u+C an (Va )4C 


51. Let u = yz, so that du = NUN dx. Then 
x 


2T 


Ja 7 u T u? = 1 1 ta) 
ppp pras PSP eae ey Tae dt = 3u? du 


= 2tan tC = itan! u$ +C = 2 tan! (z?/?) +C 


Another method: Let u = x°/? so that u? = z3 and du = 3g12 dr => Vzdz= 2 du. Then 


2 
3 2 2 
vz d= f 3 du— 5 tan ^ u+C = 3 tan ! (3?) +C. 


52. Let u = yI F e*. Then u? = 1 + e”, 2u du = e” dx = (u? — 1) dz, and dz = 


2u 2u? 2 1 1 
VIF e dz = ; du = du= | (2 du= | (2 = d 
/ Tera E cy [sa M a +=) u fea zu) " 


= 2u 4 In|u — 1| 2 In|u - 1] - C =2V1 +e? + In(V1 Fe — 1) 2 In(V1oa e? +1) 4 C 


u2—1 ^" 


53. Let u = V2, so that z = u? and dx = 2u du. Thus, 
E s v? -1)-1 
if = dx = = (2u du) = 3 E du = 2f ( ) du [or use long division] 
1+vVve lctu lcu ucl 


2 — 
=o | Ee l u= f T Ue = 1 du 
u+1 u+1 


—-2(h)-iw +u Inju + 1|) +C = 4? u? +2u—2lnju+1|+C 


= 30°? — g+ 2VT 2m(vz+1)+0 


54. Use integration by parts with u = (x — 1)e”, dv = E da: du = |(x — 1)e* + e°] dz = xe” dz, v = -L Then 


[ 929-6 De ( =) [-94- ere beh +O=— +06. 


x? x 


55. Let u = x — 1, so that du = dx. Then 


f 23 (x — 1) * dz 2 f(u +1) u74 du = f(u? + 3u? + 3u+ 1)u * du = f(u7? + 3u-? + 3u’ +: u *) du 


= In|u| — 3u7" — $u? — iu? +C = In|x - 1] -3( 1) — $(s - 1) ? - £(- 1) ? 


56. Let u = VI = z?, so u? = 1 — x°, and 2u du = —2z dz. Then fy x 2— v1 z? dz = f? V2 u (—u du). 


Now let v = y2 — u, so v? = 2 — u, and 2v dv = —du. Thus, 
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57. Letu = /4x + 1 u? =4r+1 > 2udu=4dr => dr= iudu. So 
1 iudu du u—l1 
dx = 2 =2 =2(4)1l Formula 1 
bora i m beca (2) sec bp d 
Sjn ELE 
v4Az 4-141 
58. As in Exercise 57, let u = /4r + 1 Then f da -f zidy = sf du Now 
: , 2 z?4/Ar +1 [12 —1)]?u (u2 — 1)?" 
1 _ 1 _ A " B " C D 
(u2—1)?  (uc-1?(u-1? u+1 (ucl1? u-1 (u-1P 
1 = A(u + 1)(u— 1)? + B(u— 1)? + C(u — 1)(u +1) + D(u--1?. u 91 D=4,u 1 B=żŁ. 
Equating coefficients of u? gives A + C = 0, and equating coefficients of 1 gives] = A+B- C+D > 
1— A4 i C 4 i ¿=A C. So A = i and C = — 1. Therefore, 
dx 1/4 1/4 —1/4 1/4 
—— = = 8 te + —— | du 
lara NF (u+1)? u—-1 (u—1)? 


= y Pes +2(u +1)? — — 4 2(u— 1] du 


ucl 
= 21n |[u + 1| x. 21n|u — 1| E HC 
u+1 u—1 
2 2 
= 2In(/4x + 1+1 2ln/4r--1—1 +C 
we iS epee CAU eri 
59. Let 2x =tand => x= itan0, dx = 4 sec? 0 d0, /Ax? + 1 = sec 0, so 
dx 1 sec? 0 dO sec Ü 
Í -f D -f ao = f escodo 
zvAx? +1 g tan secÓ tan @ 


V4x? +1 ds 


«c — 


= —In|csc@ + cot 0| + C [or In|csc @ — cot 0| + C] 
v4r? +1 1 v4r? +1 1 
In F + C jor In 2m 


2x 2x 


60. Let u = x?. Then du = 2z dr => 


dx x dx 1 du 1 1 u 
scu e e ccr du = t Inju] — t In(u? +1 
|z ] 22 sf rn AE E u= 3 ln|u| -z dnte +1) +C 


1 4 
= į ln(z?) — 4 In(zf +1)+C = i [In(z*) — In(z* 4- 1)]}+C= iP (i) +C 
x? dx 
Or: Write I = / — ————. and let u = z^. 
x^ (x^ + 1) 
2 1 2 2 dp x, dv = sinh mz dz, 
61. | x sinh mz dz = —z^ cosh mz — — | xcosh mz dx 2 

m m du = 2x dx v = = cosh mg 


U =a; dV — cosh mz dz, 
dU — dx Va i sinh ma 


= EV cosh mz — Z (Zesmhma — L nc 2 
m mim m 
1.3 2 ! 2 

= —2* cosh mz — — z sinh mz + art cosh mz + C 
m m 


m2 
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62. f (£+ sinx)? dz = f (x? +2rsing + sin? x) dz = ia? + 2(sinz — z cosx) + (x — sinzcosz) + C 
= ga? + 4a + 2sinz — 4sinzcosx — 2x cosx + C 
63. Let u = V2, so that z = u? and dx = 2u du. Then f d = / ugue e i 2 du — I. 
stave J ereu] wu) 
2 A B 
Now 2 = A(1 +u) + Bu. Set u = —1to get 2 = —B,so B = —2. Set u = 0 to get 2 = A. 


u(lc-u) u lcu 


ms = f (2- 3) du = 21n |u| - 2I |1 + u| +C = 2In V 2m(1 H vz) HC. 


u l+u 


64. Let u = V2, so that x = u? and dz = 2u du. Then 


dx 2u du 2 E E 
[z5] auis u--C —2tan ! Vz +C. 


65. Let u = e+e Then r =u? —c > 
fz Vz F cdz = f(u? — c)u- 3u? du = 3 f (u$ — cu?) du = $u* — $eu* +C = $ (x +o) — 3e c)? +C 


66. Let t = Vx? — 1. Then dt = (z/ Va? — 1) dz, x? — 1 = t, £ = VE F l, so 


x lng 


t= [| RAS 


2 
I= $tin(t?? +1) [at= Hm- f h-ra dt 


= itln(£? +1) — t+ tan ! t c C = V2? 1lnz—z?—1-4tan !/z?—1-4 C 


r= |lhnyt? -1dt— i fhe + 1) dt. Now use parts with u = In(t? + 1), dv = dt: 


Another method: First integrate by parts with u = In z, dv = (a /v x? — 1) dx and then use substitution 


x -—secÜoru-—yaz?-—1). 
( ) 


z : : E EMT + SZEP, Multiply by 


toe E Oe eee ea r ra 


(a — 2) (x + 2)(a? + 4) to get 1 = A(x + 2) (x? + 4) + B(w — 2) (a? + 4) + (Cx + D) (x — 2) (x + 2). Substituting 2 for x 


gives 1 = 32A A= i. Substituting —2 for x gives 1 = —32B B= is Equating coefficients of z? gives 


0— Ac BC = d; — d; +C, so C = 0. Equating constant terms gives 1 = 8A 8B — 4D = 4 + 4 — 4D, so 


1 1 
5 =—4D D = —3. Thus, 


dz 1/32 1/32 1/8 1 1 UNA 
c d cune a pe diez anger esc ret (5) C 
lain Ge 112 aay a ap el og ge to) 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


740 CHAPTER7 TECHNIQUES OF INTEGRATION 


68. Let 2x = sec 0, so that 2 dx = sec0 tan 0 d0. Then 
if dx =I 3 sec tan 0 d0 2 2tan 0 dé d 
x?4/Ax? — 1 1sec?0 sec? 0 — 1 secÓ tan0 JAxi -1 
= 2 f cos6 d = 2sin0 + C cI 
1 


dé 1 1 — cos 0 1 — cos 0 1 — cos 0 1 cos 0 
s = : d0 = d0 = = do 
is / 1+cosé i (s -cosÓÜ 1-— cos 2) I 1 — cos? 0 / sin? 0 d i (= 0 sin? 2) 


= [f (csc? 0 — cot 0 csc0) dd = — cot 0 + csc 0 + C 


Another method: Use the substitutions in Exercise 7.4.63. 
dd —— 2/1--0)dt _ 2 dt 7 B B 0 
mcer le em lumo [^ ra ae ps. pne 
2 2 2 
70, dé = (1/ cos* 0) d0 =f sec” 0 a= f = 0 ao = f 1 d u = tan 6, 
1 + cos? 0 (1 + cos? 0) / cos? 0 sec? 0+1 tan? 6+ 2 u? +2 du = sec” 6 d0 


1 
71. Let y = Vz so that dy = dx dx = 2 Vx dy = 2y dy. Then 
2vz 
vm - V 25 2 y u = 2y?, dv = e” dy, 
[ve de= | ye ydy) = [ 2ye dy o nae p 


= 259 _ y 
—2y'e n dy dU =4dy ee 


U = 4y, E 


= 2y?e" — (Aye" — f 4e" dy) = 2y?e" — Aye" +4e” +C 
= y? -2y4 2 +C 2 2(s - 2 V 2) evF +O 
72. Let u = yz +1, so that x = (u — 1)? and dz = 2(u — 1) du. Then 


1 2(u — 1) du J 1/25, -1/2 4 3/2. 4 1/2 4 3/2. AJ 
jra = Qu — 2u du = -u — 4u qe m r1 —4 r41-4C. 
TF J vu : i QU = 


73. Let u = cos? z, so that du = 2 cos z (— sin x) dx. Then 


sin 2x 2sinz cosx 1 E E 2 
L——À vp] I——— dro] Se day St C=-t C. 
(= x [= (costa)? x /m (—du) an ud an (cos x) + 


74. Let u — tan x. Then 


7/3 7/3 V3 2 
/ In(tan x)dz — I In(tan x) sec diem jJ Inu dus [2n uy?] V3 }(inv3) = 1(1n3)?. 
«/4 Sing cosa /A tan x 1 
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1 1 Ve+1- Vive 
MES Mie SEE) [Oe 


= [e+ 1)9/2 — ge] +C 


76 a dz = z’ dz - 3 du u — a?, 
i xê + 3x3 +2 (x3 + 1)(x3 + 2) (u+1)(u+ 2) du = 3x? dx |* 
1 _ A 4 B 
(u--1)(u-2) u+1 u-2 
gives A = 1. Thus, 


1 du 1 1 1 1 1 
S ET ED JACET aa)" gud pem epe e 


= iln|z? 1| - $ In |z? +2| +C 


Now 


=> 1=A(u+2)+ B(u + 1). Setting u = —2 gives B = —1. Setting u = —1 


77. Let x = tan, so that dx = sec? 0 d0, x = 4/3 0 — $,andz —1 0 = 4. Then 
VS I op T sec 0 2 7/5 sec 0 (tan? 0 + 1) 7/5 (sec tan? 0 | sec 
: zg sec 0d0 = s dé = 2 x, | d0 
4 a z/4 tan? 0 JA tan? 0 2/A tan? 0 tan? 0 
7/3 1/3 
- f, (sec + cscÓ cot 0) dü = [In [sec  -- tan 6| - esc 6] : 
n/4 nT/A 


= (In|2 + v3] - 4) - (In| v2+ 1| - v2) = v2- 3 + In(2 + v3) - In(1 + v2) 


78. Let u = e”. Then z = lnu, dr = du/u => 


1 a= f du/u =| du -f 2/3 . 1/3 du 
l-2e"—e-*" " J 1-2u—-l/u J 22?+u-1 2u—1 u+1 


= iln2u— 1| — 4 Inju + 1| - C = £ n[(2e* — 1)/(e* - 1) +C 


79. Let u = e”. Then z = Inu, dz = duju => 


2x 2 
w= ff 2 du- f jeh du = u — ln|1 + u| + C =e" — In(1 + e?) + C. 
1 +e l+uu lcu lcu 


80. Use parts with u = ln(x + 1), dv = da/x?: 


Jae jer [ant e poen [E Te 


- - ih 1) + Info|—In(e +1) 0 - - (14 2) ln(x + 1) 4-In|z| +C 


x 
1 
81. Let 0 = arcsin z, so that dð = ————— dx and x = sin 0. Then 
V1 - x? 
T x +arcsint , . 2 
sin@ + 0) dó = —cos0 + 40° + C 1 
yI- ( ) 2 E 
= —V1- z? + 4 (arcsin x)? + C E 
1-x? 
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4” + 107 Z 10* 2* 57 


83 da = dx = du u-—lnz-1, 
|] sng- z(Inz — 1) u du = (1/2) dx 


—ln|u| + C —-In|Ilnz — 1] +C 


gp tan?ó 2 x2 — tan 
uf -5 i= sec’ 0 d0 miu 
V2 +1 í sec 0 h — sec A "s 
uc 
= f tan?0 sec0 dO = [ (sec?0 — 1) sec0 dO 


[ ] 
= f (sec?0 — sec 0) d0 i 


(sec tan 0 + In [sec 0 + tan 0|) — In|sec0 + tan6|+C' [by (7.2.1) and Example 7.2.8] 


Es 
2 


= į (sec 0 tan 0 — In |sec 0 + tan6|) + C = $[aVa? c 1— In(Va? +1 + x)| - C 


85. Let y = VI + €?, so that y? = 1 + e”, 2y dy = e” dz, e? = y? — 1, and x = In(y? — 1). Then 


SIE In(y 3 ) (ay dy) — 2 finw +1)+In(y — 1)] dy 


= 2|l(y + 1)ln(y + 1) - (y + 1) + (y — 1)ln(y — 1) -(y—- 1) + C [by Example 7.1.2] 


Í xe” 
y1 + p 


= 2[yln(y + 1) -1n(y--1) -y- 1 yln(y — 1) — ln(y — 1)—- y 1] - C 
= 2[y(In(y + 1) + In(y — 1)) + In(y- 1) - In(y — 1) - 2y] + C 


= [ymo 1) +n Pt 2 O= a| VTFE ne) em EEH avira «c 


vVIFe +1 vI+e +1 

= 2x y1 + e + 21n —— — A V1 +e -- C = 2(z — 2) /14+ e* + 21n —_ 

VYl+er—-1 ( ) VYl+er—1 

86 1l+sing  1+sinz 1+sinaz _ 1--2sinz + sin?x = 1+2sinz + sin?x |. 1 2sinz sin?z 
' 1—sinz 1l-—sing l+sing — 1 — sin?r zy cos?x | cosjr  cosr  cosx 


+C 


= gec?x + 2secx tan x + tan?x = sec?z + 2sec x tang +sec?x — 1 = 2sec?r + 2secx tanz — 1 


ius 
Thus, | ER a= f son + 25002 tang —1)dz = 2tan x + 2secx — qr +C 
— sing 


87. Let u = x, du = sin?rcoszdy => du = dz, v = i sin?z. Then 


f xsin?x cos x dx = ir sin?z — 4 sin? c dz = iz sinx — i T (1 — cos?z) sin x dx 
1 1 = 
+ 3 2 u = cosa, 
= -zrsinzc-zJ[(1—- d 
3 3 ( y ) y du = — sin z dx 


xn E quoc 28 SM NES. 1 ERU 
= gc sin'z + sy y" +C = gzsinz + 3 cosx— 5 cos z + C 
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88. seca cos 2x das seci cos 2x : 2cosx dr = l 2 cos 2x dis 
sin £ + sec g sinx+secx 2cosx 2sinz cosx +2 
2cos2x 1 u = sin 2x + 2, 
= - dx = du 
sin 2x + 2 u du = 2 cos 2x dx 
= In |u| + C = In [sin2z + 2| + C = In(sin2z + 2) + C 
F TE Gs = a. 2 
89. [ Vi sias - fy)? pomum a f epum ys 
+ sina 1+sinz 
i cos?z dz / cos z dx » o 
= a = assume cos x 
1+sinz V1-csinz 


du u = 1 +sinz, 
vu 


=2/u+C=2/1+sinz+C 


du = cos x dx 


Another method: Let u = sin x so that du = cos xz dz = y 1 — sin?z dz = V1 — u? dz. Then 


| i siis | vT (£ du — 2V1-ru--C-—2wvl-sinz-C. 


vV1-— =)= m Vl+u 
sin £ COs £ sin £z cosx sin £ cosx 
90. ue dme] a eS el 
/ sin*z + costa / (sin?z)? + (cos?2:)? " f (sin?2z)? + (1 — sin?z)? í 
1 1 u- sin?z, 
= 7 2 du um 
u +(1-—u) 2 du = 2sinz cos g dx 


= : du — 1 du 
|J 4?-—4u-2 — J (4u? —4u+1)+1 
1 1 1 y =2u— 1 
ap ea any DESEAS > 
| mu " 3| vu 4 poner | 
= itan yd C = tan !(2u — 1) + C = 1tan ! (2sin?z — 1) C 
] ; 4 2 
J sme cost. -/ Gur cos z)/ cos^z da= [95 sec 
sin*x + costa (sin*a + cos*z)/ costa tanta + 1 
— 1 ls u — tan?z, 
= uz2+1\2 u du = 2 tan g sec? gz dx 
= itan !u +C = stan ! (tan?z) + C 
3 a 3 = 3 e Med 3 = 
j9-z  f c g= y/9-2 | Va ax = [ (2 x =) ae= f ( 9 — 2x IL 
x 9-« 1 ve V9-=& 1 \VaV9—@ 1 \V9e — x? 
18 18 
_ 1 u = 9z — x? EE —1/2 _ 1/2 i 
JG zm» t9, 


= 24/18 — 2/8 = 6/2 — 4V2 = 24/2 


Another solution: 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


744 CHAPTER7 TECHNIQUES OF INTEGRATION 


1 1 1 
92. z dx = NU. - da = ED - 
(sin x + cos x) sin^r + 2sinz cos x + cos?x sinzr  2sincz 
cos?x + +1 
cos? x cos x 


dx 


1 1 sec?z 
= dax = dx = 
cos?z (tan?z + 2tan x + 1) cos?z (tan x + 1)? (tan xz + 1)? 
= 1 u = tanx +1 = 1 m 1 
ET Becas] cup EIU 


7/6 7/6 1/6 
93. T VIFA = | V Gin?0 costó) + 25in 0 cos0.d0 = f 4/ (sin + cos 0)? dé 
0 0 0 


7/6 2/6 ; ` s 
= f [sin 0 + cos 8| dO = f (sin 0 + cos 0) d0 | since integrand is. | 
0 0 


positive on [0, 7/6] 


1/6 zm 
= |-«o58 + sing] ( Seg) ( 1+0)= 3 2 


Alternate solution: 
7/6 T vi — sin 20 7/6 4/1 — sin? 20 
y1 + sin 20 d0 = i v 1-4 sin 20 d0 — dé 
/ 0 ` V1 — sin 20 0 V 1- sin 20 


7/6 \/cos? 20 db = 7/9 |cos 20| db = 7/6 cos 20 db 
0 V1 -— sin 20 0 V1 —sin 20 0 V1 — sin 20 


1-V3/2 
--3/ ul? du [u = 1 — sin 20, du = —2 cos 26 dé] 
1 


1—v3/2 

-ipe^| "^ 21-43 - (3/2) 
2 mx In2 ,ef In2 
e [2 Zg et 

94. @ f Tæ- f zi ý " -f e° dt = F(In2) 
3 ln = InIn3 ,e"* 
1 u — nz, € B use”, 
o [ases [hee [2] - ze [zz] 


0 1nin3 d 
-f o "du + I ef du [note that In 1n 2 < 0] 
1 0 


key 


In ln 3 " lnln2 " 
a ef w- f e* dv = F(Inln3) — F(InIn2) 
0 0 
Another method: Substitute x = e% in the original integral. 


; 2 EUNT : A 
95. The function y = 2xe^ does have an elementary antiderivative, so we'll use this fact to help evaluate the integral. 


fx? + Le” dz = [ 22267 dx + fe dz = fa (22e) dx + fe da 


2 
2 2 =a,  dv— 2zxe" dz, 2 
=ae” — fe dz fe” dx E bs E | =z +C 


du = dx v= e” 
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7.6 Integration Using Tables and Technology 


Keep in mind that there are several ways to approach many of these exercises, and different methods can lead to different forms of the answer. 


1/2 : : 7/2 
so [sin(5 — 2) , sin(5 + 2)z a — 5, 
1. f cos 5x cos 2x dx | 2(5 — 2) + 3(5 +2) > ien 


a sin3x , sin 7x uu 1 1 0 mc NEM: 
6 ru 6 u] v g a 


1 1 apud (GF 1 aN |) 
2 x — x? dx = 2(1)r— x? dr = LA 2(3) x — x? + 24 cos! 2 
0 0 2 2 i 
0 
1 
E 22 4 (1-20) - (o^ ) (o. ! 0) = 3^ 
0 


3. Let u = x”, so that du = 2x dx. Thus, 


dn [smt udu ® j [usin tu + 1-w| +C= iz? sin ^ 1g?) - 14/1— 2* 4 C. 


4 tan sin 0 do 5 f 1 (di) 
V2 + cos 0 cos 04/2 + cos 0 uV2+u 
Se ere uie me ER AN as 
E J/2 NETUS J/2 V2 t cos + /2 


5. Let u = y”, so that du = 2y dy. Then, 


5 4 
y y 1 u 26 
d a d f du = 
le i EA 219 v4 u? 
2 
=4 4v y - (y + 13v) «c 


6. Let u = ¢°, so that du = 3t? dt. Thus, 


was VIS S ardt YE u 2 3] vie 78 - V5 cos (3 )) +e 


[ 4 
a VA w? — 5 In(u EI +C 


1 
2 L 


3t? 
"iem a8) +c 
1/8 01 7/4 I I: 
7T. fo’ arctan 2x dx = $ [j^ arctanu du [u = 22, du = 2 d2] 
n/4 2 
Bl apc qw m Z arctan = Lig ig 0 
2 2 0 2 4 4 2 16 
1 T? 
= Farctan t - 7n(1+ T) 
2 1/2 16 zy? T 
8. a^ /A — a? da 3 = (22? — 4) 4— a3 — sin! (7) = (0 | 2.2) 0—m 
à 8 8 2/ lo 2 
COS £ 1 u = sin z 20 1 u sing — 3 
9 = d a c] Ge Ly EE m 
las lea pa 2(3) ^ E 6! nf RES 
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10 


12 


18. 


e? = 1 u= et, 19 1 
[ee ds - | Ie Em E 


CHAPTER7 TECHNIQUES OF INTEGRATION 


fS. prm.) pm 


V4 4- u? 24 V44+u? 
3 "E du = 3 }— " 


+ In(u + r2) +C 


2 2 
= veer +3ln(30 + VIF 922) +C = -Vtt +3ln(30 + Vz? 3-4) +C 


. Let u = V2y and a = V3. Then du = V2 dy and 


[53 - (3S Bhp) ae 
2 i( 7 + nu var) «c 
~va( CES ta vavt vari) c 


2 
= OE + VE [VE + V2 = 3] +0 


: [7 cos? 0 d0 = E cos? 0 sino)“ + AMI cost 0 d0 Ó 0+ 8 2E cos? 0 sino)" + 3 fp cos? 0 ao} 


45 3 [i ds "| 5 3 a _ 5r 
& iori [36+ isc|)-$. 12-55 


. fav ai dz = f VIF (3 du) pss | 


du = 2x dx 


2 
zu JE Poet = i (er vIFW)| «c = VIFT + 5 n(x? + VIF) 4 C 


arctan v£ , — u = ym, 
-- da: arctan u (2 du) E = 1/22) à 


8 2|[u arctan u — 3 In(1 + v?)] + C = 2/zarctan yz — ln(1 + £) + C 


i [7 a? sine da = |-2* cose)" +3 fr a? cose dz S -r $(— 1) +3{ [a sina] -2[; esina de} 


=r? — 6 fo xsinz dy$3 x39 e [-scosa] Es K cos dz) —qi- 6[n] — [sima] 


— 7’ — ôr 


th(1 s 
l [= dy = f cothu(—au) 5 alee " 


© — In [sinh ul + C = —In|sinh(1/y)| + C 


C dt e * dt) tee 
Jg VERE (e u du = é dt 


44 SVa I+ in[u Vi? I| +C = je V —1- ne! + Ve? -1) +0 
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19. Let z = 6 + 4y —4y? = 6 — (4? — 4y +1) -12 7 — (2y —1)?, u = 2y — 1, anda = VT. 
Then z = a? — u?, du = 2 dy, and 


Sy V6 + 4y — 4y? dy = f y Vzdy = f (u + 1) Va? — u? 3 du = 1 f ua? — v? du + 1 f Va? — u? du 


= 1 f Va? — u? du — 1 f (—2u) Va? — u? du 
2 ME NS 
WU fae ae qp c.m (3 -į f vow Mec ke 
8 8 a = 


8 dw = —2udu 
29 Jena AE -12y-1 1 2 3/2 
- 6+ 4y — Ay? + Er d C 
8 Ph Be amg SE qi m 
| 2y-1 3,/.-129-1 1 243/2 
E RS y6 + 4y — Ay g sin vs 19 (8 + 4v Ay ) ^ +C 


This can be rewritten as 


1 1 2y —1 
M6 + 4y — 4y? ric 1)- —(6 + 4y à?) + gs y +C 


l2 1 5 T . 4./(29y—1 
= | yf — —y— = + 4y — Ay? + = ———|- 
(5v 127 =) oe Y g^n ( VT ) e 


j GV 2y — 15),/6 + 4y iP + Zin (2523) ec 


8 v 
dx dx 50 1 2 —3 + 2x 1 2 2r —3 
"E fa fee ELE l———5.:gococail C 
D. — 3a? | scc —3x F (-3)? n x t 3a "e |+ 
21. Let u = sin z. Then du = cos z dz, so 
A 3 2 o ut 1,3 
sin^z cosx In(sinz) dz = | u Inudu = QFIF [(2 + 1)lnu -= 1] +C = sv (31nu — 1) c C 


= $sin®z [31n(sinz) — 1] + C 


22. Let u = sin 0, so that du = cos 0 d0. Then 
sin 20 2sin0 cos 0 2 


u 55 
dð = do = 2 du = 2- lu — 2(5)| v5- u +C 
5 — sind 5 — sind IE Vd epa De y) WT 
= $(-u — 10) /5— u + C = —$(sin0 + 10) /5 — sinf + C 


sin 20 dB intos io =— f 1 du Bons | 
Vcos?6 + 4 Vcos?6 + 4 vu? +4 du = —2 sin 0 cos 0 d0 
zi In(u 4- vu? +4) +C= — In(cos?6 + V/cos*0 + 4) +C 


23. 


24. Let u = 2? and a = 2. Then du = 2x dx and 
d a?VAx? — xf dz = i o a? 2.2.z? — (x2)? 2rdz = 1 fo uv2au — v? du 


u?—u-—6 -1/(2-u E 
= — ee + 2cos 5 
0 


= [0 + 2cos! (-1)] — (0--2cos! 1) 22.4 — 2.0 = 27 
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25. pare dx Z 


A 
26. fa? arcsin(a?) dx = f uarcsinu (du) pai i| 


2 T — 492 A s 
; a L remu p me L i: |+e-2 i 


27. f cos?y dy z i cos*y sin y + 2 f cos*y dy g i cos*y sin y + 4 [$(2 + cos*y) sin y] HC 


= + cos*y sin y + i siny + * cos?ysin y + C = isiny (cos*y + $ cos? y t 3) +C 


28. Let u = In z, so that du = (1/x) dx. Thus, 


| a de= | 303 au 3 Ju? —9 — cos" (a)+e 


rlnz 


= Del -af 3. 
= ,/(Inz)* — 9 — 3 cos (ay) +e 


=a: 
cos (r^), 1 -1 wee, 
29. I z3 dx ES [cs udu par | 


—i(ucosu— V/1— u3)--C = -47° cos !(z ?) + 3 /1— 2 F4+C 


1185 


30. 


e 


du u = e7, 
| ax =- |% ) I = 
35 1 1+v1-— u? 1+VJ1-e?* 
i F In m +C 


31. Let u = e”. Then x = lnu, dz = du/u, so 


[u2 — 
[Vrn |as Vu? — 1 — cos ! (1/u) +C = ye — 1 — cos ™ (e?) + C. 


32. n 20 arctan(sin 0) dð = | 2sinÓ cos@tan ‘(sin 0) do È 2 / utan ‘udu 


2 
2 2(* = : tan lu — z) +C = (sin?0 + 1) tan! (sin0) — sind + C 


4 4 p 
Bay fe ee ae ee E cem. 

`J yax9—2 (x5)? —2 5J Vu2—2 du = 5z* dx 
8 1iglu + Va —2|+C — inh + Vz9—-2|4 C 
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34. Let u = tan 0 and a = 3. Then du = sec? 0 d0 and 


2 2 2 2 
sec Ótan^0 , — u 3 u ——.,09 a/u 
E la= a Ja * PR (2)*€ 


= — 5 tan 9 V= tan? 0 + Z sin (5:2) TC 


35. Use disks about the x-axis: 


V = fj v(sin? x)? dz =x f; sinf x dz B n{[—4 sin? x cos a]? + 3 f sin? x da} 


8 s (04 2[iz- 7 sin 2a] 7} =T7 Heg —0)| = iv 


36. Use shells about the y-axis: 


1 2 JTZ]! 
ve am aresin de 2 2r |22 sng ET =2n|(7-3 +0) -0 = rd 
0 0 


d |1 a? 
37. (a) 3ü Gua ue 


1 ba? 2ab 
-2amja +ou) +6] = x [^ cris xus] 


_ 1 [b(a + bu)? + ba? — (a + uM 


b3 L (a + bu)? 
O 1f a o SE 
~ B |(a+bu)2| (a+ bu)? 


t- 1 
(b) Lett =atbu = dt=bdu. Note that u = == and du = 7 dt. 


2 2 a2 $ x 2 2 
f u* du -;/* a) d- 1 t^ —2at - a a=5 f 1-20 we di 
(abu) D rm 03 rm 7 tB 


a? 1 a? 
(« 2aln|t| =) +0= (aem ze —2ainla+ oul) +C 


1 
b3 


8 a? — u? 8 V/A — u?/a? 
T eas (2u? — a?) a u? 2u? — a? at 
Error E 2 8 8 /a? — u? 
a a^ 
-i(- u^) us EC — a?) +u? (a? — u?) + (a? — u?) (2u? — a?) + E 


(a? 3» u2)- 1? Ou? a? c 2u^] 
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(b) Let u = asin0 = du=acos6dé. Then 
Ju? Va? =u? du= f a? sin?0a V1 — sin?0 acos6 d0 = af f sin?0 cos? dO 
= a^ f 4(1 + cos20) (1 — cos 20) dd = 1a* f (1 — cos? 20) d0 
= fa^ f [1 — 4(1+ cos40)] dd = 1a^(30 — į sin 40) + C 


= ia “(4 0 — 1 - 2sin 20 cos 20) + C = ia*|10 — $sin0 cos 0(1 — 2 sin?0)] +C 


La lent EU Ve Hw dw) 6 a [iw _ uve? wa? —2u*) 6 
8 a a? 


u a‘ u 
z= zev = a?) va? — u? + * sin! 4C 
a 
39. Maple and Mathematica both give f sects dx = i tang + i tan x sec?z. Using Formula 77, we get 
f sec^r dx = i tana sec?z + 2 f sec^z dz = itang sec?^z + 3 tana HC. 


1 
40. Maple gives J = [59 dx Eee OEE : In(cscz — cot x). Mathematica gives 


Asin^ór  8sinj?r 8 


3 ot 1 42 


32° 9° 64 3 


E do OE Ys se opc uam oT 
g 08008 ge DIU LC T TROC 


= $ (Io sin ~ lo cos Z) + 5 (sec? Z esc? Z) + Z (sect 2 esc! Z) 
g (08SM g — -08008 7) T 3g 2 2) 64 2 2 


23 " sin(z/2) 3 
gl E cos(z/2) T 32 um sin?(x/2) 


3 GEM cd GEL 


]* à em ET 


= s logtan 7 + 


32| cos?(x/2) sin?(x/2) 64| cost(x/2) sin*(x/2) 
l1— cosx 1+cosz 2cos x 
sin? (2/2) — cos?(«/2) 2 2 2 —Acos ax 
Now 2 in? zx l4 cosr l1-—cosxz UI Qn gine 
cos?(x/2) sin? (x/2) : 1 — cos“ x sin? x 
2 2 4 
ana sin* (2/2) — cos*(z/2) _ sin?(z/2) — cos? (x/2) sin?(z/2) + cos? (x/2) 
cost(x/2) sin*(r/2) ^  cos?(x/2) sin?(a/2) ^ cos?(r/2) sin?(z/2) 
_ —4cos x 1 _ _ Acosx 4 _ _ 16cosx 
.  sim?g l-cosr 1-—cosr ^  sin?y l— cos?r sinis 
2 2 


Returning to the expression for I, we get 


I= m tan 5 $ 3 ( —4cos x + m TOL LE 1 cosg 
8 E 32 sin?xz 64 sin^z 8 8 2 8sin?x 4sin*x’ 


so all are equivalent. 


Now use Formula 78 to get 


[esc'ade = [cot ste + 3 f escteds Leos ES l de 


1 
cotxcscx+ — | cscrdx 
4 sing sin’x 2 


1 cosg 3cosr 1 3 1 cosx 3 cosg 3 
m esc x dz = —=—— — 2——3- 
8 4sin*x 8sin*x 8 


= SS E + =In|cscx — cot x| + C 
4 sinx 8&8 sing sing 
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41. Maple gives fe 22 + r? dx = iz(z? +4) 4x \/x? + 4 — 2arcsinh( x). Applying the command 
convert ($,1n); yields 
iz(a? + 4)3/? — iz fa? -4—21ln(iz + i Va? +4) = Gala? + 4)? [(z? + 4) — 2] — 2In|(z + vz? + 4)/2] 
= ig(x? + 2) Vx? +4 — 21n(V/z? +442) +22 


Mathematica gives 4x(2 + z?) V3 + z? — 2arcsinh(z/2). Applying the TrigToExp and Simplify commands gives 


i[r(2-- 2?) VAF a? — 8log(4(x + V44 a?))] = tala? + 2) Va? - 4 — 21n(z + V4 4- z?) + 21n2, so all are 
equivalent (without constant). 


Now use Formula 22 to get 


4 
ETT da = = (22 25? ) VE ES? - T n(x e VE Fa) +O 


ool 


(2)(2 + 2?) VEF 32 — 21n(z + VA 32) +C 
= Iz(z? +2) Va? +4- 2In( Va? +442) + 


E 


1 1 
42. Maple gives | ee 13) dz = : In(3e* + 2) — qai i in(e*), whereas Mathematica gives 
e^ 3 =i e^ 3 3e” +2 e^ 3ln(3e +2) e^ 3 x 3 
-5 + 7 log(3 + 2e ) ak ies( = ) ora ee 2 tane + 2) I? 


so both are equivalent. Now let u = e”, so du = e” dx and dz = du/u. Then 


—-— 1 du_ 1 2 1,3429» 
e*(3e7 +2) " J u(3u-2)u J w(2-3u 2w 2 u 


i 3 "E "A 
zaz t 7 m2 3e )—qine +C= 


1 3 " 3 
Jee taele +2)- Fete 


. 3 . 
43. Maple gives / costz dz = TU Zi some cose | = , whereas Mathematica gives 
Z + Í sin(22) + M sin(4x) — x TO (2sinz cosx) + E sin 2x cos 2x) 
= = + seine cos x + mE sin z cos z (2cos?z — 1)] 
3r 1. i. " 
= — + zsinz cosg + = sin g cos"z — = sin £% cosz, 
8 2 8 


so both are equivalent. 
Using tables, 


74 . 64 ; : 
J cost dx = 7 cos’ sing + 1 f cos? dx = 7 cos’ sing + 3 ($a + ; sin 2x) +C 


= + cosx singz + ir "Es 3 (2sinz cosr)-C—4 I cos’ sina + ic + 2 sing cosx + C 
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44. 


47. 


. Maple and Mathematica both give f 


CHAPTER7 TECHNIQUES OF INTEGRATION 


Maple gives 


[^^ x? dx = Za r?) L— a? parcsinz = 


8 


(1— a2)! 7 [-2(1— z?) + 1] + y arcsina 
[wa (2x? — 1) + g arcsing, 


and Mathematica gives 4 (x V1 — x? (—1 + 22”) + arcsin x), so both are equivalent. 


Now use Formula 31 to get 


[^^ x? dx = 


CE V1 versn ze 


. Maple gives f tan?z dx = i tan*a — i tan?z + i In(1 + tan?z), and Mathematica gives 


J tan?z dz = 1[-1 — 2cos(2z)] sec*x — In(cosz). These expressions are equivalent, and neither includes absolute value 
bars or a constant of integration. Note that Mathematica's expression suggests that the integral is undefined where cos x « 0, 


which is not the case. Using Formula 75, f tan? dx = zH tan? !gy — f tan”? dx = 4 tanta — f tan?z dx. Using 


Formula 69, f tan?z dz = 4 tan?z + ln |cosz| + C, so f tan?z dz = 4 tanz — $ tan?z — In |cos z| + C. 


Iy Vz c1 (a Vs? - A Vs 8). [Maple adds a 
Vit Ya 


constant of — LN We'll change the form of the integral by letting u = Yx, so that u? = x and 3u? du = dz. Then 


J — ais E =3 sor (81? + 3(1)?u? — 4(1)(1)u) VEI +C 


150) 
= 2(8 + 3u? — du) /T Fu +C = 2(8+3 407-447) Purto 


1 1T V/l-z? 
35 | + x +C. 
x 


(a) Fa)= | f)ds o | — md -ih 


f has domain {x | x 4 0,1—2? > 0) = {x | Z0, |x| < 1) = (—1,0) U (0, 1). F has the same domain. 


1 + v1 -— z2 
x 


«c--n| 


(b) Mathematica gives F(x) = Ina — In(1 + VA — 2? ). Maple gives F(x) = — arctanh(1/,/ 1 — x? ). This function has 
domain {x | |x| < 1, 1 < 1//1—2? <1} = {2 | |2| < L 1/V1—2? <1} = {2 ||2| <1, V1—a? > 1) — 0, 
the empty set! If we apply the command convert ($,1n); to Maple’s answer, we get 


1 1 1 
—-]n[| ——— +1) + =ln[ 1 — ———— ], which has the same domain, 0. 
2 (3 ) 2 ( r=) 


48. Neither Maple nor Mathematica is able to evaluate f (1 + 1n z)4/1 + (z 1n x)? dx. However, if we let u = z1n z, then 


du = (1 + Ina) dz and the integral is simply f v1 + u? du, which any CAS can evaluate. The antiderivative is 


b m(zmz+ VI+ Gaz) ) + Íxlnnzrj/1-(xlnz) +C. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


DISCOVERY PROJECT PATTERNS IN INTEGRALS 


DISCOVERY PROJECT Patterns in Integrals 


1. (a) The CAS results are listed. Note that the absolute value symbols are missing, as is the familiar “ + C ". 


f 1 7 1 . ln(z--1) In(x+5) 
Of pper Thet) -ae+) © pper a i 
ees 1 In(r—5)  In(r4-2) . f 1 1 

EM nun vota) MEN rud LER RE ee 
(i) f CEDC 7 7 OW Gao eae 
(b) If a Æ b, it appears that ln(x + a) is divided by b — a and ln(x + b) is divided by a — b, so we guess that 
i CIJCTE dx = mo) + mer) + C. If a = b, as in part (a)(iv), it appears that 
1 1 
/ (a +a)? a ata +E: 
: 1 A B 
(c) The CAS verifies our guesses. Now = + 1= A(x 4 b) 4- B(x +a). 


(x+a)\(x+b) xa «+b 
Setting x — —b gives B — 1/(a — b) and setting x — —a gives A — 1/(b — a). So 


1 a= f l/(b-a) , 1/(a —b) d; = Metal, niet | 
(a + a)(x +b) rca zb b—a a—b 
; 1 1 -2 : 
and our guess for a Æ b is correct. If a = b, then = = (x +a) ^.Lettingu — za > 


(x+a)(x +b) (x +a)? 


du = dz, we have fe +a)? dx = J” du = =l +C = -—— + C, and our guess for a = b is also correct. 
u rca 


4 1 
2. (a) (1) [sine cos 2z da = = — osie (ii) f% 3x cos 7x dx = z T 


cosllx cosdz 
iii in8 ardylÉ Im SM 
Gid sin x cos 3x dx 22 10 


(b) Looking at the sums and differences of a and b in part (a), we guess that 


cos((a— b)xr) ^ cos((a + b)z) 


2(b— a) Spp or 


if sinag cos bx dx = 


Note that cos((a — b)x) = cos((b — a)z). 


(c) The CAS verifies our guess. Again, we can prove that the guess is correct by differentiating: 


d [cos((a—b)x) | cos((a--b)zr)] - 1 : 1 : E 
i [oe] = g y Eile- 02 9) - ary Eila Do d 
= į sin(ax — bz) + 4 sin(ax + bz) 
= i(sinaz cosbx — cosax sin bx) + 3 (sin ax cos bx + cos az sin bz) 


= sinag cos ba 


Our formula is valid for a Z b. 


3. (a) (i) /Inzdz = zlnz—z (ii) f zInz dz = iz’ Ing — ta? 


(ii) f z?Inz dz = $x? Ing — $2? (v) f a?Inz dz = iz*lnz — is^ 


(v) fx nz dz = ia? In z — ac 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


753 


754 


CHAPTER7 TECHNIQUES OF INTEGRATION 


e guess that | x In xz dz = x nz-— ———Sr 
b) We guess th "Inzd l gnt] : 27H 
n+ (n+ 1) 
c) Let u = Ing, dv = x ax u ,U en 
(c) L Ina, d nd dies = Eu nl Th 
z” Insde = Te" Ine ——— —— a" Ine ee gl 
-= n+1 n+1 


which verifies our guess. We must have n +1 #0 & nÆ-l1. 
4. (a) (i) f ze* dx = e° (x — 1) (ii) f z?e* dz = e” (x? — 2x + 2) 


Gii) f we” dx = e” (x? — 3a? + 6x — 6) (iv) f xte” dx = e? (xt — Ax? + 122? — 24x + 24) 


(v) f ze dx = e” (x? — 5a* + 202? — 602? + 120x — 120) 


(b) Notice from part (a) that we can write 


f xte dz = e? (xt — Ax? +4- 3a? — 4. 3-2z c 4-3. 2. 1) 


and fJ vPe® dx = e” (x5 — 5z* +5- Ax? — 5. 4-32? 5.4.3.2 — 5-4- 3.2. 1) 


So we guess that 
f xte” dz =e" (xê — 62? + 6. 5z* — 6:5. Ax? 6-5. 4-32? -6-5-4-3-22+6-5-4-3-2-1) 
= e” (xê — 6x? + 30x4 — 1202? + 360x? — 720x + 720) 


The CAS verifies our guess. 


(c) From the results in part (a), as well as our prediction in part (b), we speculate that 


f 2"e* dz = e [x° — nz" + n(n — 1)z^7? 


n(n — 1)(n — 2)z"? +--+ nle F nl] = e” *( 1)*-* ni : 


(We have reversed the order of the polynomial’s terms.) 


n UE 
(d) Let Sn be the statement that f z"e*? dz = e” X (—1)" 5 — Eus 


S, is true by part (a)(i). Suppose S; is true for some k, and consider Sp+1. Integrating by parts with u = x^^, 


dv = e? dx du = (k + 1)x* dz, v = e”, we get 


1) 


4-0 ri 


k por 
f a^ e? dz = x^" e* — (k +1) f z^e* dz = x**!e* — (k + 1) lx Y c-0* k: s 


= il 


=e? a (ke EI Ea] =e [na EC pem EEDE p 


=e? K oyei (k n 1)! i 


: £ 
i=0 i! 


This verifies S» for n = k + 1. Thus, by mathematical induction, Sn is true for all n, where n is a positive integer. 
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7.7 Approximate Integration 


1. (a) Ar = (b — a)/n = (4 — 0)/2 22 


L2 = Y f(e) Ae = f(zo) -2 + f(z1)-2 = 2[f(0) + f(2)] = 2(0.5 + 2.5) = 6 


R2 = P f(zi) Ax = f(x1): 29 f(x2)- 2 = 2[f(2) + f(4)) = 2(2.5 + 3.5) = 12 


+ f(22)-2 = 2(f(1) + f(3)] ~ 2(1.6 + 3.2) = 9.6 


Lə is an underestimate, since the area under the small rectangles is less than 
the area under the curve, and R2 is an overestimate, since the area under the 
large rectangles is greater than the area under the curve. It appears that M2 
is an overestimate, though it is fairly close to J. See the solution to 


Exercise 47 for a proof of the fact that if f is concave down on [a, b], then 


0 1 2 3 4 X the Midpoint Rule is an overestimate of f. E f(x) dx. 


(c) T5 = (i Aa) [f (xo) + 2f (21) + f(22)] = 2[f(0) + 2/(2) + f(4)] = 0.5 + 2(2.5) + 3.5 = 9. 
This approximation is an underestimate, since the graph is concave down. Thus, T2 = 9 < J. See the solution to 


Exercise 47 for a general proof of this conclusion. 


(d) For any n, we will have Ln < Tn < I < Mn < Rn. 


2. YA The diagram shows that L4 > T4 > qe f(x) dx > Ra, and it appears that 
1 
Ma is a bit less than f. és f (2) da. In fact, for any function that is concave 
y=f(x) upward, it can be shown that Ln > Tn > (s f(x) dx > Mn > Rn. 
0 2 X 


(a) Since 0.9540 > 0.8675 > 0.8632 > 0.7811, it follows that L» = 0.9540, Tan = 0.8675, Mn = 0.8632, 
and Rn = 0.7811. 


(b) Since Mn < fe f(x) dx < Tn, we have 0.8632 < R f(x) dx < 0.8675. 
3. f(x) = cos(x”), Ar = 152 = 1 
(2) Ta = zig [f() + 2F (4) +24 (3) 2f (3) + £(0] ~ 0.895759 


( Ma = GI f(s) + f(s) + f(8) + F(g)] ~ 0.908907 S| 


The graph shows that f is concave down on [0, 1]. So T4 is an 
underestimate and M4 is an overestimate. We can conclude that 


0.895759 < fj cos(x?) dz < 0.908907. 
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4. 05 (a) f(x) = sin(22?). Since f is increasing on [0, 1], L2 will underestimate I 
(since the area of the darkest rectangle is less than the area under the 
curve), and Rə will overestimate J. Since f is concave upward on [0, 1], 
M^» will underestimate J and 75 will overestimate J (the area under the 
à p" 1 straight line segments is greater than the area under the curve). 


(b) For any n, we will have Ln < Mn < I < Tn < Rn. 


(©) Ls = Y; f(ai-1) Ax = 3(/(0.0) + £(0.2) + (0.4) + £(0.6) + f(0.8)] ~ 0.1187 


i=l 


Rs = f(x) Ac = +[f(0.2) + f (0.4) + (0.6) + (0.8) + f(1)] ~ 0.2146 


M; = x) Ax = 3[f(0.1) + f(0.3) + (0.5) + f(0.7) + /(0.9)] = 0.1622 
Ts = (4 Ax)[f(0) + 2/(0.2) + 2/(0.4) + 2/(0.6) + 2/(0.8) + f(1)] ~ 0.1666 


From the graph, it appears that the Midpoint Rule gives the best approximation. (This is in fact the case, 
since I  0.16371405.) 


b-a m-«-—0 m 
5. = csi A 
(a) f(x) = zsinz, Ax 5 6 6 


T T 3v 5r TT on lir 
ec [r9 (G5) r3) (GS) eG) Ea mm 
(b) S6 = c3 0 Af(S) vr) +45( 2) +24(Z) +45() «(s ~ 3.142949 


T 
Actual: [= Jo xsin zdr = E COS X: + sin a] [use parts with u = 2 and dv = sin dz] 
0 


= (—n(—1) — 0) — (0 + 0) = « e 3.141593 


Errors: Ey = actual — Mg z 3.141593 — 3.177769 = —0.036176 


Es = actual — Sg % 3.141593 — 3.142949 =~ —0.001356 


x 1 
TETA ao 5€ 4 

Ms = $[f (8) + F($) + F($) + (8) + £(8) + FCS) + £2) + f C2)] & 1.238455 

€ s= [rto c ar( 2) (2) enr) mr) nr) eG) n) n) 
= 1.236147 
d hod perpe 2 
ctual: Jie X | +2 in [u = 1 + z?, du = 2z da ] 
= VI +4- Vl = v5 — 1 x 1.236068 


Errors: Em = actual — Ms & 1.236068 — 1.238455 = —0.002387 


Es = actual — Sg = 1.236068 — 1.236147 ~ —0.000079 
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7. f(z) = V1- 23, Ax por.q 
n 4 4 
2 


(a) Ta = 415 [/(0) + 2/(0.25) + 2/(0.5) + 2f (0.75) + f(1)] 1.116993 
(b) Ma = 1[f(0.125) + f (0.375) + f(0.625) + f (0.875)] ~ 1.108667 


(c) Sa = 415 [/(0) + 4/(0.25) + 2/(0.5) + 4f (0.75) + f(1)] ~ 1.111363 


. b-a 4-1 3 1 
8. f(x) = sin Vx, Ax 8 EIS 


(a) Ts = Falf (1) + 2f (1.5) + 2f (2) + 2f (2.5) + 2f (3) + 2f (3.5) + f(4)] = 2.873085 


(b) Ms = 1[f(1.25) + f (1.75) + f(2.25) + f(2.75) + f (3.25) + f(3.75)] e 2.884712 


(c) Ss = 35 [f (1) + 4f (1-5) + 2/(2) + 4f (2.5) + 2/(3) + Af (3.5) + f(4)] = 2.880721 
bea opc d 

n 10 10 
(a) Tio = m (0) + 2/(0.1) + 2/(0.2) + 2/(0.3) + 2/ (0.4) + 2/(0.5) + 2f (0.6) 

+ 2f(0.7) + 2f(0.8) + 2/(0.9) + f(1)] 
e 0.777722 

(b) Mio = 4[f (0.05) + f(0.15) + (0.25) + f(0.35) + f(0.45) + f (0.55) 
+ f(0.65) + f (0.75) + f(0.85) + f(0.95)] 


9. f(x) = Ver — 1, Ax 


= 0.784958 


(c) Sio = z5 [/(0) + 4f (0.1) + 2/(0.2) + 4f(0.3) + 2/ (0.4) + 4f (0.5) + 2/ (0.6) 
+ Af (0.7) +2f(0.8) + 4f (0.9) + f(1)] 
= 0.780895 


b-a 2-0 2 1 
3 2 eee ee 
10. f(x) = V1 —2?, Ax - 10 TER 


(a) Tio = z [f (0) + 2/(0.2) + 2/(0.4) + 2/(0.6) + 2/(0.8) + 2/ (1) 
1.6 


+ 2f(1.2) + 2/(14) + 2f(1.6) + 2/(.8) + f(2)] 
= —0.186646 

(b) Mio = 2[f(0.1) + f(0.3) + (0.5) + f (0.7) + (0.9) + f(1-1) + /(1.3) + f(1.5) + £(L7) + f (1.9)] 
= —0.184073 


(c) Sio = £4 [f (0) + 4/(0.2) + 2f (0.4) + 4f (0.6) + 2/(0.8) + 4f (1) + 2/(1.2) 
+ Af (1.4) + 2f(1.6) + 4f(1.8) + f(2)] 
= —0.183984 


11. f(x) = er toos a Ag = 20D = E 
(a) Ts = 4 [f(—1.0) + 2/(—0.5) + 2/(0) + 2/(0.5) + 2f (1) + 2/ (1.5) + f(2.0)] ~ 10.185560 


(b) Ms = i [f(—0.75) + f(—0.25) + f(0.25) + f(0.75) + f (1.25) + f(1.75)] = 10.208618 


(c) Ss = z$ [f(-1.0) + 4f(—0.5) + 2/(0) + 4f(0.5) + 2f(1.0) + 4f (1.5) + f(2.0)] = 10.201790 
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f(x) — 
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) + 2/(1) + 2f(2) + 2/ (9) + 2/(3) + 2/ (32) + f(3)] ~ 3.534934 
) +i 


( 2 2 4 
( Ms = $ [F(3) + FUE) + £C) + FCR) + PCE) + FCS) + FUR) +) © 3.515248 


[e] 
— 
—W 
[7 
| 
4] 
m 
w 
pem 
— 
— 
+ 
A 
= 
m 
ALOU 


) + 2/(3) +4 F(Z) + 2F(2) + 4f(2) + 2/ (8) + Af (12) + f(3)] = 3.522375 


. f(y) = Vy cosy, Ay = 45% = i 


FO) + 2/(3) + 2f(1) + 2f (2) + 2/(2) + 2f (2) + 2/(3) + 2/(2) + f(4)] = —2.364034 
UG) EHI + F(3) + F3) + F(Z) + F(Z) + fU2)] & —2.310690 
(c) Ss = 545 [f(0) + Af (3) + 2/(1) + 4 (3) + 2/(2) - A£(3) + 2/(3) +4 (2) + f(4)] ~ —2.346520 


Ln y deem. E 


i = —, At= 27 = = 
f Int’ 10 10 


(a) Tio = qs ff (2) + 2[f (2-1) + f(2.2) +--+ + f(2.9)] + f(3)} ~ 1.119061 

(b) Mio = lf (2.05) + (2.15) +--+ + f (2.85) + f(2.95)] ~ 1.118107 

(c) Sio = 4o [f (2) + 4f (2-1) + 2/(2.2) + 4f (2.3) + 2f(2.4) + 4f(2.5) + 2f (2.6) 
+ Af (2.7) + 2f(2.8) + 4f(2.9) + f(3)] e 1.118428 


x? 1—0 1 
ieee 


(a) Tio = z {£ (0) + 2[f(0.1 + f(0.2) +--+ + f(0.9)] + f(1)) 0.243747 


(b) Mio = 45 [f(0.05) + f (0.15) + --- + f (0.85) + f(0.95)] = 0.243748 


(c) Sio = 35-5 [f (0) + 4/ (0.1) + 2f(0.2) + 4f(0.3) + 2f (0.4) + 4f(0.5) + 2f (0.6) 
+ Af (0.7) + 2f(0.8) + 4f(0.9) + f(1)] ~ 0.243751 


Note: Sa F x) dx ~ 0.24374775. This is a rare case where the Trapezoidal and Midpoint Rules give better approximations 


than Simpson's Rule. 


(a) Ta = SL, [f (1) + 2f (1.5) + 2/(2) + 2/(2.5) + f (3)] ~ 0.901645 


(b) Ma = 4[f (1.25) + f (1.75) + f(2.25) + f(2.75)] ~ 0.903031 


(c) Sa = sty [f (1) + 4f (1.5) + 2f (2) + 4f (2.5) + f(3)] = 0.902558 


(a) Ts = 545{f(0) + 2[f (0.5) + f(1) +--+ + f(3) + f(3.5)] + f(4)) ~ 8.814278 
(b) Ms = 1[f(0.25) + (0.75) +--+ + f (3.25) + f(3.75)] ~ 8.799212 


(c) Ss = 515 [f(0) + 4/(0.5) + 2/(1) + 4f(1.5) + 2/(2) + 4f(2.5) + 2/(3) + 4f(3.5) + f(4)] = 8.804229 
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(a) Tro = z (f (0) + 2(/(0.1) + (0.2) +--+ + f (0.8) + f(0.9)] + f(1)) = 0.787092 


(b) Mio = 1[f(0.05) + £(0.15) +- - + f (0.85) + f(0.95)] ~ 0.793821 


(c) Sio = s45[f(0) + 4f (0.1) + 2/(0.2) + 4f (0.3) + 2/(0.4) + 4f (0.5) + 2£ (0.6) 
+ Af(0.7) + 2f(0.8) + 4f(0.9) + f(1)] 


~ 0.789915 


© To = gis £0) +210 (8) f) +--+ f] + FCD} = 0.902888 
Ms = BLP (de) + (8) + £() +--+ £G8)] = 0.905620 


(b) f(x) = cos(z?), f'(x) = —2asin(x?), f” (x) = —2sin(z?) — 4x? cos(a?). For 0 < x < 1, sin and cos are positive, 


so |f” (x)| = 2sin(a?) + Az? cos(x?) € 2: 1-- 4- 1-1 = 6sincesin(z?) € 1 and cos(x?) < 1 for all z, 
and x? < 1 for 0 < x < 1. So for n = 8, we take K = 6, a = 0, and b = 1 in Theorem 3, to get 
|Er| < 6-13/(12. 82) = = = 0.0078125 and |Em| < 34 = 0.00390625. [A better estimate is obtained by noting 


128 ~~ 256 


from a graph of f” that | f” (x)| <4 forO< z € 1.] 


K(b — a)? 6(1— 0)? 2 
= y < —W— <0. XK 
(c) Take K = 6 [as in part (b)] in Theorem 3. |Er| € Jor S 0.0001 <= OR eee 10 E 
zu < m & 2n?2105 & n?>5000 & nmn 71. Taken = 71 for Ty. For Em, again take K = 6 in 
TU 


Theorem 3 to get |Em| < 10 ^ © 4n?210* © n?>2500 & n> 50. Taken = 50 for Mn. 


20. f(z) =e", Az? = $ 
(a) Tio = lt) + 2F (1-1) + 2F (1.2) +- + 2f (1.9) + f(2)] © 2.021976 


Mio = $ [f (1.05) + f (1-15) + f (1.25) +--+ + f(1.95)] ~ 2.019102 


1 2 1 
(b) f(x) = eV*, f'(z) = m f"(x)-— = e!/?. Now f" is decreasing on [1, 2], so let x = 1 to take K = 3e. 
3e(2 — 1)? e [ET | e 
E ——— = = — 7x 0.006796. |Em| < —— = — «0.003398. 
IEr| < 12(10? 400 |Em| S 737 = gg 
K (b — a)? 2—1)? 
(c) Take K = 3e [as in part (b)] in Theorem 3. |Er| < Kose) <0.0001 = calla «10^ s 
12n? 12n? 
e 1 2 _ l0fe l ; 
ani < int > n> 1 €» n 83. Take n = 83 for Ta. For Em, again take K = 3e in Theorem 3 to get 
E 2 _ 10*e 
|Em| € 10 > n> 3 = n> 59. Take n = 59 for Mn. 
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21. f(x) = sin x, Ar = mE ug 
(a) Tio = a [/(0) + 2/ (5) +24) +- +24 (28) + f(n)] ~ 1.983524 


Mao = f LEG) GR) + AGE) e £8)] = 2.008248 


Sio = s [/(0) - 4f (35) + 2/(22) - AF(35) AF (98) + f()] & 2.000110 


Since J = Je. sin x dx = [- cos x] —1-—(-1)22, Er = I — Tio © 0.016476, Em = I — Mio ~ —0.008248, 


and Es = I — $19 ~ —0.000110. 


(b f(zr)2sinr => Pwl < 1, so take K = 1 for all error estimates. 


K(b—a)?  1(r—0) T? |Er| T? 
Er| < = = ~ 0.025839. |Em| € =Z = — x 0.012919. 
|Er| < To Doo — 429g ^ 00-9999 I uM T 
K(b—a) | 1(7—0)° 0? 
Ep utet = UT 0000170) 
|Es| < sona 180(10)4 1,800,000 


The actual error is about 64% of the error estimate in all three cases. 


(c) |Er| < 0.00001 ted gu MU => n> 508.3. Take n = 509 for T, 
Sao e 12n2 ^ 105 = 19 Sr a E pee 
3 53 
T 1 2. 10r 
|Em| < 0.00001 24g = 108 n> 24 => n > 359.4. Take n = 360 for M. 
5 55 
T 1 10°7 
Es| < 0. 1 Š e > 20.3. 
|Es| < 0.0000 Tea ane Hy Te e 0.3 


Take n = 22 for Sn (since n must be even). 


22. From Example 7(b), we take K = 76e to get |Es| < m «0.00000 = n*> TNE GOO => n> 18.4. 
Take n = 20 (since n must be even). 
23. (a) Using a CAS, we differentiate f(x) = e*?*? twice, and find that 12 
f" (a) = e*95* (sin? z — cosa). From the graph, we see that the maximum 0 2m 


value of | f" (x)| occurs at the endpoints of the interval [0, 27]. 
Since f"(0) = —e, we can use K = eor K = 2.8. 
x9 
(b) A CAS gives Mio © 7.954926518. (In Maple, use Student [Calculus1] [RiemannSum] or 


Student [Calculus1][ApproximateInt]) 


2g — 3 
(c) Using Theorem 3 for the Midpoint Rule, with K = e, we get |Em| < eer) = 0.280945995. 


24 - 10? 


2.8(27 — 0)? 


i E « 
With K = 2.8, we get |Em| < 24.10 


= 0. 289391916. 
(d) A CAS gives I ~ 7.954926521. 


(e) The actual error is only about 3 x 107°, much less than the estimate in part (c). 
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(f) We use the CAS to differentiate twice more, and then graph 14 


f(a) = e°? (sinf x — 6sin? x cosa + 3 — 7 sin? x + cos x). 


From the graph, we see that the maximum value of | f (4) (x) occurs at the 


endpoints of the interval [0, 27]. Since f‘ (0) = 4e, we can use K = 4e 


or K = 10.9. -8 
(g) A CAS gives S10 ~ 7.953789422. (In Maple, use Student [Calculus1] [ApproximateInt].) 


e(2s — 0)? 


4 
(h) Using Theorem 4 with K = 4e, we get | Es| € 180-104 = 0.059153618. 


10.9(2m — 0)° 
180 - 104 
(i) The actual error is about 7.954926521 — 7.953789422 ~ 0.00114. This is quite a bit smaller than the estimate in part (h), 
though the difference is not nearly as great as it was in the case of the Midpoint Rule. 
(j) To ensure that |Es| < 0.0001, we use Theorem 4: |Es| < zm < 0.0001 A «n 
n* > 5,915,362 < n> 49.3. So we must take n > 50 to ensure that |] — Sn| < 0.0001. 
(K = 10.9 leads to the same value of n.) 


With K = 10.9, we get |Es| < = 0.059299814. 


(a) Using the CAS, we differentiate f(x) = v4 — x? twice, and find = 
7 u 9z* 3x "d 
that f (7) — 43 — 53872 Gay 1 


From the graph, we see that | f” (x)| < 2.2 on [—1, 1]. 


(b) A CAS gives Mio ~ 3.995804152. (In Maple, use -2.5 
Student [Calculus1] [RiemannSum] or Student [Calculus1] [ApproximateInt].) 


22m-(-0)P 


Sree ~ 0.00733. 


(c) Using Theorem 3 for the Midpoint Rule, with K = 2.2, we get |Em| € 


(d) A CAS gives I z 3.995487677. 
(e) The actual error is about —0.0003165, much less than the estimate in part (c). 


(f) We use the CAS to differentiate twice more, and then graph 1 


| 


24,6 _ NR 
f) = 9 z'(z'-— 2242" — 1280) 
16 (4— 23)772 


From the graph, we see that [o (x)| < 18.1 on [-1, 1]. 


(g) A CAS gives S10 ~ 3.995449790. (In Maple, use —20 
Student [Calculus1] [ApproximateInt].) 
18.1 [1 — (—1)]* 
180 - 104 
(i) The actual error is about 3.995487677 — 3.995449790 ~ 0.0000379. This is quite a bit smaller than the estimate in 
part (h). 


(h) Using Theorem 4 with K = 18.1, we get | Es| < = 0.000322. 


18.1(2)° 18.1(2)° 4 
T that | Zs| < 0. 1 Th 4: |Es| < ———, < 0. 1 < 
(j) To ensure that |Es| < 0.0001, we use Theorem 4: |Es| < 180. n4 « 0.000 180-00001 $^ 


nî > 32,178 = n > 13.4. So we must take n > 14 to ensure that |] — Sn| < 0.0001. 
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25. I = fo ze?dz = ((z — 1)e"]) [parts or Formula 96] = 0— (—1) = 1, f(x) = ze”, Ax = 1/n 
n-5: Ls =4[f(0) + f(0.2) + f(0.4) + f(0.6) + f (0.8)] = 0.742943 
Rs = 1[/(0.2) + f(0.4) + f(0.6) + f(0.8) + f(1)] ~ 1.286599 
Ts = =+5[f(0) + 2f(0.2) + 2/(0.4) + 2f(0.6) + 2f(0.8) + f(1)] ~ 1.014771 
Ms= 4[f (0.1) + f(0.3) + f(0.5) + f(0.7) + f(0.9)] ~ 0.992621 


Er = I — Ls ~ 1 — 0.742943 = 0.257057 
Eg © 1— 1.286599 = —0.286599 
Er ~ 1 -— 1.014771 = —0.014771 
Em 7% 1 — 0.992621 = 0.007379 
35 [/(0) + f(0.1) + f(0.2) +--+ + f(0.9)] ~ 0.867782 
Rio = i5 (f (0.1) + f(0.2) - --- -- (0.9) + f(1)] ~ 1.139610 
Tio = qd (/(0) + 2[f (0.1) + f(0.2) +--+ + f(0.9)] + f(1)} ~ 1.003696 
Mio [f (0.05) + f (0.15) +--+ + f (0.85) + f(0.95)] ~ 0.998152 


Er = I — Lio ~ 1 — 0.867782 = 0.132218 
Er ~% 1 — 1.139610 = —0.139610 

Er ~ 1 -— 1.003696 = —0.003696 

Em ~ 1 — 0.998152 = 0.001848 


ALF(0) + (0.05) + f(0.10) + - -- + f(0.95)) = 0.932967 
Roo = 35 [f (0.05) + f(0.10) +--- + f(0.95) + f(1)] =~ 1.068881 
Too = gd (f (0) + 2[f (0.05) + f(0.10) -- --- + f(0.95)] + f(1)} ~ 1.000924 
Mao — 4 [f (0.025) + f (0.075) + f(0.125) + --- + f(0.975)] ~ 0.999538 


Er = I — Lao ~ 1 — 0.932967 = 0.067033 
Er ~ 1 — 1.068881 = —0.068881 

Er ~ 1 -— 1.000924 = —0.000924 

Em ~ 1 — 0.999538 = 0.000462 


5 | 0.742943 | 1.286599 | 1.014771 | 0.992621 5 | 0.257057 | —0.286599 | —0.014771 | 0.007379 


10 | 0.867782 | 1.139610 | 1.003696 | 0.998152 
20 | 0.932967 | 1.068881 | 1.000924 | 0.999538 


10 | 0.132218 | —0.139610 | —0.003696 | 0.001848 
20 | 0.067033 | —0.068881 | —0.000924 | 0.000462 


Observations: 
1. Ez and Eg are always opposite in sign, as are Er and Em. 
2. As n is doubled, Er, and Eg are decreased by about a factor of 2, and Er and Em are decreased by a factor of about 4. 
3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation. 
4. All the approximations become more accurate as the value of n increases. 


5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations. 
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26. I = "ie- ji =-5-(-1)=5,fle)=4,Ae= = 

n=5: Ls = 3[f(1) + f(1.2) + f(1-4) + f (1.6) + f(1.8)] ~ 0.580783 
Rs = =[f (1.2) + f(1.4) + f(1.6) + f(1.8) + f(2)] ~ 0.430783 
Ts = gf (1) + 2f (1.2) + 2f (1.4) + 2f(1.6) + 2f (1.8) + f(2)] ~ 0.505783 
Ms= £[f(1.1) + f(1.3) + f(1.5) + f (1.7) + f(1.9)] ~ 0.497127 
Ey = I — Ls ~ 4 — 0.580783 = —0.080783 
Er © 4 — 0.430783 = 0.069217 
Er ~ 4 — 0.505783 = —0.005783 
Em © 4 — 0.497127 = 0.002873 

n=10: Lio = d5(f(1) + f(1.1) + f(1.2) +--+ + f(1.9)] ~ 0.538955 
Rio = d5(f (1.1) + f(1.2) +--+ + f(1.9) + f(2)] ~ 0.463955 
Tio = zoo {f(1) + 2(f (1.1) + f (1.2) +--+ + f(1-9)] + f(2)} ~ 0.501455 
Mio d5[f (1.05) + f(1.15) +--+ + f (1.85) + f(1.95)] ~ 0.499274 
Ey = I — Lio © 1 — 0.538955 = —0.038955 
Er ~ 1 — 0.463955 = 0.036049 
Er =~ 4 — 0.501455 = —0.001455 
Em © 4 — 0.499274 = 0.000726 

n= 20: Lao = d5 (f (1) + f(1.05) + f (1-10) +--+ + f(1.95)] ~ 0.519114 

an [/ (1.05) + f(1.10) +--+ f(1.95) + f(2)] 0.481614 
Too = gd (f (0) + 2[f (1.05) + f(1.10) + +--+ f(1.95)] + f(2)} ~ 0.500364 
Mao — HS f (1.025) + f (1.075) + f (1.125) +---+ f (1.975)] z 0.499818 
Er =T -— Læ ~ i —0.519114 = —0.019114 
Er ~ 4 — 0.481614 = 0.018386 
Er ~ $ — 0.500364 = —0.000364 
Em © 4 — 0.499818 = 0.000182 
[continued] 
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Observations: 


1. Ez and Eg are always opposite in sign, as are Er and Em. 


2. As n is doubled, Er, and Eg are decreased by about a factor of 2, and Er and Em are decreased by a factor of about 4. 


3. The Midpoint approximation is about twice as accurate as the Trapezoidal approximation. 


4. All the approximations become more accurate as the value of n increases. 


5. The Midpoint and Trapezoidal approximations are much more accurate than the endpoint approximations. 


27. I= fes dz = [125]; = 2 — 0 = 64, f(x) = 24, Ac = 222 = 2 

Jeter. rdg — + 21/3) + (8) + £(3) + (5) + f(8)] + FQ} & 6.695473 
Me = g[f(8) + F(8) + £(8) + FCG) + £(8) + /(8)] ~ 6.252572 
So = gs [/(0) + 4f(4) +2F(2) +47 (8) + 2/(3) + 4F(8) + £Q)] ~ 6.403292 
Er = I — To ~ 6.4 — 6.695473 = —0.295473 
Em 8: 6.4 — 6.252572 = 0.147428 
Es = 6.4 — 6.403292 = —0.003292 

n—12 Ti = a {FO +2) + f(8) + F(R) t) 2} & 6.474023 
Ms = BIE) (5) +I) + 1] e 6.363008 
Se = qz [f/(0) + 4f (F) + 2/(3) - A/(8) + 27(8) + AF (=) + £2)] ~ 6.400206 


Er —I-— Tiz Ai 
Em ~ 6.4 — 6.363008 = 0.036992 
Es ~ 6.4 — 6.400206 = —0.000206 


6.363008 


Observations: 


1. Er and Ey are opposite in sign and decrease 


6.400206 


6.4 — 6.474023 — —0.074023 


—0.295473 | 0.147428 ur 003292 
—0.074023 | 0.036992 | —0.000206 


by a factor of about 4 as n is doubled. 


2. The Simpson's approximation is much more accurate than the Midpoint and Trapezoidal approximations, and Es seems to 


decrease by a factor of about 16 as n 1s doubled. 


mi-[ Tac Bv] -i-2-2f0 
n=6: Ts =S5{f(1)+2[f(3) +f(4) 
Me = $[/(2) + F(3) +74) + SF 

Ss — gig [f (0) + 4f (2) + 2F(4) J 


] + f(4)} ~ 2.008966 
~ 1.995572 


Er = I — Te ~ 2 — 2.008966 = —0. 


Em 7 2 — 1.995572 = 0.004428, 


Es ~ 2 — 2.000469 = —0.000469 
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n — 12: 


3 


sis Uf) + 2[F(8) HAD + £0) e AE] f) ~ 2.002209 
Ma LEC) 1G + 19) S 
sU + f(2) 2/9) + 46) 2/0) e FR) + AO] = 2.000086 


Er = I — T2 8 2 — 2.002269 = —0.002269 


Em 8:2 — 1.998869 = 0.001131 
Es £2 — 2.000036 = —0.000036 


6 | 2.008966 | 1.995572 | 2.000469 6 | —0.008966 | 0.004428 | —0.000469 
12 | 2.002269 | 1.998869 | 2.000036 12 | —0.002269 | 0.001131 | —0.000036 


Observations: 
1. Er and Ey are opposite in sign and decrease by a factor of about 4 as n is doubled. 


2. The Simpson's approximation is much more accurate than the Midpoint and Trapezoidal approximations, and Es seems to 


decrease by a factor of about 16 as n is doubled. 


29. (a) Ax = (b — a)/n = (6 — 0)/6 = 1 
Ts = 5[f(0) + 2/(1) + 2f(2) + 2/(3) + 2/(4) + 2/(5) + f(6)] 
112 + 2(1) + 2(3) + 2(5) + 2(4) + 2(3) + 4] = 4(38) = 19 
(b) Ms = 1[f (0.5) + f(1.5) + f(2.5) + f(3.5) + f(4.5) + f(5.5)] ~ 1.3 + 1.5 + 4.6 + 4.7 + 3.3 + 3.2 = 18.6 


FCO) + 4f(1) + 2f(2) + Af(3) + 2f (4) + 4F(5) + f(6)] 
2+ A(1) + 2(3) + 4(5) + 2(4) + 4(3) + 4] = $(56) = 18.6 


30. If x = distance from left end of pool and w = w(x) = width at x, then Simpson's Rule with n = 8 and Az = 2 gives 


Area = fo wdz ~ 2[0 + 4(6.2) + 2(7.2) + 4(6.8) + 2(5.6) + 4(5.0) + 2(4.8) + 4(4.8) + 0] ~ 84 m?. 


31. (a) f? f(x) de =~ Ma = $32 [f (1.5) + f(2.5) + f(3.5) + f(4.5)] = 1(2.9 + 3.6 + 4.0 + 3.9) = 144 


(b) -2< f"(z) 3 > |f'"(z)) <3 = K =3, since |f"(x)| < K. The error estimate for the Midpoint Rule is 


K(b—a?  3(5—1? 1 


Ei] € 
\Eu| S n 244p 2 


32. (a) fo^ g(x) dz z Ss = +652 [g(0) + 49(0.2) + 29(0.4) + 49(0.6) + 29(0.8) + 49(1.0) + 2g(1.2) + 49(1.4) + g(1.6)] 
= iE [12.1 + 4(11.6) + 2(11.3) + 4(11.1) + 2(11.7) + 4(12.2) + 2(12.6) + 4(13.0) + 13.2] 


= i5 (288.1) = l x 19.2 


(b —5 < gz) «2 = laa) <5 => K =5,since la) < K. The error estimate for Simpson's Rule is 


K(b—a) _ 5(1.6 —0)° 2 


Es| < = 
|Es| S 18a 180(8)4 28,125 


=7.1x 107°. 
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33. 


35. 


36. 


37. 


38. 


. We use Simpson's Rule with n = 10 and Ax = =: 


CHAPTER7 TECHNIQUES OF INTEGRATION 


24—0 _ 
B; = 2. 


We use Simpson’s Rule with n = 12 and At = 
$12 = 2[T(0) + AT (2) + 2T (4) + 47(6) + 2T (8) + 47 (10) + 27T(12) 

+ 4T(14) + 2T(16) + AT(18) + 27 (20) + 47(22) + T(24)] 
~ 2[66.6 + 4(65.4) + 2(64.4) + 4(61.7) + 2(67.3) + 4(72.1) + 2(74.9) 


+ A(77.4) + 2(79.1) + 4(75.4) + 2(75.6) + 4(71.4) + 67.5] = 2(2550.3) = 1700.2. 


Thus, f^ T(t) dt z Siz and Tave = zry fo" T(t) dt © 70.84^F. 


1 
2 


distance = fy v(t) dt = Sio = 15 [/(0) + 4/(0.5) + 2/(1) +--+ 4F(4.5) + £(5)] 
& [0 + 4(4.67) + 2(7.34) + 4(8.86) + 2(9.73) + 4(10.22) 
+ 2(10.51) + 4(10.67) + 2(10.76) + 4(10.81) + 10.81] 


3 (268.41) = 44.735 m 


By the Net Change Theorem, the increase in velocity is equal to f. e a(t) dt. We use Simpson's Rule with n — 6 and 
At — (6 — 0)/6 — 1 to estimate this integral: 
IN a(t) dt ez Sg = $[a(0) + 4a(1) + 2a(2) + 4a(3) + 2a(4) + 4a(5) + a(6)] 


~ $[0 + 4(0.5) + 2(4.1) + 4(9.8) + 2(12.9) + 4(9.5) + 0] = $(113.2) = 37.73 ft/s 


By the Net Change Theorem, the total amount of water that leaked out during the first six hours is equal to f. M r(t) dt. 


We use Simpson's Rule with n — 6 and At — el = 1 to estimate this integral: 


fo r(t) dt = Se = $[r(0) + 4r(1) + 2r (2) + 4r (3) + 2r(4) + 4r (5) + r(6)] 


Q 


[4 + 4(3) + 2(2.4) + 4(1.9) + 2(1.4) + 4(1.1) + 1] = $(36.6) = 12.2 liters 


By the Net Change Theorem, the energy used is equal to f, i P(t) dt. We use Simpson’s Rule with n = 12 and 
At = sze = i to estimate this integral: 

I P(t) dt = $19 = 1? |P(0) + AP(0.5) + 2P(1) + AP(1.5) + 2P(2) + AP(2.5) + 2P(3) 
+ AP(3.5) + 2P(4) + 4P(4.5) + 2P(5) + AP(5.5) + P(6)] 


= 4/1814 + 4(1735) + 2(1686) + 4(1646) + 2(1637) + 4(1609) + 2(1604) 
+ 4(1611) + 2(1621) + 4(1666) + 2(1745) + 4(1886) + 2052] 


= $(61,064) = 10,177.3 megawatt-hours 


By the Net Change Theorem, the total amount of data transmitted is equal to f. E D(t) dt x 3600 [since D(t) is measured in 
megabits per second and t is in hours]. We use Simpson's Rule with n = 8 and At = (8 — 0)/8 = 1 to estimate this integral: 


JË D(t) dt e: Ss = 


> [D(0) + 4D(1) + 2D(2) + AD(3) + 2D(4) + AD(5) + 2D(6) + 4D(7) + D(8)] 


1 
3 
$[0.35 + 4(0.32) + 2(0.41) + 4(0.50) + 2(0.51) + 4(0.56) + 2(0.56) + 4(0.83) + 0.88] 
3 (13.03) = 4.343 


Now multiply by 3600 to obtain 15,636 megabits. 
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39. (a) Let y = f (x) denote the curve. Using disks, V = D n|[f(x)]* dz = hog z)dx —mh. 
Now use Simpson's Rule to approximate T4: 


I; & Ss = 155 [9(2) + 49(3) + 2g(4) + 49(5) + 29(6) + 49(7) + g(8)] 


Q 


[0? + 4(1.5)? + 2(1.9)? + 4(2.2)? + 2(3.0)? + 4(3.8)? + 2(4.0)? + 4(3.1)? + 0?] 
(181.78) 


1 
3 
1 
3 
Thus, V ~ ~ - $ (181.78) ~ 190.4 or 190 cubic units. 


(b) Using cylindrical shells, V — A es Ina f(x) dx = 2n J xf (x) dx = 27h. 
Now use Simpson’s Rule to approximate J;: 
D & Ss = Hs f(2) +4- 3f(3) +2-4f(4) + 4 5/(5) - 2- 6f(6) 
+4-7f(7)+2-8f(8) - 4- 9f(9) + 10f(10)] 


4[2(0) + 12(1.5) + 8(1.9) + 20(2.2) + 12(3.0) + 28(3.8) + 16(4.0) + 36(3.1) + 10(0)] 
= $(395.2) 


Thus, V ~ 27 - 2(395.2) ~ 827.7 or 828 cubic units. 


ole 


40. Work = i x) da ~ Se = a [f(0) + 4f(3) + 2/(6) + 4f(9) + 2f(12) + Af (15) + f(18)] 


= 1- [9.8 + 4(9.1) + 2(8.5) + 4(8.0) + 2(7.7) + 4(7.5) + 7.4] = 148 joules 


41. The curve is y = f(x) = 1/(1+e 7). Using disks, V = jon n[f (x)? dx = mf g(x) dz = mI. Now use Simpson's 


Rule to approximate J;: 


& Sio = =P [g(0) + 4g(1) + 29(2) + 4g(3) + 29(4) + Ag(5) + 29(6) + 49(7) + 29(8) + 49(9) + g(10)] 


& 8.80825 


Thus, V z ml z 27.7 or 28 cubic units. 


42. Using Simpson's Rule with n — 10, Ax 2/2. T. 1, 00 = 42 radians, g = 9.8 m/s?, k? = sin? (400), and 


10^ 180 
x) = 1/A/1— k? sin? z, we get 


1/2 
THA = f dx iud L Sio 
g Jo 1 — k2 sin? x g 


= Ay sis (8) UO) Af C5) +E) +--+ 4 (G8) + 1(3)] ~ 2.07665 


2 02 : 442 1,2 
às 1(6) = S SE Reg = TONER ar 10,000, —10-5/ad A — 6328 x 10-9, Soz(9) — VO R 
k2 A k2 
— m(10*)(10~*) sind 7 | 10$-(-10 5) _ E 
where k 6328x109 ^ Now n = 10 and A0 10 2x10 ',so 


Mio = 2 x 1077 [1(—0.0000009) + 1(—0.0000007) + - - - + 1(0.0000009)] ~ 59.4. 
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44. f(x) = cos(nz), Ax = 2959 —2 


Tio = {f (0) + 2[f(2) + f(4) +--+ + f(18)] + f(20)} = 1[cos0 + 2(cos27 + cos4m +--+ + cos 187) + cos 207] 


=1+2(1+1+1+1+1+1+1+1+1)+1=20 


The actual value is feed cos(mx) dz = l[sinza] = +(sin 207 — sin 0) = 0. The discrepancy is due to the fact that the 


function is sampled only at points of the form 2n, where its value is f(2n) = cos(2n7) = 1. 
45. Consider the function f whose graph is shown. The area f, $ f(x) dx y 
is close to 2. The Trapezoidal Rule gives : 


T; = Fz [/(0) + 2/0) + f) = z0 92:18 1] 2 2. 


The Midpoint Rule gives Mz = 272 [f(0.5) + f(1.5)] = 1[0 +0] = 0, $ 


so the Trapezoidal Rule is more accurate. 


46. Consider the function f(x) = |x — 1|, 0 < x < 2. The area R f(a) dx 
is exactly 1. So is the right endpoint approximation: 
Ro = f(1) Az + f(2) Ax = 0-1+1-1=1. But Simpson's Rule 


approximates f with the parabola y = (a — 1)?, shown dashed, and 


[L-4-04- 1] =<. 


Ax 1 
So = = [f(0) - 4f(1) + f] = 3 3 


47. Since the Trapezoidal and Midpoint approximations on the interval [a, b] are the sums of the Trapezoidal and Midpoint 
approximations on the subintervals [x;-1,2;], i = 1,2,...,n, we can focus our attention on one such interval. The condition 
f" (x) < 0 for a < x < b means that the graph of f is concave down as in Figure 5. In that figure, T;, is the area of the 
trapezoid AQRD, T f (x) dx is the area of the region AQP RD, and M, is the area of the trapezoid ABC D, so 
Tn < f s f(x) dz < My. In general, the condition f" < 0 implies that the graph of f on [a, b] lies above the chord joining the 
points (a, f (a)) and (b, f (b)). Thus, fe f(x)dx > Tn. Since Mn is the area under a tangent to the graph, and since f” < 0 


implies that the tangent lies above the graph, we also have Mn > T f(x) dz. Thus, T», < fa f(x)dx < Mn. 


48. (a) Let f be a polynomial of degree < 3; say f(x) = Aa? + Ba? + Cx + D. It will suffice to show that Simpson's estimate 
is exact when there are two subintervals (n = 2), because for a larger even number of subintervals the sum of exact 
estimates is exact. As in the derivation of Simpson’s Rule, we can assume that xo = —h, xı = 0, and x2 = h. Then 
Simpson's approximation is 
fo, f(x) dy e 1 - 2»[f(-h) +4f(0) + f(h)] = EA [(—An? + Bh? — Ch + D) -- AD + (Ah? + Bh? - Ch 4- D)] 

= &h[2Bh? + 6D] = $Bh? +2Dh 

The exact value of the integral is 

f^, (Az? + Ba?+Cax+D)dr=2 fi (Bz? +D)dx [by Theorem 5.5.7] 
= 2[ Bx? + Da]? = 2 Bh? + 2Dh 


Thus, Simpson’s Rule is exact. 
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(b) Using Simpson's Rule with n = 4, Ay = += = & = 2, and f(x) = a? — 6x? + 4x, we get 


Sa = 2[/(0) + 4f(2) + 2f(4) + Af(6) + f(8)] = $(192) = 128. The exact value of the integral is 


Jp (a? — 62? + Az) dz = [1a* — 22? 4 ax] = (1024 — 1024 + 128) — 0 = 128. 


Thus, S4 = Re — 6x? + Ax) dz. 


(c) f(z) = Az? + Ba? + Cz + D f(a) =3Ae?+2Br+C => f"(24)=6Ar+2B > f"(z)—6A > 


ENT 
f(x) = 0. Since Ff) = 0 for all x, the error bound in (4) gives | Es| < wt- = 0, indicating the error in 
n 


using Simpson's Rule is zero. Hence, Simpson's Rule gives the exact value of the integral for a polynomial of degree 3 or 


lower. 
49. Tn = $ Az [f (xo) + 2f(zi) +--+ t 2f (4-1) + f(z4)] and 
Mn = Ac [f (T1) + f(z2) +--+ + f@n-1) + f(Tn)], where z; = $(aj-1 + 2). Now 
Ton = 4 ($Ax)[f(xo) + 2/(21) + 2f (a1) + 2f (22) + 2f (£2) +--+ + 2f (25-1) + 2f(@n—1) + 2f(En) + f(wn)], so 
i(T, + Mn) = 4Tn + 4 Mn 


= ļAa[f (zo) + 2f (x1) +--+ + 2f (24-1) + f(2«)] 
+ Aff (T1) + 2f (72) +- + 2f (En-1) + 2f (24)] 
= Ton 


Ax 


50. T, = E f (ao) + 255 f (zi) + Flan) and M, = Az 5 f(a — =). so 
4 i—1 


il i= 2 


where Az = is S Let 6x = — 2 Then Ax = 262, so 
n 2n 
Er BM, = E (f) +2 E fa) + FG) +43 6 — 89) 
i=l i=1 
= 762[f (zo) + 4f(z1 — dx) + 2f (1)  Af(z — 52) 
+ 2f(a2) +--+ + 2f(@n-1) + 4f(an — 6x) + f(z«)] 


px 
2n 


Since zo, z1 — ÔL, £1, £2 — ÔL, L2, . . . , En—1; En — OX, Zn are the subinterval endpoints for S2n, and since ór = 


the width of the subintervals for 55, , the last expression for Tn + 2M, is the usual expression for S2n. Therefore, 


1 2 
a In + 3M, = Son. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


770 


7.8 


1. 


3. 


CHAPTER7 TECHNIQUES OF INTEGRATION 


Improper Integrals 


(a) Since y — 


1 e T" 4 
3 has an infinite discontinuity at x — 3, f 
1 


E is a Type 2 improper integral. 
rum 


oo 
(b) Since ji z2 z 1 has an infinite interval of integration, it is an improper integral of Type 1. 
3 = 
(c) Since y = tan zz has an infinite discontinuity at x = i S a tan 7x dz is a Type 2 improper integral. 


—1 4x 
(d) Since f C. dx has an infinite interval of integration, it is an improper integral of Type 1. 
Lobo 


oo 


. (a) Since y = sec x has an infinite discontinuity at x = 7, f » sec x dx is a Type 2 improper integral. 


: j^ ; ; $ ; ; 
(b) Since y = "m. is defined and continuous on the interval [0, 4], / 2 5 is a proper integral. 
m "m 
(c) Since y — deret 1 has an infinite discontinuity at x = 0 j dx is a Type 2 improper integral 
parae OE aue T rg ype 2 improper integral. 


- ? 1 UMANE ; rat s 2 é 
(d) Since J PET dx has an infinite interval of integration, it is an improper integral of Type 1. 
1 


The area under the graph of y = 1/z? = x^? between x = 1 and x = t is 


A(t) — ch a dsl igo]! = —it? — (—4) = 4 — 1/(2t?°) . So the area for 1 < x < 10 is 
A(10) = 0.5 — 0.005 = 0.495, the area for 1 < x < 100 is A(100) = 0.5 — 0.00005 = 0.49995, and the area for 
1 < x < 1000 is A(1000) = 0.5 — 0.0000005 = 0.4999995. The total area under the curve for x > 1 is 


lim A(t) = lim. [4 —1/(2t?)] = 4. 


t— oo 


1 1 


. (a) | 


10 —— 100 
(b) The area under the graph of f from x = 1 tox = t is 
AN = t 
F(t) = fi f(x) dz = fi 27> de = [- 550] 10 |206 | 2:59 
--—10(t£ 93 — 1) = 10(1—t7-°") 100 | 3.69 5.85 


104 | 6.02 | 15.12 
10° | 7.49 | 29.81 
10? | 9 90 
10? | 9.9 | 990 


and the area under the graph of g is 


G(t) = fi g(a) dz = fix 9? dz = [ares = 10(t — 1). 


(c) The total area under the graph of f is jim F(t) = jim 10(1— £791) = 10. 


The total area under the graph of g does not exist, since jim G(t) = jim 10(29-* — 1) = oo. 


— oo 
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t 
RI 27° dz = lim Ji: 2x7? dz = lim | al = lim | £3 1] =0+1=1. Convergent 


too t—oo 


-1 -1 
1 z u ; 
f —= dr = lim x7"? dr = ; lim ELA = lim E E 2e = —oo. Divergent 


66 Vx i—-—oo t 


——0o 


t 
oo —2m-r : t —2m : —2r : —2 
foe dz = Jim. fe^ dr = Jim. |-3e l. = Jim. |-àe t+ 3] =0+4=4. Convergent 
SAN : alls st gni 1 1 
= | dx= li ^" dy = li li | = . t 
| (3) xci peg | iss]. pum | In3 = 0+ 3m3 or | Oe 


t t 
dr = lim dx = lim [ina 4-4 | — lim [in je + 4| — 1m2] = oo since lim In|x + 4| = oo. 
tro J_ 5 T + 4 t—00 —2 t—oo t—oo 


Divergent 


°° 1 : : —3/2 3 -1/2]* 
I t-g as ee!) dx = lim [-2(« - 2) l. [u =a — 2, du = dz] 
— lim uc p 04-222 Convergent 
I NVECS VI HS 2 


1 t 


eg t 
f i dx = lim | (14-2) "^ dz — lim EM [u = 1 + z, du = dz] 
0 1-c-zz too Jo t— oo 0 


— lim sa meritas 4] — oo. Divergent 


P x o x 1 e 
/ zdz = lim 3 dx = lim EG + d = lim |- ; 
2 (x2 + 1) t——oo Ji (x2 + 1) t—-—oo " t—-—oo 4 (x? + 1) i 
; 1 1 1 1 
I LI | = 
= im | 1 + e+ n 34:3 0 1 Convergent 
-3 -3 -3 
£ 1 x i 1 2 
[ica uim, y pp t= im [5 - sl] 
= lim [-im54 4 In|4 — ¢?|] =oo since lim In|4 — ¢?| = oo. Divergent 
i—-—oo t—-—oo 
oo m2 t 
Í 2 El dcin (zr? +a’ +274) dx 
1 H i i—2oo 1 
1 NE 1 y I 
; -1 -2 -3 : 
c m | F z ia if nr | a 222 xs i 
1 1 1 1 11 11 
= Jim. ( 3B a) ( 1 5 5) 0+ 6 6 Convergent 
oo t t 
Í — P _ dz = lim ——L —À dz = lim | z?—1 | = lim [ve —1- v3] — oo. Divergent 
2 z2? — 1 t—oo Jo 2 — 1 t—oo 2 t— oo 
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oo e? t e? t t 
17. E ni E c dicti |- 1 sal aiim a 
i ae Gee oe Mepeer rers ee 
1 1 1 1 
= jim | Te | 5| = OS m Convergent 


Sio -1 =1 
r= f uw f tds f ote p onn 
EE. eed Lec pA 


2 1 —1 1 1 
Now, / —dx= lim —dx= lim [in fa | = lim [mni — ln id = —oo. 
kj x t—-—oo t x i—-—oo t t—-—0o 


Since I; is divergent, J is divergent. Divergent 


19. [S ae” dz = [S ae dx + dae ae” dz. 


oo 


oo x? Ip 
Therefore, f Los TE dx=—-—53+5=0. Convergent 
age c ee ee eos. qd ip et 
Jog HF +1 Los $? +1 o «+1 COSTS 
t t?+1 EE t241 
h= lim = dx = lim ig We CE A lim [1n jl] 
tooo Jg xz? +1 too JA u du = 2z dx 2 £—oo 1 


= 5 jim [in |i? 1-0] =0o 


Since I» is divergent, I is divergent, and there is no need to evaluate 7/1. Divergent 


0 
21. Le cos2t dt = f°. cos 2t dt + f» cos 2t dt = I4 + I5, but h = lim E sin 2| = lim (— i sin 2s), and this 


s s—— oo 


limit does not exist. Since J; is divergent, I is divergent, and there is no need to evaluate I>. Divergent 


oo e Vv t „—1/z i t A S, 1 
22. i = dz = lim z dx = lim le ^ = lim (e "* — e 1) 21— z Convergent 
1 


t—oo 1 x i—oo 1 ti—oo 


23. Jy sin? ada = Jim. Jo i(1— cos2a) da = lim [$(a—- 3 sin2a)]; = lim [i(t— isin2t) — 0] = oo. 


—0oo t— oo 


Divergent 


t 
24. fy sind e°? qg = Jim T sin e°? dO = lim | eto? d = lim (—e*** + e) 
—oo 0 


i—oo ioo 
This limit does not exist since cos t oscillates in value between — 1 and 1, so e*?5* oscillates in value 
> 


between e^! and el. Divergent 


Ww oq . t o3 : tři 1 , l 
25. 3 dx= lim ——. dz = lim = dx [partial fractions] 
1 wt+ea too J, z(x +1) too f, Nr «+1 


t 
= lim [in fa —In|e +1] = lim [m 7 
t—0oo 1 too £+ 


Convergent 
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26. 


27. 


3 


31. 


32. 


33. 


> 


r 


fees 


SECTION 7.8 IMPROPER INTEGRALS 


SO ane EM a i \ a= ii 1injy+3|4+21 1 
zou uel qr ied. qme pct Jem | a Eee pipes j 


1 <i- -i t—1 1 1 1 
Gi lim fn = | -i (a-mi) = 4(0 105) = 1In5. Convergent 


2z v 0. 2z : ieee 1.2210 integration by parts with 
ze” dz= lim ze^ dz = lim |sze** — se 
dm f ps [5 4 li u = z, dv = e?” dz 
= lim [(0— 1 lte” — 1625] = —1 —0 +0 [bylHospita's Rule]. = —+. Convergent 
3l. [(0-3)- (5 1e")] 4 [by !' Hosp ] 4 8 
oo, —8y EET toj —83y : 1,,5—3y 1,-3y]f integration by parts with 
f e dy = lim e dy — lim zye =e 

Jz y y Jim f; y Y= um [-3y 9 Js u = y, dv = e384 dy 


: 14,5,—3t _ 1,—3t 2,-6. 1,-61] nq. 7,—6 C EREET — 7,-6 
= jim [( te zE ) ( Ze FI )] =0— 0+ ge © [bylHospita's Rule] = ġe’. 
Convergent 
? Ing e (Ina)? mE substitution with _ (Int)? : 
; dx = lim — lim = oo. Divergent 

1 x t—oo 2 " u = ln z, du = dz /x t2oo 2 

oo t t 

Ing : lng , lagz 1 integration by parts with 
: de Úri : de — lim |= S integration by pa n 

1 T too Ji £ ioo Tz cji u = Ina, dv = (1/z^) dx 


= lim ( mt +1) H lim ( e) lim : + lim120—041-2 1. Convergent 


too t t—oo 


0 2 0 
z c4 A mn 1|1 "4 u-z?, 
z^--4 dz — dm f z4--4 dz — im 2 E tan (5) " b = A 


vue t 1 ar | lym. T 
= lim b 7t” ( 3] iz) 3° Convergent 


eee mE hr Ls. fies dn Sa y =d, 
p z(In x)? ^ too z(In x)? ^ too Inz d du = (1/x) dx 


= lim ( : | 1) =0+1=1. Convergent 


© ova vi i z= Vy 
y m —X/Vy = m = > 
ri e dy Jim : e dy Jim ; e * (2x da) E oos] 
vt 
= —a] Vt =r u = 2x dv = e” dx 
im Le I» «f 2e a) paa v=-e” | 
Sox e ee pe di . (-2vt_ 2 T B 
= Jim (—2vte V + [-2e7*]; = jim, (Z -z +2) =0-0+2=2. 
Convergent 
Note: lim = lim avi : 0 


n 
io evi t>o UICE Ui 
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a dx E dx di 1 u= Vz. 
34. —— ——z2 da — li ————— = li ——~ (2ud ED 
if VE dE dm f JE c) Ly wary OO o ar 
d 1,3Vt 1 1 
— lim du = lim [2tan ^u]; = lim 2(tan^ Vt — tan! 1) 
t—oo 1 1 u? t—0o 1 t—0oo 
= 2(§ — 4) =§. Convergent 


1 1 
1 1 1 
35. j — dz = lim — dz — lim [in at | = lim (—Int) =o. Divergent 
0 x R t E 


I = li ‘ — 7) 73 dr = li = Be a8] : 3 2/3 2/3 
36. dx — lim (5 — x) de= lim |—-5(5— 2) — lim 5((5 — t) 5^7] 
^ $ 


/5 — x t5- Jo 15— 0  t—5- 
352/3 Convergent 

14 14 14 
37. if Es cdm pa ae, lim eee | =2 lim [164 = (t4 2) 

2 Va+2 t>-2 J, to—2+ |3 : 315-27 

—-$(88-0)- 3. Convergent 
2 2 2 
x x 1 1 
38. — —dr- li — dx = li —— —- —— ld tial fracti 
F CEEE £ Jim f CESE x eae l E Ge "d x [partial fractions] 


"M 1 1 
= lim: in +1|+ =| l = me Lr + at (int +1)+ =) = —oo. Divergent 


: iusti z 1 NET 1 substitute | |. tiIng+1 | 
Note: To justify the last step, BEL. [inc +1)+ 223 = Hn c + x) É coe ‘| = mn. E up m 
; ; l 1/x 
since um (rlnz)-— li Ds H Jim, -5 = im (72) =0. 
3 —37t 
1 dx . m ; 1 1 : 
39. "n -f3 zi 4 —., bui f m = im, EN = lim | 38 zi — oo. Divergent 
1 t 
d. = x 
40. | E = Jim f = = ae [sin EK = m sin !t— A Convergent 
41. There is an infinite discontinuity at x = 1 um 1 d= f œ- “V3 dz + fe —1y de 
(0) V dom 1 
Here fo ( zr —1) 7? dr = lim n (x-1)! dx = lim le- pi = lim he- 19 - 3] = -3 
t1 t—1-— 0 t—1-— 
9 
=1/3 Ja - 1/3 7, — J; 3 2/3)" |. y = 
and f? (z f dx = im MMC -1 V gue. [36 - 1) : |, = im le- 8t - 0" d — 6. Thus, 
9 
1 
j IF dz = -j +6= 2 Convergent 


42. There is an infinite discontinuity at w — 2. 


122- w—2 t32- 


i t 
dw = lim (+) dw = lim [w + 21m jw - 2] ] = lim (t 4- 2In|t — 2| — 21n2) = —oo, so 
0 0 t>2- 


5 
e, dw diverges, and hence, —_ dw diverges. Divergent 
o w—2 0 —2 
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43. [7 tan? 8d0 = „im Jé tan? 0 d0 = „im Jo (sec? 0 — 1) do = Jim [tano - e| 
=; ior iene — t) — oo since tant > coast > $ . Divergent 
di "n do i dx = T dx P [ dx 
o 22—z—2 Jo (r-2)(c*1) Jo (@-—2)(@+1) Jo (@—2)(a +1) 
Considering only Í Í -— — and using partial fractions, we have 
o (z—2)(z 1) 


Qum WEN d d: s gez gos 3|- 21 i 
f ocmi f & sh) z= lim E n|z — 2| — s In|z + |]. 


= lim [i1n[t — 2| — i In|t - 1| - 21n2 4- 0] = —oosince In|t — 2 > —coast > 27. 
t1—2-— 
2 4 
d. me d. M 
Thus, f ——— is divergent, and hence, f — is divergent as well. 
o 22—2—2 o 22—x2—2 
1 
1 Ed 1 EET 1,2 201,2 e dv —rdr 
45. fj rinrdr= lim f, rinrdr— lim [ir Inr — ir |, pa m a 
= im [(0- 3) - ($? mt- 4)] 2-3 -0- -1 
t—0t 
; Int u 1/t 
lim #?Int= lim — = lim — = lim(-i?)-0. C t 
since lim T dnos lim VB E 78 pat 5st) onvergen 


7/2 eos 7/2 cosÓ 7/2 — 
46. do = li dð = li [2v j 4] bd. 
I Asin 0 ue t Asin 0 Pa Su t - = cos 0 d0 


= lim (2—2Vsint) 22—0 —2. Convergent 


t—0T 


0 „1/z t 1/t = 
47. f E z dx= lim lg : = dx = lim ue" (—du) | ERU | 


21 T t20- Jı £ x 120- Jı du = —da/x? 
—— qa = u]-1 use parts ; = 1 1t 
v e [(u l)e iy E Formula Wl ~~ im. | 2e (; 1) € | 
=] 1 
=—--— lim (s-1)? [si] -—--- I 2$. lim 
€ SI 09 € s——oo e 3 € s—-—oo —e-5 
2 
m m 02-- Convergent 
1 l/z 1 1 1 
48 f z dr= lim f Ze"? — dx = lim ue" (—du) mini. j 
o € toot Jy X t0t Jije du = —dz/x 
uds u urit use parts j i VI 
= a. [(u D k E Formula «| 2 E. C 1) $ o| 


=1/t] =o. Divergent 


t 
CO —g . t o—mx : —2c 
49. Area= fe ^ dz = Jim Ji e™” de = lim E | 


too 1 


= lim (-e~* +e7') =0+e™ =1/e 
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50. 


51. 


52. 


53. 


55. (a) 


CHAPTER7 TECHNIQUES OF INTEGRATION 


0.5 


5 

10 

100 
1000 
10,000 


SIE] 


Ji g(x) dx 
0.447453 
0.577101 
0.621306 
0.668479 
0.672957 
0.673407 


co t 
Area = f l dr = lim LEN. uta dx 
1 


x3? +r too f, x(x? +1) 
5 EY x 
= lim EXE TQ UR dx [partial fractions] 
tooo f, (z z^—-l 


t 
= lim Lm L In |a? H il — lim 
ioo 2 1 


— lim 


t 1 
In In 
sim ( /2 +1 J/2 


= + t = 
Area = f^" ze * dz = lim faze * dy 
i—oo 


) =]n1 — n27"? = 


0 
t 
= lim E -e| [use parts wtih u = x and dv 
i—0o 0 
= lim [(—te™* — e *) - (-1)] 
i—0o 


=0 [usel'Hospita'sRue] — 0+1= 1 


Area — 7/^sec?rdr — lim 'se?zdr— lim 
Jo t—(n/2)- Jo t— (2/2) 


= lim (tant-— 0) = œ 
t2(1/2)7 


Infinite area 


o 0 

1 1 
Area — —— dx = lim dx= lim 
2 yr +2 Jm. f Vx+2 12-2 


= lim (2/2-241*2)—-2/2-0—-2V2 


t—=—2t 


It appears that the integral is convergent. 


ln —— 
t— oo Vaz +1 1 


1 
5 In2 


[ina] 


0 


,Dvs*2]; 
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sin? x 


(b -l<sine<1 > 0<sings<1 > 0< 
x 


I ces i ; 
X —. Since — dz is convergent 
pA x? 
1 


co 932 
[Theorem 2 with p — 2 » 1], I = ? dy is convergent by the Comparison Theorem. 
i x 


Since [°° f(a) dx is finite and the area under g(x) is less than the area under f(x) 


on any interval [1, t], [F° g(x) da must be finite; that is, the integral is convergent. 


56. (a xz) = ———. 
(a) : [EET g(x) Jd 


5 3.830327 It appears that the integral is divergent. 
6.801200 
23.328769 


69.023361 
208.124560 


1 1 EN 
b) For x > 2, > -1 > —= < ——. Since — dz is divergent [Theorem 2 with p = 4 < 1], 
(5) Fors > 2, VE > Va Aue ef gent [ »-ixij 
ne 1 "^ ; 
f 1 dx is divergent by the Comparison Theorem. 
2 r— 
(c) 2.5 Since [5° f(x) dx is infinite and the area under g(x) is greater than the area under 
| f(x) on any interval [2, t], f7" g(x) da must be infinite; that is, the integral is 
divergent. 
—0.5 
57. For z > 0, —— < = = : we dx is convergent by Theorem 2 with p = 2 > 1, so ume: da is convergent 
: 3+1 733 z J ag? SM dm Ha x31 E 
; 1 z . Ter LONE 1 g ME. : 
by the Comparison Theorem. 3 dz is a constant, so ——— da = ——— da + dz is also 
o 2241 o 2341 o 2241 , 2541 
convergent. 


1 + sin? 1 age °1+sin? 2 d 
58. For x > 1, IG > f — dz is divergent by Theorem 2 with p = i < 1, so Fem g dz is divergent 
i 


vz ^ ym. Vm E wm 
by the Comparison Theorem. 


oo 


1 ST fes , : 1 vnm 
59. For x > 1, >. | — dz is divergent by Equation 2 with p = 1 < 1, so Í — dz is divergent by the 
x x x 


z—lnz 2 2 t—ln 


Comparison Theorem. 
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t 2 2 
60. For x > 0, arctanz < Tz 2, so RM « « — 2e *. Now 
2 2-4 ev 2+ e? e? 
äi —z : =r : —r]t : 2 : : 
I= 2e "dz = lim 2e "dz = jim [ 2e To jim pee 2, so I is convergent, and by comparison, 
0 i—2oo 0 —oo —0o € 
? arctanz , . 
| ——_ dez is convergent. 
o 2+e7 


1 1 1 x , : : mE! : : 
61. For x > 1, f(x) = E > ae > < =z o f f(x) dx diverges by comparison with f z dx, which diverges 


by Theorem 2 with p = 1 < 1. Thus, [P f(x) dx = fe f(x) dx + f; f(x) dx also diverges. 


62. For x > 1, Edu) < Eua < B = B 2 dx = sf Li dx is convergent by Equation 2 with 
Vi n Vx4 + r? Vrt x 1 x 1 x 


®© 24+cosx 


=2>1,s0 ———— dz is convergent by the Comparison Theorem. 
p i = 8 y p 
63. ForO <a <1 = : > zi Now 
. For e PETEN 


1 1 1 
I= f adr = lim | «73/2? dx = lim |- 2] = lim (2 + =) = œ, so J is divergent, and by 
0 tot J, t—0+ t toot Vt 


. l sec? z. . 
comparison, is divergent. 
o ave 


sin? x 1 


I af Ly = lim a? de= lim EM — lim (27 2v5) = 2r — 0 = 2m, so I is convergent, and by 
o Va Bs * 


: T sin? x ; 
comparison, dx is convergent. 
0 x 


eo i CONI 
wi-[ Six [ Sart f —; dx = I, + In. Now, 
o € o € ix^ 


1 


1 1 
I, = lim —= dx = lim | a = lim | 1+ | co. Since J; is divergent, I is divergent, and there is no need 
tot J, T tot t toot t 


to evaluate 75. 


se t Lo acum | ae i 
66. 7 -f Ta dx = a EU dx 4 if z172 dx = lı + Ig. Since I» is divergent [Equation 2 with p =35< 1], 


I is divergent, and there is no need to evaluate 14. 


wf 1 a= f a H ai f wee tele 
“Jo vz(1- m) o vz(lkz) Ji wvz(1-czx) orf, Va(l+2) tows, Vmr(1-z) 


da = 2u du u=/@,2=u?, o du un —1 => —1 
| wera faites [ac] <2 f eg cim e rtm n 
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dx 


VE +a) 


r 


lim 
t—01 


lim 
t—0T 


68. 


2sec@ tan 0 d0 
2sec0 2tan 0 


ere 


x = 2sec 0, where 
0<0<n/2orn7 <0 < 37/2 


[2 tan"! yz]; + Jim [2 tan"! /z], 


[2($) - 2tan^' Vt] + lim [2tan =" vt  2(4)] 


SECTION 7.8 


y 1 w= f dx +f” dE iim ia dx 
2 xmwWaz?-—4 2 «Vu2—4 3 xwVax2—4  :io2tJ, VT? —4 


| 


+ lim 


too 


IMPROPER INTEGRALS 


ri da 
3 rvVzr2—4 


Now 


= 40 +C = isec ! ($x) + C, so 


i da: : looo l(14Y]9 ; Veoh ATP. dp oa a1 73 l(m d = 1/8 Ls 
^ zgu—3 = lim, [ise (a2)], + jim [ise 7 (22)];— ise (g) 0+ 5(5) — ise (3) =F. 
7 1 » £ 1 : 
69. If p = L then f — da = lim — = lim [Ina], = co. Divergent 
o X? t20t Jy T tot 
1 dx 1 dx 1 ; ; ; 
If p Z 1, then f — = lim / — [note that the integral is not improper if p « 0] 
o xP tot J, TP 
gett 1 1 
= lim = lim — = 
toot [—pcT 1|, sør l—p tpt 
If p > 1, then p — 1 > 0, so p — oo as t — 0* , and the integral diverges. 
1 " ! da 1 is 1 
Ifp < 1, then p— 1 < 0, so 7-7 > 0ast +0 and s Z- b im (t P) e. 
Thus, the integral converges if and only if p « 1, and in that case its value is 7a 
ea 1 © du ; d s 
70. Let u = ln z. Then du = dz/y = ———g dr = —. By Example 4, this converges to ifp > land 
e «(Inz) 1 uP p-1 
diverges otherwise. 
71. First suppose p — —1. Then 
5 $ ‘ing : ‘Ing : 1 21 Du 2 
x” lnzdr = — dz = lim —- dz = lim [i(Inz) is = — 5 lim (In£)" = —oo, so the 
0 o T t20tJ, T tot tot 
integral diverges. Now suppose p 4 —1. Then integration by parts gives 
Pt xP gPth gPth 
x’ Inadz = lng = + C. If p < —1, then p + 1 < 0, so 
J p+1 Ja p+1 (p * 1)? į " 
1 p+1 pri ql —1 1 1 
f 2? Inedx = lim |C—  lnz i z = 5 lim |¢?+* (Int- —— || = 
0 0+ [p+ 1 (p--1?!,  (p41) p t 1/ tot ptl 
If p > —1, then p + 1 > 0 and 
iussisse. d res 1 im Pto 1+1) -1 1 T 1/t 
Jo 2? Ina dz (p+ 1)? pti) root t+) (p+ 1)? p1) rot (pF 1)t- (6*5 
=i —1 
= + im PH = — —— 
(pt 1? (p+1)? 0+ (p * 1? 


1 
Thus, the integral converges to — ————— 
T (p 1) 


z ifp > —1and diverges otherwise. 
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oo t 
72. (a) n = 0: jJ z"e *dz— lim | e*dz— lim [-e *]; = lim [-e* +1] 2041-1 
0 


i—oo 0 i—0o i—0o 


oo t 
n=1: / xe *dx= lim xe ^ dz. To evaluate Just dx, we'll use integration by parts 
0 


ioo 0 


= 


with u = x, dv = e * dx du = dz, v = —e 


So per dx = —xe* J e" dx = —xre  — e” +C —(-zr-1)e ? + C and 


t 
lim | ze ^dz = lim |(-z— le-*]? = lim [(-£— 1)e* +1] = Jim [-te*—-e*+]] 


t—oo 0 t—oo i—oo 


=0—0+1 [usel'Hospital's Rule] = 1 


oo t 
n = 2: I ee "dx = lim xe * dz. To evaluate / z?e * dz, we could use integration by parts 
0 


too 0 


again or Formula 97. Thus, 


t t 
i 2.— : ET : uc 
lim ve “dx = lim [-2?e 7] +2 lin ce ^ dx 
i—oo 0 t— oo 0 t—oo 0 


— 0-4-0-F2(1) [use l’Hospital’s Rule and the result for n = 1] = 2 
t t 


n = 3: I ee “dx = lim awe? dx = lim [-a8e*] +3 lim ve * dx 
0 


t— oo 0 t—0oo too 0 


= 0 +0 + 3(2) [use l’Hospital’s Rule and the result for n = 2] = 6 
b) For n = 1, 2, and 3, we have [7° x"e^* dx = 1, 2, and 6. The values for the integral are equal to the factorials for n, 
0 er q 
so we guess f^" z^ e ^ da = nl. 
c) Suppose that [°° x*e7* dx = k! for some positive integer k. Then (^? z**'e-* dz = lim f’ z^*!e-* dz. 
pp 0 p 8 0 i 0 


To evaluate f z^*e^* da, we use parts with u = z^**, dv = e "dx => du = (k + 1)x" dx, v = —e *. 
So f z^ *1e^* dz = —a**1e7* — f —(k-- 1)s*e * dz = —x" "e^? + (k +1) f z*e^* dz and 


lim Jo z"*le-" dy = lim [72^ te] +(k+1) jim ds z'e-* dz 


i—0oo t—0oo 


= lim [-t**!e^* +0] + (k -- 1)k! =0404 (k - 1)! =(K+ 1)l, 


t—0oo 
so the formula holds for k + 1. By induction, the formula holds for all positive integers. (Since 0! = 1, the formula holds 
for n = 0, too.) 


oo 0 oo oo t t 
T3. [= / xdr = f xdr +f x dx and f xdr = jim xdr = jim [327] = jim E — 0 =o; 
0 0 —oo —oo 0 —2oo 


—oo —oo 0 


so I is divergent. The Cauchy principal value of J is given by 


t t 
jim edz = jim Ed E jim in — ico = jim [0] = 0. Hence, I is divergent, but its Cauchy principal 
oo J 4 —2oo —t —2oo —20o 
value is 0. 
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M 4 ixi 
74. Let k = — so that v = VE ko | v3e^" dv. Let I denote the integral and use parts to integrate T. Let a = v?, 
T 0 


2RT 
dp = ve dy = da=2 dv, B — -7e ku? 
NOME: gos] ode dun. eruca £o 514 2 —kt? l,. [ 1 uw? 
r= jim | oR € MEI ve dvg = -zz jim (te )* zm E 
H ol 1 1 
2k zi OD = gg 
NE: 1 2 2 2V2VRT 8RT 
Thus, 0 = —=k?/?. — = —-__ = —_—____. = "= oM pa 
vm 2k? (kr)?  I[M/(2RT)|/? VM aM 


oo 2 t t 
1 1 
75. Volume = f (=) dx = 7 lim Sg lim EH =7 lim (1-1) =T «oo. 
1 2 ioo 1 Hh t—oo qe ioo t 


* GM t GM —1)' -1 1 M 
76. Work = G — r= lim I £ Lk dr = lim GMm =| — GMm lim (+ + z) = GUM here 
R 7 i t—oo R T t—oo T R t t 


M = mass of the earth = 5.98 x 1074 kg, m = mass of satellite = 10? kg, R = radius of the earth = 6.37 x 10° m, and 
G = gravitational constant = 6.67 x 1071! N-m?/kg. 


6.67 x 10711 . 5.98 x 1074 . 10? 


Therefore, Work = ————— ——————————————— & 6.2 107? J. 
erefore, Worl 6.37 x 105 6.26 x 10^ J 

oo t 
77. Work = f Fdr = lim E dr = lim GmM d. = ony, The initial kinetic energy provides the work, 

R ioo R T too R t R 

ra GmM |. [2GM 
EL MEE ° V R 

5 2r 1 2 

78. y(s) — poe x(r)dr and z(r) = 3(R—r) => 
R EV H3. - 2 2 
y(s) = I FO) dr — lim ESSE aedis dr 


im ————— dr = 
tost Jy r2 — s? tost Jy V/r2 — 62 


R R 
= lim [aS iE NUT n ta dit =] = lim (I; — 2RI; + R?15) = L 
5 t 


to st t r2 = s? ts 


For Jı: Let u = Vr? — s? u? = s?, r? = u? + 3, 2r dr = 2u du, so, omitting limits and constant of 


integration, 


2 co 
- li (ul +s u — Ju du = n + s?) du = iw +3°u= eu(u + 3s?) 
avr? — 3? (r? — 8? + 3s?) = avr? — 8? (r? + 252) 


For I2: Using Formula 44, I2 sr " Taie = mjr + yr? — s2 |. 


For Iz: Let u = r? — 3? du = 2r dr. Then I3 = du i l.2yu- r? — s2. 


Ju 


[continued] 
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Thus, 


R 


2 
L= lim [ive — s (r? + 25?) — an( 5 Vr? — s? + > In|r + Vr? — 8? |) Tyr — zi 


t 


2 
= lim jive — s?(R? 4-25?) — n(5 VR? —s + > In|R + V R2 — s? |) TRMBP- z] 


2 
— lim jive — s? (E + 2s?) en (SVP s? + 5 In|t + Vt? — s? |) + RVE- z] 


= [$VR? = s? (R? + 28?) - Rs? In| R + VR? = s?|] — [- Rs? In|s|| 
Rs? D (Zt PES 


= L/R? — s? (R? + 2s”) 
79. We would expect a small percentage of bulbs to burn out in the first few hundred hours, most of the bulbs to burn out after 
close to 700 hours, and a few overachievers to burn on and on. 


(a) » (b) r(t) = F” (t) is the rate at which the fraction F (t) of burnt-out bulbs increases 
1 LL 


as t increases. This could be interpreted as a fractional burnout rate. 


(c) fg" r(t) dt = lim F(x) = 1, since all of the bulbs will eventually burn out. 


0 700 t 
(in hours) 


e 3 1 1 
80. J = f te™ dt = lim là (kt — 1) | [Formula 96, or parts] = lim (ze 2 e) ( &) 3 


0 


Since k < 0 the first two terms approach 0 (you can verify that the first term does so with l'Hospital's Rule), so the limit is 


equal to 1/k?. Thus, M = —kI = —k(1/k?) = —1/k = —1/(—0.000121) ~ 8264.5 years. 


oo | po-kt x 
81. y= T ENU A B e™™ dt = ex lim ee — ae] dt 
0 


zoo 0 
cN 1 1 "oN 1 1 E oa 
me eli EEPLO ME (—k—2A)t INE E HE Os mE O T c b s um TUNIS. 
200 E d mU à rao CAS C Ka XA (IAT EFA 


_cN fl 1 (OON (k+A-X\ _ cN 
k A kA k A(Kk + A) Alk + A) 


oo x —rt/V 1% 
82. i u(t) dt = lim p Coe" dt = p Co lim E ft = ze r) Tini (eY -1) 


2009 Jo 


= —Co(0 — 1) = Co. 
°° u(t) dt represents the total amount of urea removed from the blood if dialysis is continued indefinitely. The fact that 
p y y. 


0 


JS o. u(t) dt = Co means that, in the limit, as t — oo, all the urea in the blood at time t = 0 is removed. The calculation says 


nothing about how rapidly that limit is approached. 
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oo t 
83. J = l dx = lim 1 dx = lim [tan * v] = lim (tan? t—tan | a) — Z —tan la. 
a «+1 t—00 x? +1 a 


t—0oo t—oo 2 


I1«0.00 = Z-tan'ac0.00 = tana» £—0.001 = a> tan(£ — 0.001) ~ 1000. 


84. f(x) = e^* and Az = 429 = 


So f(a) dz ~ Ss = zt [f/(0) + 4f(0.5) + 2f(1) 4- --- - 2/(3) + 4f(3.5) + f(4)] ~ 1(5.31717808) ~ 0.8862 


Now x > 4 z-z <—r:4 e? ce = Je er dz < f e^ dz. 


[P e7“ dz = lim [-1e7**], = - 1(0 — e715) = 1/(4e!9) ~ 0.0000000281 < 0.0000001, as desired. 


4 i—0oo 


—st]^" —sn 1 1 i 
85. (a) F(s y= fH f(t)e** dt = |: ~ dt — lim | = | — lim (£ 7 + 3 . This converges to 3 only if s > 0. 


noo S 0 


Therefore F(s) = I with domain {s | s > 0}. 
s 


f fe" dt = / eie * dt = lim ets) dt= lim | 
0 0 n= Jo mao |1l—s d 


iid eU 79 7 1 
noo 1 S 1 S 


This converges only if1— s <0 = s> l,in which case F(s) = — with domain (s | s > 1}. 
m 


(b) F(s) 


(c) F(s) = fs" f(t)e dt = lim fj te *' dt. Use integration by parts: let u = t, du = e dt => du=dt, 
— n 
t 1 — 1 1 1 : 
v = — —. Then F(s) = lim | e * ze = lim ( id Tan TOF z) = — only if s > 0. 
8 noo] 8 s o nao se s?en s s 


Therefore, F(s) = E and the domain of F is (s | s > 0]. 


86. 0x f(t) x Me* => O0xf(t)e ^ «x Me"*!e-*' fort > 0. Now use the Comparison Theorem: 


oy ? E 1 — » : n(a—s 
i Mee dt = lim M | © dt =M- lim Je j =M: lim [eno — 1] 
0 n-—oo 0 noo a— s 0 n—oo0,-—sSsS 
This is convergent only whena — s <0 = s >a. Therefore, by the Comparison Theorem, F(s) = [5° 5 e 5: dt is 


also convergent for s > a. 
87. G(s) = f" f'(t)e ** dt. Integrate by parts with u = e *’, dv = f'(t)dt =>  du- —se ?',v = f(t): 


G(s) = lim [f(t)e ^|? +3 fo’ f(e ** at = Jim. f(n)e ^?" — f (0) + sF(s) 


n-—oo 


But 0 < f(t) x Me* = O0xf(t)e ^' < Me“e~* and Jim Me! 9-9) = 0 for s > a. So by the Squeeze Theorem, 


lim f(t)e~*’ = Ofors >a G(s) = 0 — f(0) + sF(s) = sF(s) — f(0) for s >a. 


i—0o 
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88. Assume without loss of generality that a < b. Then 


89. We use integration by parts: let u = x, dv = xe 


90. 


JE f(x 


2 


—g2 . 
x'e dr = lim 


oo 
| i—0oo 


(The limit is 0 by l' Hospital's Rule.) 


Sor 


)dx + [7 f(a) d 


uel 
—-7re 
2 0 


—g2 : 0:2 
e ^ dz is the area under the curve y =e ^ 


r= „im NM 


lim NE NE 


lim SEF 


i—-—oo 


jim, " 


«)dx+ lim f? f(x 


uoo 


x) dx + Jim s f(z) dz 4 f, f (x) dz] 


x) dx + 


f? f(x) 


dx -- lim fj f(a) d. 


z) dz + f? f(x is +f f(x)dz 


= lim S? f(x) )dr + f f z)dz = f^. f(x) dz + f f(x) dx 
-2* dy du = dz, v = Lee So 
+ 7 e^* dz = lim E + 7 e dx = J e^* dx 
2 too | 2e7| 2 Jj, 2 Jo 


2 


€ 


y Iny 


Iny=2 


y= 


for0 <x < œ and 0 < y < 1. Solving y = e7?” for x, we get 


- V — In y. Since z is positive, choose x = 4/— In y, and 


the area is represented by f. is V — In y dy. Therefore, each integral represents the same area, so the integrals are equal. 


91. For the first part of the integral, let x = 2tanO = dx = 2sec? 0 d0. 


j E x’ +4 
[zae] 3 ao = f secó d0 = In [sect + tan 0| 
/133 4 
From the figure, tan 0 = > and sec 0 = XT So 2 
oo CEEI t 
I =| a M CM dx = lim fn = È — CIn|z + al 
0 x2 +4 1-2 i—oo +5 0 
FL VELJ 
- lim e ETE cuia qni Cha] 
r ATA z 
= lim nea) Ed = in( jim EE aa 
too | 2 (t + 2) too (t+ 2) 
_ t+VP44 u 1+t/ VEF 2 
Now L = lim C C 
too (¢ 4 2)° p C (t+ 2) OC lim (t 4- 2) 


If C < 1, L = wand J diverges. 


If C = 1, L = 2 and J converges to In 2 + 1n 2° = 


If C > 1, L = Oand J diverges to — oo. 


In 2. 


) + ln 207! 
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92 I = f (= E ) dr = lim [} n(x? + 1) — $C In(3 + iy = Jim [ne + 1)1/? — In(3t + iee] 
0 eR Ris 


z?7--1 3441 
mn (epe 2? r1 
Ec (m e+ nes) - IA m apres 


For C < 0, the integral diverges. For C > 0, we have 


VEFI u. t/ VE +I E 1 
L= lim —————-— lim Ga 19/53 7 pg li rcr 
too (3t + 1)E/3 — t> C(3t + 1)(0/2-1.— C t>o (3t + 1)(0/5-1 


ForC/3«1 <= C«3,L — and I diverges. 
For C = 3, L = 4 and] = Ing. 


For C > 3, L = Oand J diverges to — oo. 
93. No, I = fj f(x) dx must be divergent. Since Jim f(x) = 1, there must exist an N such that if x > N, then f(x) > 4. 


Thus, — I + I2 = SOF r x) dz + Js M x) dx, where I; is an ordinary definite integral that has a finite value, and 12 is 


improper and diverges by comparison with the divergent integral f. RD i dx. 


a 


oo 1 a oo a 
94. As in Exercises 65—68, we let J = ji dx = I, + I2, where Iı = f = dx and Iz = / E í dx. We will 
0 0 1 


1+2° 1+2° l+za 


show that Jı converges for a > —1 and I2 converges for b > a + 1, so that / converges when a > —1 and b » a +1. 


J, is improper only when a < 0. When 0 < x < 1, we have 1 -l <1 EE: 35 < I The integral 
1 
[2 — dx converges for —a < 1 [or a > —1] by Exercise 69, so by the Comparison Theorem, a Pee) dx 


converges for —1 < a < 0. Iı is not improper when a > 0, so it has a finite real value in that case. Therefore, J; has a finite 


real value (converges) when a > —1. 


: : $ 1 1 
Iz is always improper. When x > 1, n = (+2) = eee 


for b — a > 1 (or b > a + 1), so by the Comparison Theorem, " PI dx converges for b a 4- 1. 
1 


Thus, J converges if a > —1 and b » a 4 1. 


7 Review 
TRUE-FALSE QUIZ 


1. True. See Example 5 in Section 7.1. 


2. True. Integration by parts can be used to show that f z"e* dr = xe” — n f x"— le dx, so that the power of x in the 
new integrand is reduced by 1. Hence, when n — 5, repeatedly applying integration by parts five times will reduce 


the final integral to f e” dx, which evaluates to e”. 
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CHAPTER7 TECHNIQUES OF INTEGRATION 


. False. Substituting x = 5sin 0 into /25 + x? gives \/25 + 25sin?0. This expression cannot be further simplified using a 


trigonometric identity. A more useful substitiution would be x = 5 tan 0. 


dx du 
. False. To use entry 25, we need to first write f —— in the form / ———.,, which suggests making the 
id V9 + e?» 7 +u? ud Š 


substitution u = e”, so that du = e” dz, or du/u = dx. Thus, |== - |- , however, 
/ N ET ATIS 
entry 25 cannot be used to evaluate this new integral. Instead, entry 27 would be needed. 
2 
: : : 4 A B 
. False. Since the numerator has a higher degree than the denominator, ae. EAD Si x = t + — + —. 
z? —4 xz? — 4 r+2 x-2 
Tiie r? +4 zeli d 5d 
' ' x(x? — 4) r  xr+2 z-—2 
2 
x“ +4 : A B C 
. False. N can be put in the form A + i + 2-4 
2 
—4 : A Bz+C 
. False. ee can be put into the form m + oe 
. False. This is an improper integral, since the denominator vanishes at x = 1. 


4 1 4 
c x x 

——— dx = d. d d 

ba is f 12—1 22] II 


1 t 
HH x 
dr — lim dx = lim [41 —1|] = tim 3m? -1| = 
hao 7 iue o 22—1 z ey nj | im in| | 


So the integral diverges. 


True by Theorem 7.8.2 with p = /2 > 1. 


oo 0 oo oo 
11. True f f(x)dx = / f(a) da + / f(x) dz = h +h. ir [ f(x) dz is convergent, it follows that both Jı 
—oo —oo 0 —oo 
and /» must be convergent. 
12. False. For example, with n = 1 the Trapezoidal Rule is much more accurate 


13. 


14. 


15. 


than the Midpoint Rule for the function in the diagram. 


(a) True. See the end of Section 7.5. 
(b) False. Examples include the functions f(x) = e”, g(x) = sin(z?), and h(x) = ane 
True. If f is continuous on [0, oo), then a (a) dz is finite. Since [7° f(x) da is finite, so is 
fo f(x) dx = Tat z)dz + fr° f(a) dz. 
False. If f(x) = 1/z, then f is continuous and decreasing on [1, oo) with Jim, f(x) = 0, but f^ f(x) da is divergent. 
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16. True. 


17. False. 


18. False. 


CHAPTER7 REVIEW 


JE Uf) + 9(a)] de = lim fi (£6) + g(@)] dz = lim (f; f(x) dx + g(a) dz) 
in the sum exist 


EE t : t since both limits 
= Jim. J, f(x)dz- Jim. f, g(a) dz | | 


= hee f(x) dip g(x) dx 


Since the two integrals are finite, so is their sum. 


Take f(x) = 1 for all z and g(a) = —1 for all x. Then f° f(a) da = oo [divergent] 


and [° g(x) da = —oo [divergent], but f^" [f(x) + g(x)]dz =0 [convergent]. 


Jo” f(a) dz could converge or diverge. For example, if g(a) = 1, then [5° f(x) dx diverges if f(x) = 1 and 


converges if f(a) = 0. 


EXERCISES 


2 2,2 2 2 
oe) d= f ad Hia f (+24 E) de = [52 + 22+ 1m la| 
1 1 


T 1 


— (2--4-1n2) - (2-0) 2 Z4 In2 


e 


f en x 


Sec © 


dx= | cosz e"? dx = | e“ du ab 
du — cosz dx 


cg uu o ose pe 


dd 1 7/6 me 1 u=t, dv=sin2t 
4. I tsin 2t dt = |- $t cos 21]" -f (—$ cos 2t) dt Pes ced col 


dt 


5. = 
| a 


> 


a 


2 2. " 
5 - 4,6 2 | 1,5 u-lnz, dv = £’ dg 
f r ln zdr = [ix Ing]; i qu dx |i. pcd 


2 
1 


= 4in2-0- [42°] = 12 ($$ =) = m2 i 


0 du = — sin 0 d0 


Ee sin?0 cos?0 d0 = 2/2 — cos?0) cos?0 sin 0 d0 = fpa u?)u? (—du) | U= e030, | 


= fo (uw? — ut) du = [du - 145]; = ( 


w= 
o= 
— 
oO 
| 
als 
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1 2 1 
dt = dé [partial fractions] = ln|2t+ 1|—Inļlt+1 
] e J (x3 =) [partial fractions] = In |2¢ + 1|—In|t + 1| + C 


787 


788 CHAPTER7 TECHNIQUES OF INTEGRATION 


8. Let x = 4sin0, where —7/2 < 0 < 7/2. Then dx = 4 cos 0 d0 and 


4 
VÀ16 — x? = y 16 — 16sin?0 = v16 cos?0 = 4|cos0 | = 4cos0. Thus, re 
4cos0 1 2 6 
d0 = 0 d0 
/ oe — g? =f 16sin?0 (4cos 0) 16 n 16 — x? 


V16 — x? 


16x pe 


--dpo PO - 


9. Let u = Int, du = dt/t. Then f sin t) 


at= f sinudu= — cosu + C = — cos(Int) + C. 


10. Let u = arctan z, du = dx/(1+ z?). Then 


1 n/A n/A 3/2 
T Varctan x dz =| vudass ale] _ 2 E o| = z . ane? = c Hin 
0 


142? 0 3 | 48/2 


11. First let u = (Inz)?, dv = z dæ du zie dz, v = je. Then J = E (Inz)? dz — je (In z)? — femea 
1 1 1 1 1 

Next, let U = Ina, dV = xdx dU dz, V = =°, so | xInzdz = L2 Inx—= | zdr = ie Inz — <2”. 
x 2 2 2 2 4 


Substituting in the previous formula gives J = $2? (Inz)? — ($2? Ina — 1a?) + C = $27[2(Inx)? — 21nz + 1] + C. 


12. Let t = cos x, so that dt = — sin z dx. Then 


; 1,2 1 u = Int, dv = —tdt 
J sinz coszIn(cosz) dz = f tlnt(—dt) = — t^ nt + f tdt "a -—— 


—-iP])ntr-ij)-.C 


= —icos/rln(cosz) + icos?z + C 


13. Let x = sec 0. Then 


ji Ag [^ tan 0 


sec 0 


14 p es l a cid 
x TF etr G Tee u) du = 2e?” dx 


=stan'u+C=tan 'e”+C 


n/3 7/3 
sec 0 tanga = | tan?0 do = [ (sec?0 — 1) d = [tan 0 gr? = V3 2 
0 0 


15. Let w = 4/z. Then w? = x and 3w? dw = dz, so f e dx = fe - 3w? dw = 3I. To evaluate I, let u = w?, 


dv —e"dw => du=2wdu,v=e",sol = f we” dw = we” — f 2we" dw. Now let U = w, dV = e” dw => 


dU = dw, V = e". Thus, I = w?e" 2[we” fe" dw] = we” — 2we" + 2e" + C4, and hence 


3I = 3e” (w? — 2w + 2) + C = 3e Y* (a?/3 — 22/3 +2) +C. 


2 
TE H= f penpan dz = iz? — 2x + 6ln |x + 2| +C 
x+2 xr+2 


= 
o 
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17. Integrate by parts with u = tan! x, dv = x” dz, so that du = 


1 
1+ 22 


3 = 2a 2 
x? tan ‘edz = lis tan iy — t A y= 1,3 tan !y — l . i y-1 y ape 
3 3J 1-22 3 3 2 y dy = 2x dx 


= ia?tan !z — į [1 +x? — (1 2?)] + Ci 
= §[2e° tan! z — à? + In(1+27)] + C, where C = C1 — 3 


18. Let u = x + 1 so that u + 1 = x + 2 and du = dz. Thus, 


fe + 2)?(a + 1)” dz = fe 41)? du = fe + 2u + 1) u” du = fe + 2u” + u??) du 


ju? | zu iu^ C= d(z 1)? + i(z1)?-i(zr-1?-4C 


49 Tas mud ECT B 
'a?-R2my — z(zr--2) zr r2 


= 1 3 
to get —1 = 24, so A = =}. Thus, f : da= f (+ 2 Jus nbi + $in e2 C. 
x 


x 
z?--2 x x+2 


6 2 2.2 2 4)2 4 2 
a f Fag = [ed sec") yg fees | -fe 1) au= f” + 2u tiu 


tan?0 tan?6 u2 u2 


3 
= u? +2+ : du =~ +2u ligo 1 tan?6 + 2tan@ — cot 0 + C 
u2 3 u 3 


21. f xz coshz dz = «sinha — f sinha dx | Ee paca 


du — dr, v=sinhz 
= cz sinh x — cosh z + C 
z?--8x —3 z?+8r—-3 A B C 


22. ————— = 


LLL - pease == 2 9. 2 
S135 PX "ER crm => x +8r-— 3 = Ar(x +3) + B(x +3) + Cz. 


Taking x = 0, we get —3 = 3B, so B = —1. Taking x = —3, we get —18 = 9C, so C = —2. 
Taking x = 1, we get 6 = 4A + 4B + C = 4A — 4 — 2, so 4A = 12 and A = 3. Now 


2 vany. 
[ 55ge- [ ($- 8- Z ) de = 8in|a|-+>—2in |e +3] +6. 
x 


r z? 2£4+3 


ngseca d eee) cem 


SE | xr —2-2secÓ, | 


2tan0 da = 2sec 0 tan 0 d0 x—2 39-3 
x—2»— 
= f sec0 d0 = In [sec 0 + tan 6| + Cy -Xx5-4x 
—9  Vzi—4 Lj 


— In [z — 2+ vx? — Az | + C, where C = C; — In2 
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=> r—1-A(z-2)-4 Brz. Set x = —2 to get -3 = 2B, so B = 8. Set x = 0 


790 CHAPTER7 TECHNIQUES OF INTEGRATION 


24. 


" u- Vi, 
2" (2du) E = 1/(2 V7) de 


r1 r1 r-c-1 u-3z-1 
25. — dr = —— n dz = LAM y ; 
] sus i lea * | we $ cae | 
[i(u— 1)] +1 f1 1 1 f(u-—1)+3 
PON, 3 — A 
j w+ (G4) 3 3 uas 


1f u 1 2 1 UN NES 4 
=i | —— du | —— a ij 4) 5.-t Zu) +C 
dem vts] um ig 9 infu fog fad (54) + 


=< In(9z? + 6x + 5) + itan !'|i(3z - 1) +C 


2" VER 
| a In2 PE In2 


26. ftan?0 sec?0d0 = Ao sec?0 sec0 tan 0 d0 = f (sec^0 — 1)? sec?0 secÓ tan 0 dO k — A EN 


= f(u? u? du = f(u? — 2u* + u’) du 


= u’ — ve 34 C= i sec’ — 2 sec?0 + 3 sec*@ + C 


27. Vu? — 2r + 2 = Vax? — 2r +1 +1 = /(x — 1)? +1. Since this is a sum of squares, 


we try the substitution z — 1 = tan 0, where —7/2 < 0 < 1/2. Then dx = sec?0 d0 and 


V/ (x — 1)? + 1 = vtan?0 + 1 = Vsec?0 = |sec0| = sec 8. Also, £ =0 — 60 ——«/Aandz—2 > O=7/4. 


Thus, 
2 n/4 n/4 

Í Va? — 2x + 2 dz = y sec 0 (sec^0 d0) = J sec? d0 
0 —mn/A —7/4 


r n/4 
sec 0 tan 0 + In |sec@ + tan 0| | [by Example 8 in Section 7.2] 
L —r/4 


NI = 


= z[((V2 + In(V2 1)) - (v2 + In(v2 - 1))] = 5 [2v2-+ n( 


Java n( ZH l 23] - Leva -n(v3+1)] 


= 4 [2V2 + 2In(V2 + 1)] = V2 +In(v2 + 1) 


5) 


Nile 


NI = 
r 


28. f cos /tdt = f 2x cosx dz 


z x = dv = d 
= 2x sinz — f 2sin z dz Meme d IP SOR 
du- dr, v-—sincz 


= 2g sin z + 2cosz + C = 2 /t sin Vt + 2cos Vt + C 


29. Let x = tan 0, so that dx = sec? 0 d0. Then 


lS | As sec? 0 d0 -=/= 
IU tan sec tan 0 xl 


= f csc0 d0 = In |csc 0 — cot 0| + C 
[72 [a2 = 1 
= 1n go =| +0 =n fok t| +c 
x x x 
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. Let u = cos x, dv = e? dx du sing dz, v = e”: (x) I = f e” cosz dz = e” cosz + f e” sinz d. 


To integrate f e” sin x dg, let U = sin x, dV = e” dx = dU = cosg dz, V = e”. Then 
f € sinz dz = e sina — f e” cosx dz = e* sina — I. By substitution in (*), I = e” cosx + e” sing — I => 


2I = e” (cosx +sing) = I= ie"(cosz -sinz)- C. 


. Let u = V1 + z?, so that du = ai 5 dx. Thus, 


Vl+a2 


c sin(/1 +z?) f 
— da = sinu du = —cosu +C = — cos( V1 +? ) + C. 
V 14 x? 


1/4 


v Letu =z => g = uí, so that dr = 4u? du. Thus, 


f 1 d= f du? du=4 f w du=4 f u— 1+ : du [using long division] 
eet gl/4 Of tu —— ucl util BOE 


= 4(1u? — u - In|u +1|) +C = 22? — AzV/* 4 Aln(z/^ 1) C 


32? — x? + 6x — 4 = Ant By Cat) 
(a? + 1)(z? + 2) zx? --1 x?--2 


32? — a? + 6x 4 = (Az + B)(z? + 2) + (Cz + D)(a? +1). 


Equating the coefficients gives A + C = 3, B + D = —1, 2A + C = 6, and 2B + D = —4 => 


A = 3, C = 0, B = —3, and D = 2. Now 


3 2 = Es 
e a? + 6x IE EA af C ieee) stan 2+ Pan (25) «c. 


(x? + 1)(x? +2) a +1 23242 2 


i . 
d i "u-— 372, dv-sin2zdz, 
. fxsine cosz dr = f da sin 2x dx | 2 | 


du = à da v = — 4 cos 2g 
= —iccos2x + f 4 cos2z dg = —izcos2z + isin2r +C 


1/2 3 s [7/2 3 : [7/2 4 : ES inal) 5,1472 9 
- JE cos?z sin 2a dz = f^^ cos*a (2sinz cosg) da = [7/ ^ 2cos*x sina dz = [-2 cos s =2 


. Letu = 4/z. Then z = u’, dz = 3u?’ du > 


3 
Np r= ur aus MP pude du 
Vr—1l u-1 u—l1 


= u? + 3u? + 6u + 61n |u — 1| +C = x 4-322? +687 + 61n| /z — 1] - C 


3 


. The integrand is an odd function, so f ET dx —0 [by 5.5.7(b)]. 
-3 


. Let u =e”, du = —e * dx. Then 


e "dx —du 


dx 
e Vi-e eS Via 


—sin ! u +C =-—sin !(e *) + C. 
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39. Let u = ve?” — 1. Then u? = e? — 1 and 2u du = e” dz. Also, e? + 8 = u? + 9. Thus, 


Inl0 92 f= 3). 3 2 3 
j/ e" Ve loc: y -ij u du-a[ M 9 ds 
0 e? +8 o u?-9 o u? +9 0 u? 4-9 


2L dct (3)| - 28-27 0] = 2(3 3-7) 6 2 


cos?x du=dx v= įtan? g 


n/4 : n/4 2 
gsn g 2 u-—2, dv= tang sec^z da, 
40. f dx =f x tanz sec gr dgr | | 
0 0 


n/4 m/4 m/4 
= E tan?z] — J tan?rdy = 5.12—0— J (sec”a — 1) dx 
2 0 2 Jo 8 0 


oT L [ana |" T (i 7) T 1 
8 2 0 


8 2 4 4 2 
41. Let x = 2sin 0 (4 g?)?? = (2cos0)?, dx = 2 cos 0 d6, so 
x Asin? 6 2 2 3 
Ie dx J aap reese = [ tan 940 = f sec 0 — 1) d0 
x soif XY, 
—tan0—0-4- C Vis sin (5) EC FEES, 


42. Integrate by parts twice, first with u = (arcsinx)?, dv = da: 


dx 
l= arcsin x)” dx = z(arcsin z)? — [= arcsinz (=) 
J reina}? de = afaresina) JF 


x 1 
Now let U = arcsin z, dV = dx dU = dx, V = —V1- z?. So 
V1 -— zx? V 1- x? 


I = z(arcsinz)? — 2 |arcsinz (—/1— 2?) + f dz] = z(arcsin z)? + 24/1 — z? arcsinz — 2x + C 
m / a i dz f dz OH d qau [soa 
b d ——— dac ee dz = /- = 
Va + 23/2 v/z (14 a) Vo 14 a duo Us Vu 
—4Vu-tC-AV IT aC 


cosÜ sinô 


l—tan0 |, f cosÜ0  cosü ,, [cos0—sinO ,, — . 
44. f 1rtanó 7 J ET " cing dé cox arena In |cosÓ + sin 6| + C 


cos@ | cosÓ0 


45. f (cosz + sinx)? cos2z dz = f (cos? x + 2sinz cosg + sin? x) cos 2x da = f (1 + sin 2x) cos 2x dx 


= f cos2x dz + 4 f sin4r dz = i sin 2x — icos4r + C 


Or: [(cosz + sinz)? cos2z dz = f (cosx + sin z)? (cos? x — sin? x) dz 


= [(cosz + sinz)?(cosz — sin x) dz = 1(cosz + sinz)* + C1 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


CHAPTER? REVIEW 
46. Let u = sin(z?), so that du = 2x cos(z?) da and cos? (x°) = 1 — u?. Thus, 


n (a?) \/sin(x?) dx = frost) cos? (z?) /sin(z?) dx = J (1- u?) vudu 


1/2 2 
= 5 fe? rac 5 (Ful - 207”) +C 


= Van) - 3a C 


2x 


47. We'll integrate 7 = f a da by parts with u = xe?” and dv = ae Then du = (a - 2e?* + e°” - 1) dx 


(1 + 2x) (1+ 22) 


and v = — 
1 me 1 e?*(2r-1) ze? 1 125 2,[/1l x 
feno zou Recte mates t tec e t ARA Mes e up 
2 1422 [| Pues | > 4p a O° Te ae aero) 
1/2 ger? 1 E s 1 1 1 p. 
Th dx = |e” 1 . 
us, f CF2) ^" e ( =) «(3 5) (i 0) 8^ 4 


0 
m/3 | / 
48. f tanl ypz f 


"s EP o) [71 
ja $in20 ja 28sin0cos0 1 


xja wj 2 \ cos 
/3 


1/3 
=| 5 (tan 6)! sec? 0 d9 = [Vian d | j =V/vV3-V1= 3-1 
n/4 T/A 


2 
49. Let u = Ve? = 4, so that e” = u? + 4 and 2u du = e” dz = (u? +4)dx © ay ts = de. Thus, 


1 1 2u 1 1 —ı/u -1 et —4 
dz- | —- du =2 du = 2[ 5 tan (7) -t Red 
fi ju f: wyatt ] zu u (3 an (3 )*e an ( 5 )+e 


50. Let y = VI +F 2”, so that y? = 1 + x? and 2y dy = 22dy => dz = = dy. Thus, 
x 


du = dy, v = —cosy 


f csin(/1 +2?) dz = f ysiny dy porco 


= —y cosy + f cosy dy = —y cosy + siny + C 
= —y 1 + xz? cos y1 + 2? +siny1 +r? +C 
t 


oo 1 t 1 t 1 
51. — — —ZÀ dx = lim —— ———3 dx = lim l(2r -1) ?2dzr = lim | -————— 
/ (2x + 1)? tooo Jų (2x + 1)’ too Ji 2 ) t2o | 4(2x +1)? 


re (ees 1 b uc d 
Ac | (+17 9 4V  9/ 36 


? Ing ` ‘Ing u=Ina, dv=da/x', 
52. 1 up d e lim —, dx f 


1 


u-dz/z v= —1/(3z) 


E CNN e RERO ate, (pi Wir E e 
t>o | 303], Jı 334 ~ t>o 38 9:3|,] tol 3 1909 9 


l 
5 


II 
© 
+ 
© 
— 

I= 
II 
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1/3 : -1/2 
5 (sin 0)~1/? (cos 0)~*/? qg = i l (25) (cos 0) ?d6 
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s. f de uc = [ mue =Injinz| +C, so 
uU 


zing |du= dz/x 


oo t $ 
f a lim f a im [in [In z| | = lim [In(In£) — In(In 2)] = co, so the integral is divergent. 
2 «ne tof, xlnnaz teo 2 t—oo 


54. Let u = yy — 2. Then y = u? + 2 and dy = 2u du, so 


2 
AUT (ot Pade c a [Ge +2) du = oh e] «c 


6 6 6 

y EE y EE 2 3/2 
Thus, dy= 1 dy= 1 E ES, ix =] 
ws, f Te ad Jim, f yee P mos a 


= lim [$ -8- 8-29? -4y1-2]| = $. 


to2T 


4 4 4 
ss. f B lim Bus lim 2 V nz Ava | 
QE C ced. WE C cq : 


= lim [(2-21n4— 4- 2) - (2 vt Int — 4/1)] = (41n4—8) - (0 — 0) = 4In4— 8 


t—0T 
(x) Let u = Ing, dv = 1 dr => dide v = 24/z. Then 
, VE m > = 
I d 
AT de =2.J/elne—2 JT l2vzdinz—4vVz4C 
x Va 
E : 2ln£ u , 2/t . 
G DEM. a mere E N 


56. Note that f(x) = 1/(2 — 3x) has an infinite discontinuity at £ = 2. Now 


2/3 1 t 4 t 
/ dx — lim dr— lim | iln[2 3a | — 4 lim [in |2 3| — m2] = oo 
o 2-32 t(2/3)- Jo 2— 9x 1—(2/3)— 0 t25(2/3)- 


dz. 


2/8 1 1 
Since f dx diverges, so does f 
0 0 


2 — 3x 2 — 3x 


i 1 1 1 
57. | peel lim i (=- sz) ae = lim | (a? —2-U?)dz = lim EP 
] i 


Vx 104 va Va tot J; t30+ t 
= i; 2 2 43/2 1/2 = 4 zs, 4 
= lim (8-2) - (30 -2/95)| =-4-0=-4 
1 1 0 1 
da da da da 
&I—-]| ==] = ——— —— =h+h.N 
E [sum Luca "UCET d 


1 A B 


=> 1=A(x—-2)+ Brz. Set x = 2to get 1 = 2B, so B = 3. Set x = 0 to get 1 = —2A, 
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1; 1 1 
0X TR 2 _ zy: 1 1 E. n 
Iz = lim ( +545) a Jim. [731n|z| + 5 In|x—2\], = lim [(0+ 0) — (—5 Int + iIn|t — 2])] 


toot Jy x oF 


= —i)ln2+4 lim Int = —oo. 
2 2 150 


Since Iz diverges, I is divergent. 


59. Let u = 2x + 1. Then 
1 dx - f” iw aif du "I du 
-œ 4r? +4r +5 f_.u2+4 7f/_.u?+4 ?J]y w+4 
1 1 1/1 1 1 —1/1 t 1 T l[m- T 
= 3 lim [jtan "(5u)], + 5 lim [5tan (3u)]o = [0 - (-5)] +215 - 0] - 5 
© t —1 t t —1 
60. f E ? dx = jim | 2 Z dæ. Integrate by parts: 
= —1 —1 
tan © Jr = lin x [l1 dr _—tan n 1 x E 
$? z xr1+zr? x z  z?-1 
—tan !z 1 2 —tan !g 1 x 
= = +m =s +1)4+C H 3 er Ue 
Thus, 
? tan! g dz= lim tan !z n" 1 In a? lim tan !|t 1 In P m 1 i 1 
ET T oo T 2 2 +1}, to t 2 @+1'°4 2 
—0-ilnicr£-iln2—2-iln2 
61. We first make the substitution t = x + 1, so In(z? + 2x + 2) = In[(a + 1)? + ie In(£? + 1). Then we use parts 
with u = In(t? + 1), dv = dt: 
t(2t) dt 2 t? dt 2 1 
In(é? + 1) dt = t ln(£ +1) — =t In(t?+1)-2 =tIn(t?+1)-2 | (1- z— dt 
n T aep o ad) quei t PFI 
= t In(t? + 1) — 2t + 2arctant + C 
= (x + 1) In(z? + 2x + 2) — 2x + 2arctan(x + 1) + K, where K = C — 2 
[Alternatively, we could have integrated by parts immediately with 4 
u = ln(z? + 2x + 2).] Notice from the graph that f = 0 where F has a p 
horizontal tangent. Also, F is always increasing, and f > 0. 
4 
=2) 
62. Let u = x? + 1. Then x? = u — 1 and z dz = 3 du, so 4 


Fe 


= $ (30? = 2444 -C-i(s.ij?-(-1/7.c 


= i? +1)? (2-1) -3]-C = iva FI (z? —2) -C = 
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796 


63. 


CHAPTER7 TECHNIQUES OF INTEGRATION 


From the graph, it seems as though f vr cos? 


To evaluate the integral, we write the integral as 
I= fen cos?z (1 — cos?z) sinz da and let u = cosg => 


du = — sin z dx. Thus, I = fiw (1 — u?)(—du) = 0. 


x sinz dx is equal to 0. 


0.2 


—0.2 


64. (a) To evaluate f xe ?" dx by hand, we would integrate by parts repeatedly, always taking dv = e~” and starting with 


u = z?. Each time we would reduce the degree of the x-factor by 1. 


(b) To evaluate the integral using tables, we would use Formula 97 (which is (d) ] 


proved using integration by parts) until the exponent of x was reduced to 1, 


and then we would use Formula 96. 


(c) f 25e?" dz = — ie ?" (42? + 10z* + 20x? + 30x? + 30x + 


5 fe ae AA 1 PI 


du = 2dxz 


2 


-12 


15) +C 


= JETZT du) 


8 (g vea- E inju v=] +0 = iua i- Inju + Vu? —4| 4. C 


= 4 (2x — 1) V4r? — 4r — 3 — In |2z — 1 


= —icott csc*t — $ csct cott + 2 In|csct — cot t| + 


. Let u = sin, so that du = cos x dx. Then 


4x? — Ax 3| EC 


: f esc?t dt a —tcott csc*t + 3 f csc?t dt zZ —icott csc?t + 2[-i csct cott + 3 In|csct — cot t|] +C 


2 


C 


22 


f cos 4 4- sin?rdz = f. VZ Fu? du = = V p z In(u Fy22 v?) +C 


= 5 sina V/A + sin?z + 2In (sima + 4 sin?) +C 


. Let u = sin x. Then du = cos g dz, so 


Il 
=~ 
& 
N 
| 
N 
eon 
| 
m 
~ 
N 
i 
|= 


ji cot x dx =f ra |y Fu - 1 V1 den UTERE ec 
V1+2sinz uV/1+ 2u Se vl-2sinr-41 
SOx _1 aw sin (2) +c al a D TENE NE E N. 

du u a u? Va? — u? vA — w/a? a 


(b) Letu=asin@ = du = acos0 d0, a? — u? =a? (1 sin?ð) = a? cos?0. 


a? sin? 


ji Va? — u^ a a? cos? ao = f 1 — sin?0 
u2 


2 2 
Sn Rl 
u a 


ao = feso 1)d6 = —cot8 — 6 + C 
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70. Work backward, and use integration by parts with U = u- "P? and dV = (a+ bu) =t? du => 


dU = Ei —1)9u and V — =i va + bu, to get 
[= = f va = UV — UE 
uri ya + bu b u^ 
_ 2Vatbu ,2/n-1) f atbu _ 
bur} b u” Jat Fay area 
. 2Va+ bu 2(n—1) du i 2a(n — 1) du 
bun-i un-1 Va 4 bu b u” va + bu 
Rearranging the equation gives A= au aa T bu (2n — 3) du 
x D b J uyab —— bw wl Jat bu 
du _ —va+bu b(2n — 3) f du 
u”? Aa + bu a(n — l)un-!i 2a(n — 1) uri /a + bu 


71. Forn > 0, f, x” dx = jim, [a(n + 1), —oo. Forn « 0, fj x” dx = 1 x” da + ft x” da. Both integrals are 


improper. By (7.8.2), the second integral diverges if —1 < n « 0. By Exercise 7.8.69, the first integral diverges ifn < —1. 


Thus, fj" x" dz is divergent for all values of n. 


oo A 99 with m t 
72. [= T e^? cosx dz = lim e^" cosrdx "= lim £ (a cos x + sina) 
0 t—0oo 0 t> | a4 + 1 0 
et 1 1 , 
= Jim. E xd (a cost + sin t) 271 (a) PUSSY jim [e"* (a cos t + sint) — a]. 
For a > 0, the limit does not exist due to oscillation. For a « 0, jim [e* * (a cost + sin t) — 0 by the Squeeze Theorem, 
1 
because |e^' (a cost + sin t)| < e"' (|a| + 1), so I = WEB a) um 


1 b—a 4—2 1 
73. f(x) = mr ôT » 10 


(a) Tio = zł (f (2) + 2(f (2.2) + f (2.4) +--+ + f(3.8)] + f(4)) ~ 1.925444 


(b) Mio = [f (2.1) + f (2.3) + f (2.5) +--+ + f(3.9)] ~ 1.920915 


(c) S10 = £a [f (2) + 4/(2.2) + 2/ (2.4) +--+ + 2/(3.6) + 4f(3.8) + f (4)] e 1.922470 


b-a 4-1 3 
10 10 
(a) Tio = a (1) + 2[f (1-3) + (1-6) +--+ + £(3.7)] + f(4)} ~ —2.835151 


(b) Mio = S; [f (1.15) + f(1.45) + (1.75) +--+» + f(3.85)] ~ —2.856809 


74. f(x) = Vacosa, Ax 


(c) Sio = qe [f (1) + 4f (1.3) + 2f(1.6) +--- + 2/(3.4) + 4f(3.7) + f(4)] ~ —2.849672 


" 2-4 Inc 2 1 
= = + —————. Note that each t f 
f'G) zx?(Inz)?  x?(ln zx)’ T z?(In z)? MON UU eee 
K(b—aj _ 2.022(4 — 2)? 
12n2 ~  12(10} 


Bf@)=—5 > e-r 


f” (a) decreases on [2, 4], so we’ll take K = f” (2) ~ 2.022. |Er| < = 0.01348 and 
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K(b — a? 2.022(8) 1 2 .. 10°(2.022)(8) 
Em| < —-——— = 0.00674. |Er| < 0.00001 eae dex ana aie ALE > 367.2. 
|Eu| < S75 0.00674. |Er| < 0.0000 ee Sage ee T => n2307 
5 
Take n = 368 for Tn. |Em| < 0.00001 & m?» 16 0/022)08) => n > 259.6. Take n = 260 for My. 


24 


T6. i c disc Gv (FO) + 4f (1.5) + 2/(2) + 4f(2.5) + 2/ (3) + 4f(3.5) + f(4)] © 17.739438 


TI. At = (1$ — 0)/10 — %. 
Distance traveled — ig v dt 7: Sio 
= ax; [40 + 4(42) + 2(45) + 4(49) + 2(52) + 4(54) + 2(56) + 4(57) + 2(57) + 4(55) + 56] 


0-3 
= dig (1544) = 8.57 mi 


78. We use Simpson’s Rule with n = 6 and At = a = 4: 


Increase in bee population = f, i r (t) dt z Ss 
= $[r(0) + 4r(4) + 2r(8) + 4r(12) + 2r(16) + 4r(20) + r(24)] 
= 4[0 + 4(300) + 2(3000) + 4(11,000) + 2(4000) + 4(400) + 0] 
= $(60,800) ~ 81,067 bees 
79. (a) f(x) = sin(sin x). A CAS gives 4 


f® (£) = sin(sin z)[cos* x + 7 cos? x — 3] 


+ cos(sin x) [6 cos? x sin x + sin <] 0 27 
From the graph, we see that hs (x)| < 3.8 for x € [0,7]. 
(b) We use Simpson's Rule with f(x) = sin(sin x) and Az = 45: 
So f(a) dz x x3 [f(0) + 4f (45) + 2/ (38) ^ - 4f (58) + f(x] e 1.786721 


From part (a), we know that | (x) < 3.8 on [0, 7], so we use Theorem 7.7.4 with K = 3.8, and estimate the error 


3.8(7 — 0)? 
E ——À—— A- 0. 46. 
as |Es| < 180(10)4 0.000646 
3.85? 
(c) If we want the error to be less than 0.00001, we must have |Es| < E « 0.00001, 
4 3.85? . . j 
son = 646,041.66 = n > 28.35. Since n must be even for Simpson’s Rule, we must have n > 30 


D "-— — 
= 180(0.00001) 


to ensure the desired accuracy. 


80. With an x-axis in the normal position, at x = 7 we have C = 2ar = 45 r(7) = 2. 


Using Simpson’s Rule with n = 4 and Ax = 7, we have 


V = fe" r[r(a))? da e Sa = 3 [0 + 4m ($2)? + 27 (88)? + 4n (4)? +0] = E (21818) = 4051 em’ 
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82. 


83. 


84. 


85. 


86. 


2--sinx 


On WE 


1 1 


eae WR x 


e 1 
ri V1+ a4 


The desired area is 


CHAPTER? REVIEW 799 
1 : 2 I "^ : 1 © 24r sinz 
> — for x in [1, 00). f — dz is divergent by (7.8.2) with p = = < 1. Therefore, ———— dai 
| 1 vt 2 1 Va 
divergent by the Comparison Theorem. 
1 1 een , : 
— for x in [1, oo). -z dx is convergent by (7.8.2) with p = 2 > 1. Therefore, 
iw 
dz is convergent by the Comparison Theorem. 
The line y — 3 intersects the hyperbola y? — z? — 1 at two points on its upper branch, namely (-2 V2, 3) and (2 V2, 3). 
2/2 


A= [7 (s- VF) ae=2 [^ (s- VFI) as afse- be VIPAT ime 2l 
f 0 


—22 


= [6z — 2 Va? X 1 -ln(z + Va? *1)]2 7 = 12. V2 — 2 V2-3 — In(2 2-3) = 6V2 — In(3 +2 V2) 


Another method: A = 2 f? y? — 1 dy and use Formula 39. 
1 


For x in [0, 7], 0 < cos?z < cos x. For x in [ 


T 


£n]. cosz < 0 € cos?z. Thus, 


area — fe? (cosa — cos?z) dx + lm (cos?a — cosa) da 


I [sin z — Ly — 1 sin 20] 7/? + [$2 + į sin 2 — sin z|” = [(1- 7) — 0] + [3 — (3-1)] = 2 


2 


1 
The curves y = 


4 


24 vr 


/2 


1 1 
> 


2-Va° 24+Vz 


are defined for x > 0. For x > 0, . Thus, the required area is 


[Gee ien [Ghi em m Cet) 


1 2 2 
=a 1- — -1+ du = 2|21n 
0 u—2 u+2 


Using the formula for disks, the volume is 


V= 


(oe a [f(x)]? dz = T [7 (cos?zy? dz =r [TP [4 (1 + cos 2z)] dx 


t SUME + cos? 2x + 2 cos 2x) dz = = [1 + $(1 + cos 4x) + 2cos 2a] dz 


S [de 1b sinas) +24 sin22)]5/? = [G1 + $-0+0) —0] = $7? 


Using the formula for cylindrical shells, the volume is 


V= i 2ra f(x) dx = 2r [IP x cos?z dz = Qn fr’? afia + cos 2a)| dz = 2(3) rf? (m + x cos 2x) dx 


0 


dc 7/2  (m/2 la parts with u = x, 
+ [z(3 sin 22)]^ o 3 sin2dsr dx) [em ee 


)=5 +4 1 1) = iG? — 4n) 
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87. By the Fundamental Theorem of Calculus, 


Jo f(x)dx = Jim n fo f'(x) dx = lim [f(t) — f(0)] = lim f(t) — f(0) 20— f(0) = — f (0). 


i—2oo i—0o 


t 
88. (a) (tan ! z),, = lim c tan ! zdr È jim L [x tan !z— 4 In(1 + sj) 
i—cot-— 0 —oo 
E 1 —1 2 EE —1 In(1 HU) 
= Jim. E (t tanit- 4n(1+t y|- Jm E t erm 
2 
BT gas 2/070) age 
2 i—0o 2 2 


(b) f(x) > O and f? f(x) dx is divergent > jim Pu f (x) dx = oo 


fie = Jim Sa F(x) de Ae z= lim i [by FTC1] = lim f(z), if this limit exists. 


too 


(c) Suppose f° f(a) dx converges; that is, jim fi f(x)dx = L < oo. Then 


; 1 3 
fou rs [> [ e| = m m f rn nuc 


t ae: 
(d) (sin x), = Jim i sinz dz = lim (i [- cosa]; ) = lim ( cost + *) = lim ! cost =0 


a eas ó too t—oo t t 


89. Let u = 1/x z-—l/u da (1/u?) du. 


^? Ing ? In (1/u) du ? —]nu ? Inu ^? Inu 
dx = d da=- | = 
f ita? [oe u? ] s uy ] E s f 1 +u? 


Therefore, f mg dz = f in da = 0. 
o 1+2? o 1+2? 


90. If the distance between P and the point charge is d, then the potential V at P is 


VW Me 4 qn sco I uet scs 
CUP fx o, 4m&or? too 4TE0 T 4m&o to dd 4n&od. 


t 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


[] PROBLEMS PLUS 


150 


By symmetry, the problem can be reduced to finding the line x — c such that the shaded area is one-third of the area of the 


quarter-circle. An equation of the semicircle is y = v49 — x2, so we require that Jo V49 — xz? dx = i . im (7)? 


[iz /49 — 2? +2 sin! (z/T)]; = r [byFormula30] = $cV49— C + 2 sin! (c/7) = Br. 
This equation would be difficult to solve exactly, so we plot the left-hand side as a function of c, and find that the equation 


holds for c ~ 1.85. So the cuts should be made at distances of about 1.85 inches from the center of the pizza. 


I dx = en = z? dz = l l du wag 
fj aTr x(a® — 1) xê (x6 — 1) 6J u(u—1) du = 6x° dx 


1 1 1 1 
L(G 1) au g (in lu 1|-1In|u] - C 


x9 —1 
76 


|*c 


Alternate method: 


1 rz u-ci-zm-$, 
] ze [imme Bees 


=} f duju 4 In|u| + C = £ln|1 x | HC 


Other methods: Substitute u = z? or x? = sec 8. 


. The given integral represents the difference of the shaded areas, which appears to 


be 0. It can be calculated by integrating with respect to either x or y, so we find x 


in terms of y for each curve: y = 4/1 — 27 x= 4/1 — y3 and 


y= y1- a3 x= i1-— y7, so 
ota yi — 41 y)dy = (1-05 - V1 — q” ) dz. But this 
equation is of the form z = —z. So Jo (4A a’ — J1— 23) dz — 0. 
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4. First note that since f is increasing, it is one-to-one and hence has an yA Fy) dy 
1 
inverse. Now | 
1 ig 
So f@+f ‘a )da = fo f( x)dz + fo f l 
un 4L 1 p-1 f 
= fo fla) de + fo Fw) dy —— fifayar 

=1 

0 x 


The last equality is true because, viewing f^! as a function of y and using the interpretation of the integral as the area under a 


graph, we see from the figure that the integral gives the area of the unit square, which is 1. 


” of) : o+ fF Loy 
5 [= —— dr = =h4+I 
Ls d+ a® ee c 
Using the substitution u = —z, du = —d« to evaluate J; gives 
0 0 
CONTE f(-u 
“hee er m fe A ETE d 
= f f(u) : du [since f(x) is even] 
Jo l+a% 


T 1 
= f f(u) | = Cu du [using the provided hint] 


— wed 


” flu) e 
Thus, 1 + t= ( f Alu) du | + = dx = MC 
o lta" 0 
6. The area of each circle is 7(1)” = m. By symmetry, the area of the aT ( x) 
p(ix3 
union of the two disks is A = 7+ 7 — AI. Je aS 
I= Joa V1 — z? dx 
30 [= Vl—-a?+ isin-!(£)] a [or substitute a: E sin 0] e 1 2 2 
E T 173 , iz T V3 T T y3 24 y2=] -1P+y?=1 
= (03) - (4:2 +44) =3 = gom Tem PECIA 


w| 


Thus, A= 2n —4(% — 3E) = 9n - 2 4 B= e 


Alternate solution (no calculus): The area of the sector, with central angle at the origin, containing J is 


4r°0 = $(1)?(Z) = $. The area of the triangle with hypotenuse OP is (3) (4) =. 


Thus, the area of I is | — £, as calculated above. 
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7T. The area A of the remaining part of the circle is given by 


A-ar-a[ (Verma - tya) av =a(1- 2) S v a? — x? dx 
0 0 


4 E “ 
2 (a — b) HZ Ege sin! d (a, 0) 


a a 


RY 


e+y=e gp 


which is the area of an ellipse with semiaxes a and a — b. 


Alternate solution: Subtracting the area of the ellipse from the area of the circle gives us ta” — tab = va (a — b) 


as calculated above. (The formula for the area of an ellipse was derived in Example 2 in Section 7.3.) 


8. (a) The tangent to the curve y = f(x) at x = zo has the equation y — f(xo) = f'(xo)(x — xo). The y-intercept 


of this tangent line is f (xo) — f'(zo)xo. Thus, L is the distance from the point (0, f (zo) — f’(xo)x0) to 


the point ( zo, f (xo)); that is, L? = a + [f'(zo)]^ 2%, so [f (xo)? = L E: and f'(xo) = — 


for 0 < zo < L. 


X 2 2.2 
(ijo ee zs y= [ (EE u 
dx zr x 
Let x = Lsin@. Then dx = L cos0 dé and 
—Lcos0 L cos 0 d0 sin? 0 — 1 = 
yc fat fp =e f (imo — esco) do x 2_ x? 
+C 


J/T2~ £2 
= —Lcos0 — Lln |csc 8 — cot 0| + C = -vy L? — x? bin( 2-4 a) 


» Dua 
When z = L, y = 0, and 0 = —0 — LIn(1— 0) + C, so C = 0. Therefore, y = — y L? — x? -m(t 
x 


9. Recall that cos A cos B = 3 [cos(A + B) + cos(A — B)]. So 


f(a) = fy costcos(z — t) dt = 4 fj [cos(t ++ x — t) + cos(t -£ - t))dt = 1 f 


cos x + cos(2t — x)] dt 


[t cosz + 5 sin(2t — =). = £ cosg + 4 sin(2r — x) — 4 sin(—2) 


NI 


= £cosz + 4 sin(—x) — 4 sin(—x) = $ cosx 


The minimum of cos z on this domain is —1, so the minimum value of f(x) is f(a) = 


B 


10. n is a positive integer, so 


f (In z)" dz 2 z(Inz)" — f z-n(Inz)""! (dz/z) [by parts] = z(Inz)" — n f (In x)” dz 


Thus, Jo dna)” dx = dm f nz)" da = Jim, [z(Inz)"]! — n lim. f: (In z)?^! dz 
n 1 if, 
lim (5 n f (Ina)”~* dx = -n f (Ina)"^! dz 
too+ 1/t 0 0 


by repeated application of l'Hospital's Rule. We want to prove that S z (In z)" da = (—1)"n! for every positive integer n. For 
[continued] 
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n — 1, we have 


Jo nz)! dx = (-1) f (Ina)? dx = -h dx = —1 or i Inzdz = lim [vlna = z]; ==] 


t—0 


Assuming that the formula holds for n, we find that 
fo Inz)**! dz = —(n + 1) fo (In x)” dz = —(n + 1)(-1)" n! = (-1)*H (n + 1)! 


This is the formula for n + 1. Thus, the formula holds for all positive integers n by induction. 


In accordance with the hint, we let J, = S A (1— q2)* dx, and we find an expression for J;,41 in terms of Ip. We integrate 


Ij41 by parts with u = (1 — 22)**! => du — (k 4- 1)(1 — z?)*(—2z), dv = dx v = a, and then split the 
remaining integral into identifiable quantities: 


Igi = z(1 — 22)* i + 2(k + 1) fH à*(1 — 2?) dz = (2k --2) f — 2?) [1 — (1— 2?)] dz 
= (2k + 2)(Ik — I1) 


2k 4-2 
So Ip41[1 + (2k + 2)] = (2k + 2) Iku = 9L 31* Now to complete the proof, we use induction: 
2°(0!)? : 
Ip =1= ar 688 the formula holds for n = 0. Now suppose it holds for n = k. Then 


—— 2(k+1)2 (k)? — 2(k--1) 2(k +1)2?*(k!)? 


Ik+ı = LÍ—— dk = L—— 


2k 4-2 2k 4-2 P | 


2k +3 2ka3|(Qkc1!| (Qk+3)Qk+1!  2k42 (k+3)2Qk+1)! 
_ Bk-ipztgy PEHD [+ 1) 
(2k + 3 (2k + 2)(2k + 1)! [2(k 4- 1) 4- 1]! 


So by induction, the formula holds for all integers n > 0. 


(a) Since —1 < sin < 1, we have — f (x) € f(x)sinnz < f(x), and 8 
the graph of y = f(x) sin nz oscillates between f(x) and — f (x). f Jes ipu e 
(The diagram shows the case f(x) — e* and n — 10.) As n — oo, 2 2 
the graph oscillates more and more frequently; see the graphs in -f 
part (b). -8 


(b) From the graphs of the integrand, it seems that im S 5 f (x) sin nz dx = 0, since as n increases, the integrand oscillates 


more and more rapidly, and thus (since f" is continuous) it makes sense that the areas above the x-axis and below it during 


each oscillation approach equality. 


n — 100 n — 200 
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(c) We integrate by parts with u = f (x) du = f'(x) dx, dv —sinnzdy > v=— 2. 
1 1 1 1 
f f(x) sinnz dx | LE) cos d f oe f' (2) dx = 1 (f cos nz f' (x) da — [f(x) cosna] ;) 
0 n o Jo B n Jo 


= 2 [fe cosnaf'tz) de f(0) ~ f(1) conn] 


Taking absolute values of the first and last terms in this equality, and using the facts that |a + 8| < |o] + |B], 


Jo f(x) dz < fo |f()| dx, |f(0)| = f(0) [f is positive], |f/(x)| € M for 0 < x < 1, and |cosna| X 1, 


|o (x) sin nz de| < 2 [Lj M de] + 16091 + 161] = [M + 1/001 + LF) 
which approaches 0 as n — oo. The result follows by the Squeeze Theorem. 


13. 0 < a < b. Now 


ra [ba + a(1 — a:)]' a= f 4 du [u-bxz--a(1—2)] = | Dus | - DAA : 
" a (b—a) (t--1)(b—a)], (t 1)(b— a) 
peti _ giti vt pog 

Now let y — lim |i . Then Iny = lim E In aan . This limit is of the form 0/0, 

so we can apply l'Hospital's Rule to get 

ny ii [H 1 | . blnb—alna 1 binb ala Wesi pe/(b—a) 

—0 ptt — attı t+1 b—a b—a b-a eaa/(b—a) 
p^ 1/(b—a) 

Therefore, y — e^! (=) 

14. 12 From the graph, it appears that the area under the graph of f(x) = sin(e”) on the 


? — integral as I = 1 f(x) dz = ids f(x) dz — R f(x)dx, and use FTCI to find 


| d | | interval [t,t + 1] is greatest when t ~ —0.2. To find the exact value, we write the 
i 


dI/dt = f(t-- 1) — f(t) = sin(e^*") — sin (e*) = 0 when sin (e*t!) = sin(e*). 


Now we have sin x = sin y whenever x — y = 2kr and also whenever x and y are the same distance from (k + i)m, k any 
integer, since sin z is symmetric about the line z — (k + i)m. The first possibility is the more obvious one, but if we calculate 
" 


ett! — ef = 2kr, we get t = In(2km/(e — 1)), which is about 1.3 for k = 1 (the least possible value of k). From the graph, 


this looks unlikely to give the maximum we are looking for. So instead we set ett — (k + i) = (k + i) -t s 


t4 


ett +e = (2k+1)}r e æ(e+1)=(2k+1)r e t-ln((2k--1)r/(e--1)) Nowk—- 0 = 


t = lIn(r/(e + 1)) ~ —0.16853, which does give the maximum value, as we have seen from the graph of f. 


8 5 5 
15. Write I = | —~—— de = | a5. —* de. Integrate by parts with u = «3, dv = —" — dx. Then 
(1+ x8)? (1+ x8)? (1+ x8)? 
1 x? 1 x 
= 2 : cuius > 
du = 3x dx, v 6+ a5) I 6 F r°) + 5 / Tun: dx. Substitute t = x? in this latter 
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2 
integral. f “dx = s/o = iu t+C = z tan“ (a?) + C. Therefore 


Ipa? 3/ 1-08 3 
I E + ban iae Returning to the improper integral 
6 +25) 6 E ie 
oo xt 2 t zê z3 1 oe t 
dx= li ay dx = l —————— + =tan™ 
iB (rs) wo ef, Fay ża | satay Tai e » 


; e TEE Lcd 
= jim ( 605 ^ g tan C)+ sn g tan (—1) 


—— = 2u u = Vtan a, u? = tanz 
16. / fangae = f u( 74 au) bass c dz, TON EE aa 
Factoring the denominator, we get 
ut +1 = ut + 2? +1- 2w? = (u? +1)? — (V2u)” = (u? + /2u +1) (u? — V/2u +1). So 


2u?  Au+B Cu + D 
ut+1 oy24+V2utl1 uw2—42u-c1 


Equating coefficients of powers of u, we get A + C = 0 (u?)), B — /2A-- D + V2C — 2 (u°), 


2u? = (Au + B)(u? — /2u+1) + (Cut D)(w? + V2u+1). 


A-V2B4+C+4+V2D=0 (u), B+ D — 0 (constants). Substituting —A for C and — B for D in the u-equation leads to 


B = 0 and D = 0, and then substituting those values in the u^-equation gives us A = —1/\/2 and C = 1//2. Thus, 


[a du=—, f u dia =J u du 
u^ +1 J/2 pu V2) u2—2u-41 
(2u — v2 EUN PEA AR 
ja ES du 
TS —— v2 2u-41 
s Qu — 2 du +3 du Qu + 2 duts f du 
"75 u? — /2u-1 u? — yore ts ae zs uz+/2u+1 2/ w+/2utl 


2 ut _l du n(u u n ou 
p QAUM MET mane ae) Jie 


Dl m Vut 1 l oqQíj-l1A2,1 1 et | 
Taa. PRUs | 21/2" A +i 1//2 : 


V2, tane—V2tanz+1 v2 E /2 x 
= 2 p —— — M — tan (2 tan — 1) + tan !(V2tanz--1)-C 
4 tanz--wvV2tanz--1 2 ( ) 2 ( ) 


17. An equation of the circle with center (0, c) and radius 1 is z? + (y — c)? = 17, so 


an equation of the lower semicircle is y = c — V1 — z?. At the points of tangency, 


the slopes of the line and semicircle must be equal. For x > 0, we must have 


1 r 2 2 
oS m rA z—241—z z^ =4(1 — z^) 
V1— zr? 


5a2 = 4 x 2 x 2/5 and so y = 2(2 5) = V5. 


[continued] 
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The slope of the perpendicular line segment is — i so an equation of the line segment is y — 4/5 = -i (a = 2/5) e 


y= -ix + i54 2/5 e y= -ix + v35, so c = v5 and an equation of the lower semicircle is y = V5 — v1 = a2. 
Thus, the shaded area is 
(2/5)v5 


(2/5) 5 oc " 1 
2f (vs 1 2) 2x] de 22 V8z— 5V1— 2? — zsineg’ 
0 L 


| 
=2[2— $ 5 -iac(L)-i-20 
2 


| 5 y5 2 v5 
=2|1— tou (=)| =2- sin(=) 
ae 5 5 
dv dv du um 
18. (a) M y ub — —Mg (Mo — bt) di ub — (Mo — bt)g di Mo — bt g 


v(t) = —uln(Mo — bt) — gt + C. Now 0 = v(0) = —uln Mo + C, so C = uln Mo. Thus 


Mo 
4 = ae o — gt. 
v(t) = uln Mo — uln(Mo — bt) — gt = uln Mw I 
(b) Burnout velocity = (32) — uln Mo — M2 7 = I=; =ul TA B s 


Note: The reason for the term “burnout velocity” is that M» kilograms of fuel is used in M2 /b seconds, so v(Mz2/b) is the 


rocket's velocity when the fuel is used up. 


(c) Height at burnout time — (52). Now w = v(t) = uln Mo — gt — uln(Mo — bt), so 
g? u : u 
y(t) = (uln Mo)t — uS (Mo — bt) In(Mo — bt) + ut + C. Since 0 = y(0) = y Mo In Mo + C, we get 


2 
C= -Mo In Mo and y(t) = u(1 + In Mo)t — 2: + z (Mo — bt) In(Mo — bt) — TMo In Mo. 


Therefore, the height at burnout is 


M3 = M3 g( M2 s li u 
(5) = u(1 + In Mo) 5 at 5 ) + pi nM g Mo In Mo 


2 2 
u u u g ( Ma u u Mı g/Mz 
—-3M- -MiInMo-- -MilnMi - £( 22) 2 2M; Mi Z2 -8 72 

ULM d : CR) prp : CR) 


[In the calculation of y(M2/b), repeated use was made of the relation Mo = Mı + M». In particular, 


t = Mafb Mo — bt = Mi] 


(d) The formula for y(t) in part (c) holds while there is still fuel. Once the fuel is used up, gravity is the only force 


dv dv 
dt dt 


v(t) = o( 2) -o(1- 2) > «e - (28) (1-2) - (1-98 to where c) = y( 2), 
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g v(t) gt + c1, where ci - (3) n 


gM» 
b 


=> 


acting on the rocket. —Mig = Mı 
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2 
«so (16) « (48) (AB) (9) 


: Me gt? u u 
To summarize: For 0 < t < F y(t) = u(1 + In Mo)t — S + b (Mo — bt) In(Mo — bt) — ; Mo In Mo 
2 
[from part (c)], and for t > Mz ,y(t) =y Ma Hv Ma t Ms 2 (t M2 [from above]. 
b b b b 2 b 
y (=) and v (=) are given in parts (c) and (b), respectively. 
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1. 


2. 


10. 


11. 


-Y= zT 


[L] FURTHER APPLICATIONS OF INTEGRATION 


Arc Length 


y —3-2z L= [?, /1+ (dy/dx)? dz = f?, JA ? dz = V5 |x IE 1 = V5[8- (-1)] = 4v5. 


The arc length can be calculated using the distance formula, since the curve is a line segment, so 


= [distance from (—1, 5) to (3, —3)] = /[3 — (- 1)? + (-3 — 5)? = V80 = 4v5. 


at x 
de J4 x? 


r= [v (2) æ= f yita wn [eati s ET 


= 2[sin- (S) = 2(sin ! 1— sin^ te 


The curve is one-quarter of a circle with radius 2, so the length of the arc is (27 - 2) = 7. 


Using the arc length formula with y = v4 — x? we get 


.y =r? > dy/dr=32? => 1+ (dy/dx)? = 1 + (32°). So L = ff VIF 9x dz. 

.y—ec => dy/dr=e => 1 + (dy/dx)? = 1 + (ey = 1 + e. So L = f? VIF e da. 
.y=x—lnz > dy/dx=1-1/e => 1+ (dy/dx)? = 1 + (1 — 1/x)}?°. So L = f$ 1+ (1-1/2)? dx 
.x=y +y => dr/dy=2y+1 > 14 (de/dy)? =14 (2y+1)?. So L= f 4/14 (2y +1)? dy. 


.r-—siny => dzx/dy=cosy = 1+ (dx/dy)? = 1 + cosy. SOL = fol? A1 costy dy. 


y? =lng r= et? dr/dy = 2ye!” => 14(dx/dy)? =1+ Aye? , So L = ies V1 + 4y2e2v* dy. 


253/ => dy/de=a2/? = 1+ (dy/dx)? = 1+ z. So 


2 
= fo VIF ade = fi (+2)? de = 30-2] = 368 — 12) = $(8v3 - 1) = 2V3- 3. 


y = (1+4) = dy/da = 3(a + 4)? => 1+ (dy/dx)? =1+ 2(x + 4). So 


4 
L= f; 1+ $4 4)dz = f; (10-22) ^ de = [5 (10+ $2)°"| = $099 — 10°), 


y=3(1 +2?) = dy/dz;—2z(14-2?)/? => 1+ (dy/dx)? = 1 + 4r?(1 + x°). So 
L= f; VIF A21 22) dz = f Vict 3-43? E 1dz = fp /(222 +1)? dz = f, |22? + 1| dz 


= Gs +I) de = [$9 +a], = (3 +1) - 07$ 
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12. 36y? = (a? 4), y> 0 y= 4 (a? 4) dy/dx — 


1+ (dy/dx)? = 1 + ia?(a? — 4) = Ix — à? +1 = F(2* — 42? + 4) = [4 (2? —2)]°. 


3 
x 1 dy 2 1 
13. y= > +— ma — 
Y= Bo T Tr da” 4x? 
dy V. 1 : 
z16j - 3d 5 yam tota Da So 


i PS 


r? SERED sass n TNT DE 
3 E^ : ; ; 4 3 8 24 


y 
14. | 
" " Ay? dy 24% 2" 


= = —3\ 2 
*(dz/dyp =1 +39? -3+ 3y t = ay tatay = (gy Hgy). So 


AIK 
L— 


L= f? (iv? + iu)? dy = f? (v) + iu’) dy = [5^ - 1y 7]1 = 2- 4) 


dy | cos2x 


15. y = 4 In(sin 2x) 


dy M? 
- cot2r => 1+ oo em 1 + cot? 2x = csc? 2x. So 
dx sin 2x dx 


7/6 7/6 7/6 pte u = 2x 
L f v csc? 2x dx -f |csc 2a| da: =| csc 2x dx = J csc udu | E | 
1/8 


7/8 7/8 n/A 


5 [In ese u—cot uj - ; h(i =) In(v2 D] = ; L 5 -In(V2- D] 


16. y = In(cosz) = dy/dx = —tanz = 1+ (dy/dx)? = 1 + tan?z = sec?z. So 
L= 1055 v sec?z dx = jv secz dg = [In |secz + tan «| ]*/° = In(2 + V3) —In(1+ 0) = In(2 + v3). 


17. y = In(sec x) 


d t ? 
Mec Ta M UE 1+ dy = 1 + tan?z = sec?x. So 
dx sec x dx 


m/4 
L = i Vsec22 dx = js [sec z| dx = ae seca dr = [In [seca + tan z | 
0 
= In(V2 +1) 2 In(14- 0) = In(V2 + 1) 


18. c=e%+4e"% = da/dy-e"— ie" = 


+ (da/dy)? =1+ (e* — levy —14 (e? ic ke”) =e” +i + pe” = (e” + le’, So 
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9 
L= f? (bv? + y) dy = t [BP eo^ Moore 2:3) - 12:1) 


=3(04- ) = 360 = 8. 


20.y=3+4cosh2x = dy/dr=sinh2c = 1+ (dy/dx)? =1+sinh?(2x) = cosh?(22). So 


L= ie cosh“ (22) )dz = fo cosh 2z dx = [i sinh 2z]^ = isinh2—0— i sinh 2. 


Ing dx 27 2x 


dy V had dis wb ws ul 1 jx 
1+(—) =1 5+ eee eee r+ ).sS 
+(#) * (i 2442) 4^ "2*4 7275 on} °° 


21. y ze 


r= f "EN a) a= f° pet >| de [G rts) dx 
2x 
1l» 1 3 1 
= |Ż -I +—In2 In2 
E mu (1+ 1m2) (1«9)- 475419 
dy 1—2x 1 2— 2x || []i-c 


22. y= Vz-—a?--sin (vac = + = 
4 ( ) dx  2/r—z32 We J/l—-xr 2vrvi-r x 


dy V 1- 1 l 
1+ ( 3 TED = z The curve has endpoints (0,0) and (1, 3), 


so L= fj v1/zdz = lim fi! l/rdzr = lim [2 Vz]; = lim [2V1-2v1] 2-0 — 2. 


t—0 


dy 1 


2 
23. y = In(1 — x^) a peat 2x) 
TU yet 4x? 1 — 2a? +a +40? 14227 +r (1+2?) 
dz ü- a5 (1— 2) ü-a 7 a» 
2 24.2 2 
" + (2) = (4) = LL = —] + — [by division] 14 — + — [partial fractions]. 


1/2 
soL= f (ue : ) de = [-2+ Int +a In|1 ale st 3+m3—In$)-0=In3 
0 


1+ l-r 


24. y=1-e™ = dy/dt=—(-e*)=e” 1 + (dy/dx)? = 1 + e ?*. So 
2 e-? 
ie Vite* ade = | V1+u? (-i«) [u = e7*] 
0 1 
23 [s [tn B 
u 


—2 


e 
1+ zi [or substitute u = tan 0] 
1 


IPAE viet abe va 


— In(1-4- v1 +e) -= lne? — V1 + et — In(14 V2) + V2 
— In(1-- 14 e-?) +2- VI+ e-? — In(1- V2) + /2 
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25. y = 


i 
2 


z? => dy/de=x => 14 (dy/dx)? = 1+ x°. So 


L= f} VIF de =2f) VIF ade [wsymmey] Z 2[2/I +2? + 4n(x+ VI+27)], p e] 


x = tan 


= 2[(} VZ+ $m (14+ v3) - (0+ 1n1)] = VZ+ (14 v2) 


x = (y — 4)? [frs >0] => dz/dy = 3(y — 4)? => 


pq uq l Vu (ád a =4[2 x 
= ay y= u ($ du) du = 9 dy = e[s" 13/4 


From the figure, the length of the curve is slightly larger than the hypotenuse 


27. 
28. 2 
r 7/2 
29. 2 
30. 


of the triangle formed by the points (1, 2), (1, 12), and (2, 12). This length 
is about 4/10? + 1? ~ 10, so we might estimate the length to be 10. 
y—zx?-pa? > y =2r+3r? > 14+(y’)? =14+ (2r +32). 


So L = [? J/1- Qa + 322)? dz ~ 10.0556. 


From the figure, the length of the curve is slightly larger than the hypotenuse 


of the triangle formed by the points (1, 1), (3, 1), and (3, $). This length 
ba is about (2)? +(3- pn? ~ 1.7, so we might estimate the length to 
an - 
B T be 1.7. y=x+cosz y —1-sinz 
2 


1- (y)? = 1+ (1— sinz)?. So 


L= fr? JA- ( — sinz)? dz z 1.7294. 


From the figure, the length of the curve is slightly larger than the line 


segment joining the points (1, 1) and (4, V4 ). This length is 


(4— 1)? + (V4 — ly = 3.057, so we might estimate the length of the 


curve to be 3.06. y = Vx = x!’ y ig 2/3 > 


1+ (y? 214 te“. So L= f? 4/14 17/5 da 3.0609. 


From the figure, the length of the curve is slightly larger than the line segment joining the 


points (0, 0) and (1, tan 1). This length is ,/(1 — 0)? + (tan 1 — 0)? ~ 1.851, so we 
might estimate the length of the curve to be 1.9. y = rtanz => 


y —cxsecr-Ftanz => 1-(y))-1-(xsec^r- tanz)?. So 


L- y J1+ (zsec?z + tan x)? dx ~ 1.9799. 
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31. 0.4 From the figure, the length of the curve is slightly larger than the line segment 


joining the points (1, git and (2; 28.7); This length is 


V/(2 — 1)? + (2072 — e-1)? ~ 1.0047, so we might estimate the length of the 


1 2 curve to be 1.005. y = ze * y re” +e” => 
0.2 
1+ (y)? = 1+ (e™” — ze *y?. So 
L= f? /1+4 (e-* — ze-7)? de ~ 1.0054. 
32. 2 From the figure, the curve is slightly larger than the sum of the lengths of the 


NT" line segments joining the points (—2, In 8) to (0, In 4), and (0, In 4) to (2, In 8). 


These line segments each have length 4/ (0 + 2)? + (In4 — In 8)? = 2.1167, 
so we might estimate the length of the curve to be 2(2.1167) — 4.2334 or 4.25. 
=2 2 
Ax? 
CER 


2x 
x? + 


4 
25 i Ag? 
L= —— dx 7x 4.2726. 
So Je br ray X 726 


33. y=asing = dy/dx = xcosz--(sinz)(1) = 1+ (dy/dx)? = 1 + (xcosx + sinz)?. Let 
f(z) = y1 + (dy/dx)? = 4/14 (xcosx 4- sinz)?. Then L = Jot f(z) dz. Since n = 10, Az = 2559 = 2. Now 
L& Sio = FE [f(0) + 4£(8) 2f (8) + 4£ C) + 2/89) + 4f(F) 2) 


HASCE) + 26 (AF) +46 (F) + fQ8)] 
~ 15.498085 


y =ln(z? +4) > y'= => 14(y)?=1+ 


The value of the integral produced by a calculator is 15.374568 (to six decimal places). 


34. y = eU = dy/dx = e 2x) L= y f(x) dz, where f(x) = v 1 + 4z2e-?27, 


Since n = 10, Ax iy i. Now 


L ~ 819 = HË [f(0) + 4f (0.2) + 2f (0.4) + 4/(0.6) + 2/(0.8) + 4f(1) + 2/(1.2) 
+ Af (1.4) + 2/(1.6) + 4f (1.8) + f(2)] 


zx 2.280559 
The value of the integral produced by a calculator is 2.280526 (to six decimal places). 


35. (a) Let f(x) = y = x V4— x with0 < x < 4. 3 
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(b) The polygon with one side is just the line segment joining the 3 
points (0, f(0)) = (0,0) and (4, f(4)) = (4,0), and its 
length Lı = 4. 
The polygon with two sides joins the points (0, 0), 


(2, f(2)) = (2,2 4/2) and (4, 0). Its length f 4 


0 
Ly = y (2-0)? + (232-0) + (4-2? + (0-292 = 2 VIF BF ~ 6.43 


Similarly, the inscribed polygon with four sides joins the points (0, 0), (1, 73), (2,2 4/2), (3,3), and (4, 0), 


so its length 


La = JA (YB) + Ji (232 48) + 14 (3-22) + VIF9~ 7.50 


(c) Using the arc length formula with w = ia — 2)? (1) + ¢#/4—a¢ = ———.. the length of the curve is 


3(4—a)2/3” 
4 2 4 2 
_ dy u 12— 4x 
is yi (E) a= f Med 


(d) According to a calculator, the length of the curve is L ~ 7.7988. The actual value is larger than any of the approximations 
in part (b). This is always true, since any approximating straight line between two points on the curve is shorter than the 


length ofthe curve between the two points. 


36. (a) Let f(x) = y = x + sin x with 0 < x < 2m. 2m 


0 27 


(b) The polygon with one side is just the line segment joining the points (0, f(0)) = (0, 0) and (27, f(27)) = (27, 27), and 
its length is J/(2z — 0)? + (27 — 0)? = 2 V2 zz 8.9. 
The polygon with two sides joins the points (0,0), (m, f(a)) = (a, 1), and 27 


(27, 27). Its length is 


y(r — 0)? + (m — 0)? + J/(2n — T)? + (2x — T)? — 2m 4- 2m 


— 242m 8.9 
Note from the diagram that the two approximations are the same because the sides 
of the two-sided polygon are in fact on the same line, since f(7) = 7 = 1f (27). d * 
[continued] 
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The four-sided polygon joins the points (0, 0), (3, $ + 1), (7,7), (22, = — 1), and (2m, 2), so its length is 


Va) ++ ey GY «(6-1 + vGY *(G- 0 + VG «(8 1j 94 


(c) Using the arc length formula with dy/dx = 1 + cos, the length of the curve is 


L= fo" /1+ (F cosz)? dz = fo" /2+ 2cosa + cos? de 
(d) The calculator approximates the integral as 9.5076. The actual length is larger than the approximations in part (b). 


y= => dy/dy—e* => 1+ (dy/dr? > 14+" = 
2 e? 1 " 
= Qa = uw ee MITES, 
r= f l+e da= f Vil+u (24) psg 


2 
/ 2:4 1$ / 4 
Le Ltv | xi 14 et mit T (va nit) 
1 


2 ree In i 


= VI+ et -In(14 VI +e?) -2—- /2-In(1-4 v2) 


An equivalent answer from a CAS is 


— 2 + arctanh(/2/2) + vet +1 — arctanh(1/ /e +1). 


y= > dy/dx = $x" => 1+ (dy/dx)? =1+ £x” => 


— 4571/3 du = 4972/3 d 
1 16,.2/3 (4/3 281,2 u—$3v',0u—5$* uc 
fo 1 a? da = fo Vitu Bu" du "ar A os 
2 7 4 


9 ,,2 81 
ig" du = gu du 


L 


Z E [Lu 2u)V1-cu - Lin(u+ VIF)? = IER S)y2-— in(ie &)| 


= (4-9-3 -—$¢ln3) = Z2 — £ In3 e 1.4277586 


The astroid z?/? + y" 3 — 1 has an equal length of arc in each quadrant. Thus, we can find the length of the curve in the first 


quadrant and then multiply by 4. The top half of the astroid has equation y — (1 — x?! ayer ? Then 
2 
dy/dx = —2~1/3(1 — z”)? => 1+ (dy/dz =14+ |-«^ü — ud =14477/3(1 — 97/9) = 2-7/8, 
1 
So the portion of the astroid in quadrant 1 has length L = i vVz-?/3 dy = i x71 de = [2| tas 3 -0= 3. Thus, 
the astroid has length 4(3) = 6. 


(a) Graph of y? = x: 7 


2 2 
(b) y= gle > 14 (2) =1+ (32-7) =1+ Sura So L = fs Vau $2-2/3 dx [an improper integral]. 
Xx 
3/2 dz? a, 1/2? 9 1 9 
g=y = ve (s) =1+ ($y?) =1+ iy So L= fo 4/1 + 3y dy. 


1 
The second integral equals $ . 2 la + y) A EA (2 wis 1) = WBVIB— 8 [continued] 
0 


27 8 
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The first integral can be evaluated as follows: 


Ew MEET: u = 9a? 
Em zii , 
[Vra am [enam fae [eia] 


9t2/3 
V 1 2 3/2 a 1 3/2 3/2 13/13 — 8 
TE TAE A g -4 7 —w 


(c) L = length of the arc of this curve from (— 1, 1) to (8, 4) 


= ene [e Sven E E 


7 es - Sao i1) = DAT Se 


9 AS 
(1 + 2y) | [from part (b)] 


=> 1+ (y')? =1492. The arc length function with starting point Po(1, 2) is 


2 [a + 9x)3/? — 10 vi0]. 


s(x) = f? VIF dt = [Fa ope] S 


1 


1 
42. (a) y= f(x) = In(sinz) y == cose cot x lc (y) =1+cot?2=cse? 2 => 


V 1+ (y’)? = Vesc? x = |csc x|. Therefore, 
Saja v4 ?dt = [7,,csctdt = [In Jeset — cos | 


"1/2 


= In |csc x — cot z| — In |1 — 0| = In(csc x — cot x) 


(b) Note that s is increasing on (0, 7) and that x = 0 and x = ~ are vertical 2 


asymptotes for both f and s. 


The arc length function s(x) uses x = 7/2 as a starting point, so when 


x < 71/2, it gives a length of arc moving in the negative x direction. 


Thus, s(x) is negative when x < 7/2. 


1 tu 
43. y = sin x + y1 -— x? jea 2 


V1-z? V1-z? V1— x? 


(1-2)  1l-a’4+1-22+2? 2-2 21-2) 2 
1-2? 1— a? 1-2? (1+2)(1-2) l+ 


V1+(y')? =4/ — Thus, the arc length function with starting point (0, 1) is given by 


1+(y’)? =1+ 


€— a V3 [VIFTE]? =2V3(VIF= - 1). 


44. (a) s(x) = f? /1 + [f'(t) dt and s(x) = f; V3t-5dt. => 14+([f'())P?=3t+5 > [f'HP=3t+4 = 


f'(t) = V3t+4 [since f is increasing]. So f(t) = f (3t + 4)'/? dt = 2. 3(3t+ 4)3/? + C and since f has 


y-intercept 2, f(0) = 2 -8 + C and f(0) = 2 C=2-— Ê = 2, Thus, f(t) = 2(3t + 4? + 2 
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46. 
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(b) s(x =f V8t 5dt = [iet] = pGr +5- 305). 


s(z)=3 e (8:45)? —3-2(5/8) &e (3r+5)? =Z 45/5 & 3r+5= (X 455)" > 
m= i | +575 7 = J . Thus, the point on the graph of f that is 3 units along the curve from the y-intercept 


is (a1, f (21)) z (1.159, 4.765). 


The prey hits the ground when y — 0 180 — iz?-—0 z? —45.180 = x= v8100 = 90, 
since x must be positive. y = -x => 1+(y )^?=1+ 352 27, so the distance traveled by the prey is 


90 4 
J 4 u= 2r 
= — r? dr = / 2(45 a5 7» 
i= f 1+ gt dx T 1+u?(Ẹ du) Pad 


2 45 [Iu /1- u? + iln(u+ yI u3)],— # [2 17 + 1n(44- V17)] = 45 17 + 42 In(4+ VIT) e 209.1 m 


y = 150 — d; (z — 50)? y = —gs(x — 50) 14 (y) =14+ saz (x — 50)?, so the distance traveled by 


the kite is 


"Verse 50) 3/2 j u = g5(x — 50) 
— dx = V1 20 d i 
"d 202 (x — 50)? dz = i + u? (20 du) be ds de | 


2 20[ju VI v? + Ein(u e VIFA) 7, = 10/3/32 - m(3 32) 8/2 - m$ /3)] 


= 8/73 + 2/29 9+ 10In( 2445) ~ 122.8 fi 


The sine wave has amplitude 1 and period 14, since it goes through two periods in a distance of 28 in., so its equation is 


y=1 sin( = a) = sin( T z). The width w of the flat metal sheet needed to make the panel is the arc length of the sine curve 


from x = 0 to x = 28. We set up the integral to evaluate w using the arc length formula with zu =F cos(x): 
x 


L= is 4/1 + E cos(# a)? dx —2 i 4/1 + [4 cos( #2) | ? dæ. This integral would be very difficult to evaluate exactly, 


so we use a CAS, and find that L zz 29.36 inches. 
(a) y = acosh(=) dy = sinh(=) 1 (2) =1+ sinh? (=) = cosh? (=). So 
= T 4 [cosh? (=) dx = T: cosh(=) dax = fasinh(=) |" = s [sim (2) — sinh(£)). 


: £ 2 ANE Sn d c 
(b A= f a cosh (=) dx = [a sinh(=)] =a sinh (2) — sm(£) . The ratio of the area under the catenary to its 


a? mG) = sm(£) 
alsinn( 2) = sinh(£) 


any interval is a, a constant, that does not depend on the interval. 


arc length is m = a. Thus, the ratio of the area under the catenary to its arc length over 
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50. 


51. 


52. 


53. 
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2 
y=ct+a cosh(=) > dy = sinh(=) => l+ gy —1- sinh? (=) = cosh? (2). So 
a d a dx a a 


z 
25 25 25 

L= t cosh? (=) dz = 2f cosh (=) dx = 2 [a sinh(=)] = 2a sinh( =). Now, L = 51 => 
E a 0 à a/lo a 


2 : 
51 = 2a sinh( 2). From the figure, we see that y = 51 intersects 100 
a 


y = 2x sinh(25/x) 


y= 2a sinh (22) at x = 72.3843 for x > 0. Soa & 72.3843. At x = 0, 
x 
51 


y=c+a,soc+a= 20 c = 20 — a. Thus, the wire should be attached 


at a distance of y = c+ acosh( =) =20-—a+a cosh (22) e 24.36 ft 
a a 


0 ^ 100 


above the ground. 


Let y = a — bcosh cz, where a = 211.49, b = 20.96, and c = 0.03291765. Then y’ = —bcsinher => 


1+ (y)? = 1-- P? sinh? (cx). So L = fee 


“oro V1 + bc? sinh’ (cx) dx ~ 451.137 ~ 451, to the nearest meter. 


f(z) = į +e" => f(z-ie&-e* = 


2 


Le Ge =14 (de? -e7)! = 1+ Be - ee = ete be = (fee) 


length ofthe curve y = f(x) on the interval [a,b] is L = f? V1 + [f'(zx)? dz = fe v/[f (z)]? dz = f f (x) dx, which is 


the area under the curve y = f(x) on the interval [a, b]. 


= [f (z)]?. The arc 


By symmetry, the length of the curve in each quadrant is the same, 


so we'll find the length in the first quadrant and multiply by 4. 


eek + y? —1 y? — gk y=(1 a?h)1/ (2k) 


(in the first quadrant), so we use the arc length formula with 


dy = dn = a2h)1/(2k)-1(_ofg?h—1) E —g?"-1(1 = a2h)1/(2k)—1 


d£ 2k 


The total length is therefore 


—-1.1 


1 1 
Tsp af y1 + [7a2*-1(1 — z25)1/05)-1)2 dz = af y1 + x2(2k-1) (1 — g2k)1/k-2 dg 
0 0 


Now from the graph, we see that as k increases, the “corners” of these fat circles get closer to the points (+1, +1) and 


(+1, +1), and the “edges” of the fat circles approach the lines joining these four points. It seems plausible that as k — oo, the 


total length of the fat circle with n = 2k will approach the length of the perimeter of the square with sides of length 2. This is 


supported by taking the limit as k — oo of the equation of the fat circle in the first quadrant: jim (1— gy (2k) —1 


for 0 € x < 1. So we guess that jim Lay =4-2=8. 


y= [t Ve —idt dy/dz = V/z3 —1 [byFTCI] = 1+ (dy/dx)? =1+ (Va I) =2° 


4 


Re fi J diS Jé 23/2 de = 2 [a2] 2 (32 H= e = 12.4 


1 
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DISCOVERY PROJECT Arc Length Contest 


For advice on how to run the contest and a list of student entries, see the article “Arc Length Contest" by Larry Riddle in The 
College Mathematics Journal, Volume 29, No. 4, September 1998, pages 314—320. 


8.2 Area of a Surface of Revolution 


1. (a y = Vr=r > dy/dx = ig ?/? => ds= 1+ (dy/dz)? dx = 4/1 + 4274/3 da. 


By (7), S = f 2ry ds = ie 2n Va Aj 14 24. 1/9 da. 


(b) y= Vax ya da/dy=3y? = ds =./1+ (dx/dy)? dy = 4/1 + 9y* dy. 


When z = 1, y = 1 and when x = 8, y = 2. Thus, S = f 2ny ds = Je 2ny4/1 + 9y* dy. 


2. (a) à? = e" Inz? = 21na [for x > 0] LUE ds 1+ dy r 1+ 4 dz 
' X ? dz x dx x2 77 
5 4 
By. s= f 2ryas= f 4rlngy/1+ — da. 
1 


(b) x? = e” r= wey €"/? [positive since x > 0| = da/dy = lev/2 => 


ds = Vit (dx /dy)? dy = "um ie" dy. When x = 1, y = 0 and when x = e, y = 2. Thus, 


S = [2ny ds =f 2my4/ 1 + le" dy. 


3. (a) x = In(2y + 1) e” —2y 1 y—ie-i dy/dx = ie" => 


ds = \/1 + (dy/dx)? dx = 4/1 + 1e?" dz. When y = 0, x = 0 and when y = 1, x = In3. Thus, by (7), 


S = f 27y ds = nn? 2n(1e* — 4) 4/1 + fer" dz = nle —1),\/1+ ie? dz. 

2 
dy 41 => ds=/1+4 (dx/dy)? dy = y1 + 4/(2y + 1)? dy. By (7), 
S = f 2nyds = f, 2ny /1-- 4/Qy + 1)? dy. 


(b) x = ln(2y +1) => dx/dy- 


4. (ay-—tan iz => dy/dz=1/(1+z°) => ds= /1- (dy/dx)? dx = „/1 + 1/(1 + x2)? da. By (7), 


S = f 2nyds = f, 2r tan™'z /1+ 1/0 +2") dz. 


(D y—tan lr => x=tany => dx/dy-—secày => ds= 14 (dx/dy)? dy = 4/14 secfy dy. When x = 0, 


y —0andwhenz—1,y— = Thus S = f 2nyds = [7/21 /1 + secty dy. 
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5. (a) xy = 4 y E Ar | 


dy/dx = —4Ax ^? ds = \/1+ (dy/dx)? dx = 4/1 + 16/x4 da. 


By (8), S = f 2nzds = Lr 2nz4/1 + 16/z* dz. 


(b) zy = 4 x 


zn da /dy = —4y ? ds = \/1 + (dz/dy)? dy = \/1 + 16/y* dy. 


ele 
iN 
Ned 


4 
When x = 1, y = 4 and when x = 8, y = }. By(8), $= f aneds = Sn JII dy. 
1/2 Y 


6. (a) y = (x +1) => dy/dx = 4(x + 1? ds = \/1+ (dy/dx)? dx = 4/1 + 16(x + 1)6 dz. By (8), 


S = [212 ds = f? 2nz/1 4 16(x + 1)6 dz. 


d. 1 
(b) y = (a+ 1) z=- d au ds = 4/1 + (da/dy)? dy = 4/1 + 4y73/? dy. 


When z = 0, y = 1 and when x = 2, y = 81. By (8), S = f 27ads = p 2n(y/* — 1), /14- ay 3/? dy. 


7. (a)y=1l+sing => dy/dx = cosx ds 1 + (dy/dx)? dx = v1 + cos?z dz. 


By (8), S = [2nzds = qae QraV1 + cos?z da. 


(D y-—1-csinz > z-—sin!(y—-1) > c r-— — = 


TE EE 


| 2 
ds = 4/1+ (Z) dy=,/1+ — iy dy. When z = 0, y = 1 and when x = 7/2, y = 2. 
By (8), S 2nz ds f? sin !(y — 1)4/1 + È ayor f 2 sin™ (y — 1)4/1 + 1 dy 
> = N = T = — T P ——— nl . 
1 1- (y- 1) 1 2y — y? 
1 dy 1 | dy V. L.X 
8. (a)r =e” > Je dm = = ds 1+ (2) dz = 1+ ga% 
ef 1 
When y = 0, x = 1 and when y = 2, x = e*. By®, S= | 2rzds= | 2ra 1- i75 de. 
i z 


(b r=e™” => dz/dy=2e” => ds= ,/1+(dr/dy)}? dy = V1 F 4e® dy. 
By (8), S = f 2rads = P 21e? /1 + 4e dy. 


3 


9. y =x? => y =327.So 


S= f? 2ny YI F (y)? dz = 2r f; a? VIF 927 dz 
Qn [145 


=, vudu —[u—1-9z*, du = 362? dz] 


145 
m5 9/2 5 
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10. y = /5—x y = i(5—z) 17(—1) = -1/(2/5 — x). 


z( 

S= E 1+ ( WP ax = | [ $97 de = 20 | V5-24i dx 
3 Ts 
1/4 uo og 

=o f) Mw mapa VaL d u) lid i 


aon ful? du = on E " ar (27 
1/4 1/4 


N. y =r+1 > gy-WVzcl (fr0<zr<3and1<y<2) = y'=1/(2Vr F1). So 


3 3 3 
s= ary TFF de = 27 | vz-1 M+ ameet] VrcTlcidz 
0 0 y 0 


3 17/4 eee 
=2n | a+idx=2n vu du bs a 
0 


5/4 du = da 


17/4 Qd ap 532 T 
Sosa qup es p 17/17 — 5v5). 
r [ĝu jos T e cR 8 QUIT 88) 


12. =vVlt+e > '—l(1re* -1/2 e? mU. 
y= v y =3( Je) Wise 


e 4- 4e" Feo + 2)? e? +2 
VA ( - o —— =,/——— - So 
t) a 4(1 + ex) 4(1 + ex) 4(i+e") 2/1+e* 
1 x 1 
+2 
s= f 2 vV1l-c us VIF dr =T e +2)dz 
= n[e” + 2a], = a[(e +2) - (1 + 0)] = z(e + 1) 


u 


13. y = cos($2) > y = — 4 sin(x z). So 
s= [amy LE (P dz — 2r | cos(a) 1+ 4 sin? ($x) de 
0 0 


1 
= 4 1,2 u=sin($z), 
=2n f 4/1 + qu? (2du) E 
1 1 
=2n f VA E w du S 25| V4 Fu? + 2In(ut+ VEF u? | 
0 


0 


= 2n |(4v5 + 21n(1 + V5)) — (0 + 21n2)] = V8 + Arn (Ë 


NL 
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15. c= Fy? +2)? => dr/dy-i(y +2)? (2y) =y Yy? +2 => 1+ (dzr/dy)} =14+ y (y^ +2) = (y? +1}. 
So S = 27 f? y(y? + 1) dy = 2n|1y* + 17)? —2n(44-2— 1 — 1) = Be 
16. =14+2y? => 14 (dx/dy)? = 1+ (Ay? = 1 + 16y?. 
So S = 27 f? y /14- 16y? dy = & f?(16y? + 1)/232y dy = $ [4 (16y? +f = zx (65 v65 — 17 17 ). 
17. y= sar? = y =}? => 1+4(y')? =1+ 4r. So 
12 12 12 
s-f aray (YY de = anf x4/1+ 4z dx = 27 ; xiv4+ rde 
1e u=r+4 
=r f (u — 4) /u du po | 


16 
=ef p 3 . 64) (2.32 $-8)] 
4 


4 


= n(2- 992 — 3 =. 56) = q (3932 —2240) zx aram 


18. 22/9 +y? = 1, 0 < y < 1. The curve is symmetric about the y-axis from 2 = —1 to x = 1, so we'll use the 


portion of the curve from x = 0 to x = 1. y =1 x? y=(1 eye => 
2/3 2/3 2/3 
| 3 2/3\1/2 (| 2,,—1/3Y _ ET ^20 mi ANE Mud xc ME - 


1 
S= de 2nz4/1- (y')? dz = 2n fo a(x—/3) dx = 2n fo x?’ dx = 1 = 2n(3) = &. 


19. x = a2 — yY? > dz/dy = 4(a? — y?) ( 2y) = —y/A/a? 


a? — y? a? — y? a? — y? a2 — y? 


a/2 a a/2 2 7 
S =| 2n v/a? 2 dy = 2r f ady = 2raļ y]? = 2ra( 0) = maê. 
; v y cnm y j y lule 5 


Note that this is + the surface area of a sphere of radius a, and the length of the interval y = 0 to y = a/2 is + the length of the 


interval y = —a to y = a. 


2 2 2 2 
20.y— iz? — ilng LE z16j ipu e "tae ($+ ge) 8 


21. y = e = dy/dx = —2re® > ds=,/1} (dy/dx)? dx = y 1 + 4x2e-?7? dx. By (7), 


S = f 2nyds = ft 21e V/1 + 4226-27? de ~ 11.0753. 
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SECTION 8.2 AREA OF A SURFACE OF REVOLUTION 823 
22. cy =y? —1 z—-y-yl| dr/dy—1--y ? => ds=,/1+ (dx/dy)? dy = 1-4 (1+ y-3)? dy. 
By(7), 8 = f 2nyds = f? 2ny /1-4- (1+ y-2)? dy ~ 40.8099. 
23. 7— 9 -y? => dx/dy=14+3y? => ds= 1-4 (da/dy)? dy = /1+ (14- 3y2)? dy. 
By (8, S = f 2nzds = ile. 2n (y + y®)/1 + (1 + 3y?)? dy & 13.5134. 


24. y — r--sinr => dy/dz = 1+ cose ds = \/1+ (dy/dx)? dx = \/1+ (1+ cos x)? dz. 
By (8, S = f 2nzds = oe 2nz4/1 + (1+ cosx)? dx ~ 21.2980. 


dx 


25. Iny = z— y? x=Inyt+y? > m LEN => ds=/14 (dx/dy)? dy = 4/14 (y-! + 2y)? dy. 
y y 
By (7), S = f 2ny ds = ff 2ny/1 + (y-1 + 2y)? dy ~ 286.9239. 


26. z = cosy => da/dy = 2cosy (—sin y) ds = \/1 + (drz/dy)? dy = 4/1 + 4sin?y cos?y dy. 
By (8, S = f 2nzds = pe Qn cos?y4/ 1 + Asin?y cos?y dy = 6.0008. 


27. y=1/x => ds= 1-4 (dy/dx)? dz = J/14- (1/22)? dz = y1 + 1/xtdr => 


2 2 T4 4 Su 
g= eai ade =2n f T dom PID gi Wee Steal 
1 x x 3 x 1 u 


4 1c au 24 V 1-4 u? 
=T AR du -—m EE TEES 
1 


4 
+In(u+ res) 
1 


-2|-3E e m(4 v17) +2 In(14 v2) = $[4in(vI7 + 4) - 4In(v2 +1) - VI7+4-v2] 


dy x dy x 
28. y = Va? 1 > -= = ———— = ds=4/1 — ] dz = \/ 1+ ——— dr = 
d por dx Va? +1 j E (2) 6 T x2? +1 d 


3 2 3 3 2 
s- f 2m V zx? 1 1+ de f Vac FT de =2V3r | yz (4) da 
0 xe +1 0 0 v2 
21 3 
22 Vn[ iz ya? ee n(o f +} )] -2v2| 9d eim /9-3)- 1m] 
- 2252/32 + 3i (3-- 2) 3m v2] 22 v2 [8 +4 m(3v2+ 18) 
—3V19n + 75 In(3 V2 + v19) 


28.  a?andO «y <1 => y'—3a?and0 € x € 1. 


du = 6x dx 


pees Pe} 
S= fp Ina V/1 + (332)? dz = 2n f? VIF v? à du bus | 


zd /T +a? du = [or use CAS] Z[iuvI Fu t+ iln(ut+ V+ u2)]; 
[3 VTO + 4in(8 + VI0)] = 4 [3 VT+ m(3 + VTD) 
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| dy 3 | pow 
. = « < è = — = 
30. y = ln(x - 1, 0 € z € 1. ds z16j dx Le (iX) dx, so 
^ 1 : 1 
s- f 2n 1+ de = f Qn(u—1)y/l+—du — [u- a1, du — dz] 
0 (a +1) 1 u 


2 A143 2. 7 2 2 2 / 2 
=2n f ue aua f LE u= or f VIF du- 2r | asa 
1 u 1 u 1 1 u 


2 


1+vl1 2 
223 [or use CAS] 2n|iu V1 +u? + $In(ut+ V1+u? i — 20 [vi +u? — (YR 


1 


= 2n [V5 + $1n(2+ V8) - 4V2- 4 In(1 + v2)] - 2r [v5 - m(1555) - VE m(1 + v3) 
-25|3im(2 V8) e m( 5555) + E - $ m(1 + v2)] 


31.y — i3 = dy/dr=zf => 14+(dy/dz)?=1+2° = S = fo 2r(12?) VIF x8 dz. 


Let f(x) = 272° VI + x8. Since n = 10, Ax = 9452 = 1. Then 


S ~ Sio = 1 [f(0) + 4f (0.5) + 2f(1) + 4f (1.5) + 2f(2) + 4f(2.5) + 2/(3) 
+ Af (3.5) + 2f(4) + 4f(4.5) + f(5)] 
zx 1,230,507 


The value of the integral produced by a calculator is approximately 1,227,192. 


1 
32. y= xlnzr > dy/dx=x-—+Inz=1+Inge => 14+(dy/dz)? =1+(1+Inaz)? = 


S = f? 2nzInz /1+ (1+ Ina)? dz. Let f(x) = 21a 1n z \/1+ (1+ Inz)?. Since n = 10, Az = 254 = ib. Then 


S z Sio = 19 [f (1) + Af (1.1) + 2/(12) + 4f (1.3) + 2/(1.4) + 4f (15) + 2/(1.6) 
+ AF (1.7) + 2f (1.8) + 4f (1.9) + f(2)] 


~ 7.248933 


The value of the integral produced by a calculator is 7.248934 (to six decimal places). 


6S 2 oo co 1/4 
33. S = an f yJ i+ dy dx = an f l 4/14 d dx = 2m f MESE dx. Rather than trying to evaluate this 
" da EET qi 1 2 


integral, note that Vx? +1 > Va4 = x? for x > 0. Thus, if the area is finite, 


oo [LÀ 
s=2r f ASI 
1 


r3 


dx > 2m Í É 2 dx = 2n I Š 2 dx. But we know that this integral diverges, so the area 5 
1 1 
is infinite. 
34. S = f 2ny y1 + (dy/dx)? dz = 2r [^ e */1-4- (—e-*)? dx [y =e, y/ 2 —e7?]. 
Evaluate I = f e^* VA T (-e-*)? dx by using the substitution u = —e ^, du = e ^ dz: 
I= [vI F X du = tuvi +u? + iln(u-cV1-c-uw)-r-C-i(-e7W1l-ce-*-4il(-e*-cV14e-7)-C. 


[continued] 
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Returning to the surface area integral, we have 


i. pÉ ug T 
S = 2m lim fj e 1+ (-e-*) 


i—0o 


2 dz = 27 lim [1(—e *) VI+ e-?s + 5 n(-e77 + vIce-m). 


= 2n lim ([3(-e ) VIF e* + 3lIn(-e* + VI +e“ )) - [3(-1) Vi F1 3In(-19 V1 1)]] 


= 2n {[}(0) VT+ $in(0-+ VT)] - [-3/2-- 4 m(-1 + v)]) 
= 2n{(0]  3[V8 - m(V2 -1)]) = «[V3 - m(v3- 1)] 


35. As seen in the exercise figure, the loop of the curve 3ay” = x(a — x)? extends from z = 0 to x = a. The top half of the loop 


1 1 1 
is given by y — x(a — x)? Vzla — z| = —=V2(a — x), since x € a. Now, 
given by y = y/ aca( ) Tia | | Wem ( ) < 


dy id |Z 
d - vu 1)+ 


1 2x a— r 


wae) EAEE 


ius dy : -14 (a— 3r)  12ax | a?—6ax--9z? a + 6ax+92?  (a+3r) 
dz) -— l2ar  12ax 12ax B 12ax |. 12ax 
a =, 2 a = 
(a) S= nm = 2r | Vz(a— x) |(a+ 3x) fies an f (a—2x)(a+ 3x) d 
0 v 3a 12ax 0 6a 
= = : (a? + 2ax — 3a?) dx = z [oe + aa? a) = (a la — a’) 


Note that the top half of the loop has been rotated about the x-axis, producing the full surface. 


(b) We must rotate the full loop about the y-axis, so we get double the area obtained by rotating the top half of the loop: 


a 


a a+3a An 1/2 27 2 1/2 3/2 
s=2f 2nz ds = 4r x C= £ a + 3x) dz = —— ax!” +32 dx 
z=0 o  vl2ar 2 /3a Jo v 3a Jo | 


Q 


3 


V3a 13 o dud 3-5 3 (5 


3 5 
E 56z4/3a? 
F 45 


EP [joe + Ben = o (30°/? + Ben) eX. ge- eX (2) 


36. In general, if the parabola y — ax”, —c € x < c, is rotated about the y-axis, the surface area it generates is 


c 2ac 
E = 2 = u zA u = 2az, 
S= [ds im [2 1+ (2ax) de = 20 | 5, V itu 5; 9" “i ede 
0 0 
T 


2ac ag 
= a] Ge a 2u du = Ahkera” = sz 0+4) - 1] 
0 0 


Here 2c = 10 ft and ac? = 2 ft, soc = 5 and a = =. Thus, the surface area is 


S gs [(1 +4: ats 29) —1] = sioe [1 8^ - 1] 


= Sz (2138 _ 1) 


24 125 


= $5 (41/41 — 125) ex 90.01 ft? 
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2 2 2 
x y y (dy/dx) x dy bax 
dal ur c decr gO ogee aay 
M di EIS ie oda? + aty? __ btn? + ab? (1 — 2/2”) O atb + Ag? — 0622? 
dr) -— aty? — aty? B atb? (1 — z?2/a?) E a*b? — a?b? x? 


4 2. 12Y,2 
a^a? —a?2 a - (a —b^)sz 


a4 — a?a? m a? (a? = x?) 


The ellipsoid’s surface area is twice the area generated by rotating the first-quadrant portion of the ellipse about the x-axis. 


Thus, 
z va - — A 
S=2 af 2ryqj1 asaf va a-f yat — (a? — 0?)z? dx 
Anh fey? du 30 4nb u 4 us evo 
= /q^ 2 = b 2 4 2 i ) 
a8 E a u = [u va z] idi a u^ + sin ad " 
VE 4 a?bsin-! PEE 
Amb av a? — b? a a? —b 
= 4 2(q2 — be inl On | b2 a 
Nee | 5 a^ — a?(a y+ z sin " | + =p 
r? 2 2 
y x (dx/dy) y da: avy 
b) = =1 5 —— = — —- 
( Me EET D2 a? b2 dy bax 
T dz n. ja aty? _ bir? + aty? a bta? (1 — y?/b?) + aty? 2 a2b* — a2b?y? + aty? 
d b4 7-2 b4 72 IE b4a? (1 = y2/b2) PL a2b4 — a2b2y? 


pt s by? E a^? bt = (b? EE a?yy? 


b4 — b2y2 z b2 (b2 = y2) 


The oblate spheroid's surface area is twice the area generated by rotating the first-quadrant portion of the ellipse about the 


y-axis. Thus, 


pi P, 
sca magis (S (5) Ja- ies Je E 


— = [ve b y? dy = = a / 0*5 + y? dy [since a > b] 


NET 
- me NET OEIL [u = Var BF g] 
0 


a? — b2 


21 4ra "E ire ( VEFE) bA/ a2 —b2 
= ——— +u tz tg ud yb -ru | 
b2./qz — F 


= { EM (ab) 4- P n(bva — P + a) - fo + zo \ 


4ra ab? va? =b? bt ba? — B + ab 2 2rab? va? — b? +a 
= } ln = 2na* + ln 
b2 2 2 b2 a2 — b2 b 
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38. The upper half of the torus is generated by rotating the curve (x — R)? + y? = r°, y > 0, about the y-axis. 


dy dy ? (r— R?  y^-(x-Ry r? 
Cy I (gp 1 14 - - . Th 
Y Tz (r— R) > 1+ (2) y " WES Ry us, 
2 R+r T 
Bw on 1+ dy dx = 4r TE = 4rr UER i [u=a— R] 
dx R-r r? — (a a -r r2 = u? 


T T 
udu du since the first integrand is odd 
ERE -r Vr? — u2 TATY MU Wy — u2 SUAM [s , EVER — —À | and the second is even 


= 8nRr [sin ! (u/r)]5 =8rRr(3) = 4r? Rr 


* 


39. (a) The analogue of f (27) in the derivation of (4) is now c — f(x), so 


S — lim Mmbe- f J) 1i JP Ax = f? 2n|c — f(z)) VIF [F (X)? dz. 


()y-z/?7 = yis? > 1+ (y'* = 1 + 1/42, so by part (a), S = fj 2 (4— Va) T+ 1/(4z) de. 


Using a CAS, we get S = 2r In(v/17 + 4) + 2 (31 VIT + 1) ~ 80.6095. 


4. y=? => dy/dz—3a? => ds= 1-4 (dy/dx) dz = VI F 92 dz. Also,  — y’ => 


dxz/dy = iy 2/8 => ds=/14 (da/dy)? dy = 4/1 + ay 4/3 dy. When x = 1, y = 1 and when x = 2, y = 8. 


(a) Since x > —1 over the z-interval [1, 2], the area of the surface obtained by rotating the curve about x = —1 is given by 


S = f 2n(z + 1) ds = f? 2n(z + 1)V1 F 9x3 dz ~ 115.91. 


Alternative method: S = f 2x(x + 1) ds = d 2n(y!/3 - 1) /14- $y-4/? dy = 115.91. 


(b) Since x < 4 over the x-interval [1, 2], the area of the surface obtained by rotating the curve about x = 4 is given by 


S = f 2r(4 — z) ds = f? 2n(4 — zx) V1 + 9x3 dz ~ 106.60. 


Alternative method: S = f 2n(4 — x) ds = d 2n(4 — y!/3), /14- $y- 4/? dy ~ 106.60. 


(c) Since y > i over the y-interval [1, 8], the area of the surface obtained by rotating the curve about y = i is given by 


S = f 2n(y— 1) ds = f? 2n(a? — 1) VI F 924 de ~ 177.23. 
Alternative method: S = f 2n(y — 3) ds = fe 2n(y — 1) 4/1 t+ $y-*/? dy ~ 177.23. 


(d) Since y « 10 over the y-interval [1, 8], the area of the surface obtained by rotating the curve about y — 10 is given by 


S = f 21(10 — y) ds = f? 2n(10 — 2?) /1 + 927 de ~ 245.52. 


Alternative method: S = f 21(10 — y) ds = Je Qn(10 — y)\/1+ 1y-*/ dy ~ 245.52. 
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41. For the upper semicircle, y = Vr? — x?, dy/dx = —x/\/r? — x?. The surface area generated is 


r r T r? 
= 4n f (r- Fa) ir | (r)i 
à T3 — q2 ò T3 — q2 


d ie 2 
For the lower semicircle, y = — Vr? — x? and = = nod so $5 — ar f (= + r) dz. 
Xx 0 T 


2 


Thus, the total area is S = S1 + S2 = sf (=) dx = 8r I? sin! (Z) = srr? (Z) = 4r°r?. 
0 T 


2-2 0 


42. Rotate y = y R? — x? witha < x < a + h about the z-axis to generate a zone of a sphere. y = /R2— xz? => 
y g p. y 


2 
| 1(p2 _ ,2j-1/2( - = m ] 
y — 3(R.- x^) (-22) => ds= " + [os = =) dx. The surface area is 


yA 

2 2 2 

a+h a+h 2 x +y =R 

s= f 2ryds = is | y R2 — x? lud 
-R a|NIR x 
a+h 
=a f R? — x? + x? dz = 2n R | x ]z Pre 
= 2n R(a +h — a) = 2r Rh 
43. Rotate y = R with 0 < x < h about the x-axis to generate a zone of a cylinder. y = R y =0 


= y1 + 0? dx = dz. The surface area is $ = Py 2nyds = 27 T Rdz —2xR [e] = 2r Rh. 
44. Since g(x) = f(x) + c, we have g'(x) = f'(x). Thus, the surface area generated by rotating the curve g(x) = f(x) + c about 


S; 2ng(x) V1 Pda = f? 2n[f (x) 4- c] J/1 4- [f (x) dx 
= f? 2xf(z) 14 — s vA Y [f£ (x) de = S; + 2ncL 


the x-axis 


2 2 
1-(y)-21- (ie? = je) =1+ 4e" — i+ je = ie titte” c (ze? + je) . 

If we rotate the curve about the x-axis on the interval a < x < b, the resulting surface area is 

S= n 2nyA/1 + (y)? dx = 27 MC + ey (Ler/? + zel?) a c= f (e*/? + e~*/?)? dæ, which is the same 


as the volume obtained by rotating the curve y about the x-axis on the interval a < x < b, namely, V = x f 2 y? da. 


46. In the derivation of (4), we computed a typical contribution to the surface area to be 27 


i-1 t Wi 
ZTH PARI, 


the area of a frustum of a cone. When f(x) is not necessarily positive, the approximations y; = f (x;) ~ f(x?) and 


yia = f(wi-1) © f (a7) must be replaced by y; = |$ (x)| © |f(a?)| and yii = |f (i1) © |f(w?)]. Thus, 


Yi— i Yi 
2g ————— 
2 


we obtain S = fe 2r |f (z)| /1t+ [f^ (x)? da. 


| Pii Pi| ~ 27 | f(a7)| / 1 + [f (x1)]? Ax. Continuing with the rest of the derivation as before, 
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DISCOVERY PROJECT Rotating on a Slant 


tangent to C 


at (x; f(x;)) f(x) — (mx; + b) 


In the figure, the segment a lying above the interval [r; — Ax, x;] along the tangent to C has length 


Ax seca; = Ar v1 + tan? a = 4/1 4 [f'(a:)]? Ax. The segment from (x;, f (1;)) drawn perpendicular to the line 
y = mz + b has length 


f(zx;i—-mzi;—6  f(ai)—ma;,—b _ f(ai) —ma;—b 
xi) = [f (xi) — mz; — b] cos 8 = ——————Ó— = 1n = 
cd LETT Vireg ^ Jem) 
Au 
Also, cos(B — a) = A— ca 
cos B cos a + sin sina 
cos œ 
1 2 m |l mf'(zi) 
vVl4m? vV1+m? v 1-4 m? 
manc 20S f(zi) - mei b. 1-4. mf'(ai) 
Thus, Area(9t) = lim zi) Au = lim : Az 
= Dm ac en) um aan ear Vim 


[ve — mz — bl[L + mf" ()] de 


Au = Az seca cos(B — a) = Ax 


= Ax(cos B + sin B tana) 


= Ax | e) Az 


014m 


2. From Problem 1 with m = 1, f(x) = x + sin z, mz + b = xz — 2, p = 0, and q = 27, 


Area — 111 jo [x + sinz — (x — 2) [1 + 1(1 + cos z)] dz = 1 "(sina + 2)(2 + cos x) dx 
= i 2^ (2sinz + sine cos z + 4 + 2cosz) dx = i[-2cosz + isin?zr + 4x + 2sinz], 


= $[((-2+0+ 87 +0) — (-2+0+0+0)] = 4 (87) = 4r 


3. V = lim a)? Au = lim Kan 
TETOR x mat ) Tr zT 1 +m? 1 + m2 


T 


= don Je (2) — ma — PN + mf'(@)] de 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


829 


830 CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION 


2m 
4V= m (a + sinz — z 4- 2) (14- 14- cosa) dx 


2T 2T 
T ; 2 T ret , 
= —— sin x + 2) (cos x + 2) dx = 5l sin’ x + 4sin x + 4) (cosx + 2) dx 
i ( A 24/2 Jo ( X 


2T 
-5f (sin? x cosa + Asinz cosz + 4cosx + 2sin? x + 8sinz + 8) dz 
2/2 Jo 


= gg [a sin! a € 2sin* x + 4sing +a — 3 sin 2e — cosa + 8r] [since 2 sin? x = 1 — cos 2z] 
T 94/2 2 

= — |(27 — 8+ 16r) — (-8)) = ——7 
zi )- C8] = 73 


ss-  2ng(r) EUG de = E f FE) — ma — 8 VIF GF dz 


6. From Problem 5 with f(x) Vz,p=0,q=4,m i, and b — 0, 


| ( 1 Ja T ES (37 VAT 


Qn 4 1 
s--———Í Vz—1 14 i x 8.554 
14 (2) 0 ( 5 ir) V5 32 3 


24 


8.3 Applications to Physics and Engineering 


1. The weight density of water is ô = 62.5 Ib/ft?. 
(a) P = ód ~ (62.5 Ib/ft?)(3 ft) = 187.5 lb/ft? 
(b) F = PA e (187.5 lb/ft?) (5 ft)(2 ft) = 1875 lb. (A is the area of the bottom of the tank.) 
(c) By reasoning as in Example 1, the area of the ith strip is 2 (Ax) and the pressure is dd = 6x;. Thus, 
F = f ôx- 2dæ ~ (62.5)(2) f; eda = 125 [12?]5 = 125(2) = 562.5 Ib. 
2. (a) P = pgd = (820 kg/m?)(9.8 m/s”) (1.5 m) = 12,054 Pa ~ 12 kPa 
(b) F = PA = (12,054 Pa)(8 m)(4 m) z 3.86 x 10° N (Ais the area at the bottom of the tank.) 
(c) The area of the ith strip is 4(Ax) and the pressure is pgd = pg xi. Thus, 
F = (1? pgx - Adz = (820)(9.8) - 4 f? «dx = 32,144 [3a?]2/? = 16,072 (2) ~ 3.62 x 10* N. 


In Exercises 3—9, n is the number of subintervals of length Aa and x% is a sample point in the ¿th subinterval [x;—1, ;]. 


3. Set up a vertical x-axis as shown, with x = 0 at the water's surface and x increasing in the a 
2 ft 
downward direction. Then the area of the ith rectangular strip is 2 Ax and the pressure on wi-2 3 
ls xt 
the strip is a7 (where 5 ~ 62.5 lb/ft*). Thus, the hydrostatic force on the strip is 8 ft i 
n 
dx; - 2 Ax and the total hydrostatic force ~ $^ ôx} - 2 Ax. The total force is 11 
i=1 


F= lim Ð def -2Aa = fy ôx: 2de = 26 f3 xde —26 [127]; = 8(121 — 9) 


N00 j=] 3 


= 1126 ~ 7000 Ib 
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4. Set up a vertical axis as shown. Then the area of the ith rectangular strip is T 9 
2 ft 
* 2 . Wi 10 E 2 
2(a; — 2) Ax. |By similar triangles, — = —, s0 w; = 2(x} — 2). 
Ti — 2 5 Wi * 
5ft xi 
The pressure on the strip is 6x7, so the hydrostatic force on the strip 
x : yi 
is ôx} - 2(x} — 2) Ax and the total hydrostatic force on the 10 ft 


plate ~ $5 ôx} - 2(v; — 2) Ax. The total force is 
i=1 


F= lim » ôx} - 2(xž — 2) Ax = Jp ôx -2(x — 2) dz = 28 f; (a? — 2x) dx 


— E 
n—00i—1 


= 26 [12? — 2?|7 = 26[(248 — 49) — (8 — 4)] = 26 (399) = 4995 ~ 409 (62.5) = 8333.3 Ib. 


5. Set up a coordinate system as shown. Then the area of the ith rectangular strip is 
24/8? — (y? )? Ay. The pressure on the strip is dd; = pg(12 — yj ), so the 


hydrostatic force on the strip is pg(12 — y; ) 24/64 — (y7)? Ay and the total 


hydrostatic force on the plate ~ $^ pg(12 — yj) 24/64 — (y)? Ay. 
i=l 


The total force F = lim 7 pg(12 — y;) 24/64 — (y)? Ay = i pg(12 — y) 2 ,/64 — y? dy 
noo j=1 
= 2pg- 12 fË; \/64 — y? dy — 2pg f°. y /64 — y? dy. 


The second integral is 0 because the integrand is an odd function. The first integral is the area of a semicircular disk with 


radius 8. Thus, F = 24pg ($7(8)?) = T68mpg © 7687(1000) (9.8) ~ 2.36 x 10" N. 


6. Set up a coordinate system as shown. Then the area of the ith rectangular strip 
is 2 4/6? — (y*)? Ay. The pressure on the strip is dd; = pg(4 — y; ), so the 


hydrostatic force on the strip is pg(4 — y; ) 24/36 — (yz)? Ay and the 


hydrostatic force on the plate ~ $^ pg(4 — yi) 24/36 — (y7)? Ay. The total 
i=l 


force F = lim 57 pg(4 — yj) 2/36 — (y)? Ay = fp pg(4 — y) 24/36 — y? dy = 8pgh — 2pgl. 
n= i1 


y = 6sin0, 
I = fo \/36— y? dy = fo / 36 — 36 sin? 0 (6 cos 0 d0) m | 


a = sin 1 (2/3) 
= fj 36cos? 0 d0 = fj 36- $(1 + cos20) d0 = 18[0 + 3 sin 20]^ 


= 18(a + $ sin 2a) = 18(o + sina cosa). 
4 20 = 36 — y?, 
I = fy y /36 — y? dy = fa; v/u(-5du) Feo | 
1 [2,,3/2] 1 (9083/2 40 
=-3|2u Jee = 3 (20 — 216) = 72 — 29.8. 


[continued] 
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Thus, 


F = 8pg-18(a + sina cosa) 2pg(72 0/5) = 144p (sin 2 + 25) — 2pg(72 — x 5) 


3 


= pg(1Asin ! 2 + 9/5 — 144) = 9.04 x 10N [p = 1000, g © 9.8]. 


7. Set up a vertical x-axis as shown. By similar triangles, w;/4 = 27/6, so w; = 227, 


and the area of the ith rectangular strip is ixl Az. The pressure on the ith strip is i 
6m 
pgx}, so the hydrostatic force on the strip is pgz; - iai Az, and the hydrostatic force l 


T 
on the plate is zz $7 pga; - ixl Ax. The total force is 
i=l 


n 


: " x 6 
F= Jim 27 PgR: . aj Ag = 209 fo r? dz = 2pg[32?], = 2pg(216 — 0) 


= 48pg = 48(1000)(9.8) = 470,400 N 


8. Set up a vertical x-axis as shown. The height of the triangle is \/5? — (6/2)? = 4. 


Wi 4— zc; ij 


By similar triangles, B a i sow; = 6 — at, and the area of the ith 3ft 


rectangular strip is (6 — 27) Ax. The pressure on the ith strip is 6(3 + 27), so the p. 


hydrostatic force on the strip is 6(3 + 27) (6 — $27) Ax, and the hydrostatic force on 5ft v 


the plate is > 6(3 + x7) (6 — 3x7) Ax. The total force is 
i=1 


F= lim Y: (3-- a1) (6 — 3x7) Az = ô fo (3 + x) (6 3x) dx = ô ff (18 + 3a — $2?) dx 


= [18x + 3a? — 1a?]* = 6(52 — 0) = 526 ~ 3250 Ib [5 = 62.5] 


9. Setup a vertical z-axis as shown. Then the area of the ith rectangular strip is 4 ft 
w; Ax = (4+ 2 - 227) Ax. The pressure on the strip is 5(a7 — 1), so the 3f 
w, 
hydrostatic force on the strip is (x7 — 1)(4 + x7) Ax and the hydrostatic i 
2 fi 


force on the plate ~ > ó(z? — 1) (4 + $27) Az. The total force is 
E 


F — lim Y (sf — D (4-- iui) Az = f? (æ — 1) (4 4- 42) da 


n—200oji—1 


=o aes) Ce) 


e 8891b [ő ~ 62.5] 
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10. Set up coordinate axes as shown in the figure. For the top half, the length 


SECTION 8.3 APPLICATIONS TO PHYSICS AND ENGINEERING 


of the ith strip is 2(a/V/2 — yf) and its area is 2(a/V/2 — yz) Ay. 


The pressure on this strip is approximately ód; — ó (a IVZ- yt ) and so the 


force on the strip is approximately 2ó (a /V2— yt f Ay. The total force is 


2 a/VÀ fq 2 
Fi lim 25(, - ut) Ay=25 f (45 -0)« 
ica Esos) asc f° (Rr) 
= 5-3 (55 - ) iS o- (4) _ 26 à — v2a?ó 
ON M "LN V2 322 6 


For the bottom half, the length is 2(a IZ 4- yt ) and the total force is 


(5 


2 a3 
rd 


Fy = lim 3726 


n—009ji—1 


=25]0- (- 


Thus, the total force F = F1 + Fy = 


JG 


2 


* 9 a 
Và -un) Ay =25 f wa (s -47) dy = 25[5a°y — AU 
3 3 3 


32a?6 E /2 a36 


6 2 
11. Set up a vertical x-axis as shown. Then the area of the ith rectangular strip is 2a Lo 
e WP, 

7 (2h — zi) Ax. |By similar triangles, = = = 3 so wi = = (2h 2; ). A cac | s 
The pressure on the strip is 6x7, so the hydrostatic force on the plate : f 

x y grt : ; x L 2h 
Rd 2 6x; 7 (2h — x} ) Ax. The total force is E 

F= jum. 2,08; = (2h —aj)Ar=6 z S (2h — x) dz = 2 h (2ha — a?) dx 
a7, 2. i,3]h | 4/13 1,3 ad ( 2h? 2. 52 
= ius avlo z (h 3b) = h 3 = góah 


12. F e pg(10 — z)2 V4 — x? dx 


2m -4- 
= 20pg fe VA — x? dz — ps fo VA — x? 2x dx 
= 20pgin(2?) — pg f u!/? du [u = 4 — z?, du = —2« dz] 
0 PUES 


4 
= 20npg — 209 Fun = 2071 pg 18 pg pg (20x x i8) 


= (1000)(9.8) (20x — +2) z 5.63 x 109 N 
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13. The solution is similar to the solution for Example 2. The pressure on a strip is approximately dd; = 47(4 — y; ) and the area 
of the ith rectangular strip is 24/16 — (y*)? Ay, so the total force is 


F= lim ^ 47(4—yf) 2/16 — (yi)? Ay = 94 f2,(4 — y) /16 — y? dy 


n—009i—1 


— 94-4 f*, /16 — y? dy — 94 f*, y /16 — y? dy 


The first integral is the area of a semicircular disk with radius 4 
and the second integral is 0 because the integrand is an odd function. 


= 376- àn(4)? — 0 
= 30087 = 9450 Ib 


14. (a) Set up a coordinate system as shown. The slanted side of the trough has 


3 
equation y = 3r — 3orz = iy + 1, so the area of the ith rectangular strip is | 
(sy? + 1) Ay. The pressure on the strip is pgd; = pg(3 — yt), so the 
hydrostatic force on the strip is pg(3 — y; ) (iyi + 1) Ay and the total force on 


the end of the trough is 


F= lim Ð pg(3 — y) (3yf +1) Ay = pg Jo (3 — y) (Fy +1) dy 


N00 j—1 
= pg fo (3— à?) dy = pg[3y — $y?]5 = pg(9 — 3) = 


~ (925)(9.8)(6) = 54,390 N 


(b) When filled to a depth of 1.2 m, the pressure on the ith rectangular strip is pg(1.2 — y; ), so the hydrostatic force on the 


strip is pg(1.2 — y;) (iyi + 1) Ay and the total force on the end of the trough is 


F= lim Y, pg(1.2— yi)iwt + 1) Ay = pg fo (12 — y) (žy + 1) dy = pg n (1.2 — 0.6y — iy) dy 


NCO jay 


= pg[1.2y — 0.3y? — dy3] 5” = (925)(9.8)(1.44 — 0.432 — 0.192) = 7397.04 N 


Note that this is about 14% of the force for the completely filled trough. 


15. (a) The top of the cube has depth d = 1m — 20cm = 80cm = 0.8 m. 
F = pgdA & (1000)(9.8)(0.8)(0.2)? = 313.6 ~ 314 N 
(b) The area of a strip is 0.2 Az and the pressure on it is pgz;. 


F = fos pgx(0.2) dx = 0.2pg[3a7]^ , = (0.2pg)(0.18) = 0.03609 = 0.036(1000) (9.8) = 352.8 ~ 353 N 


16. The height of the dam is h = v/70? — 25 cos 30° = 15 v/19 (£). "I 
The width of the trapezoid is w = 50 + 2a. x4 
2 : 25 a 25 
By similar triangles, a er a= (h — x). Thus, 

h + 

25 50 50 50x 50r 

= Duce | ee 9v Sp Pee LEM QQ a 
w= 5042-9 (h— 2) = 504+ = = æ = 50 +50 — == = 100- 7 | 


[continued] 
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From the small triangle in the second figure, cos 30? — Ar => 
z 


z = Az sec 30° = 2 Az / V3. 


h h h 
re ôe(100 - 92) Z as = 297 oy eeu x’ dz 
0 h V3 V3 0 h v3 0 

. 2006 h? 1006 h? _ 2008h?  200(62.5) 12,825 


= 7.71 x 10° lb 
V3 2 hv3 3 3v3 3v3 4 


17. (a) Shallow end: The area of a strip is 20 Az and the pressure on it is ôx;. 40 ft 
F = [? óx20dz = 200 [12?]5 = 205. 2 = 906 20ft 9f 
= 90(62.5) = 5625 Ib ~ 5.63 x 10? Ib 3f 


Deep end: F = f? 6x20 dx = 205[32?]5 = 205 - 84 = 8105 = 810(62.5) = 50,625 Ib ~ 5.06 x 10* Ib. 


Sides: For the first 3 ft, the length of a side is constant at 40 ft. For 3 < x < 9, we can use similar triangles to find the 
9—-z 9-2 


a 
length a: 40 6 a = 40. 6 


F = f óz40 dz + [2 óx(40) E: dx = 408[1a?]5 + 226 f (9x — x?) dz = 1808 + 226[92? — 12?]7 


= 1806 + 226[(322 — 243) — (8: — 9)] = 1806 + 6006 = 7806 = 780(62.5) = 48,750 Ib ~ 4.88 x 10 Ib 


(b) For any right triangle with hypotenuse on the bottom, o -L 


i Ax 
sing = —————— 
hypotenuse 
/103 3- 62 /108 EE 
hypotenuse = Ax csc 0 = Ax ee = € Ac. t 
F= (26x20 4% qz = 1(20 V/409)o [327]? x 


= 4-10 V409 ô(81 — 9) ~ 303,356 Ib ~ 3.03 x 10° Ib 


18. Partition the interval [a, b] by points x; as usual and choose xj € [xi—1, x:] for each i. The ith horizontal strip of the 


immersed plate is approximated by a rectangle of height Az; and width w(2;), so its area is A; ~ w(aj) Ai. For small 


835 


Az, the pressure P; on the ith strip is almost constant and P; ~ pgx} by Equation 1. The hydrostatic force F; acting on the 


ith strip is F; = P; Ai ~ pga; w(x; ) Ax;. Adding these forces and taking the limit as n — oo, we obtain the hydrostatic 


force on the immersed plate: 


F= lim $5 Fi 2 lim Y pgrjw(a7) Ax; = f? pgaw(x) dx 
n—00i—1 


N00 j=] 
19. From Exercise 18, we have F = IH pgtw(a) dx = do 64zw(x) dx. From the table, we see that Ax = 0.4, so using 
Simpson's Rule to estimate F’, we get 
F = 64 93 [7.0w(7.0) + 4(7.4)w(7.4) + 2(7.8)w(7.8) + 4(8.2)w(8.2) + 2(8.6)w(8.6) + 4(9.0)w(9.0) + 9.4w(9.4)] 
= 356[7(1.2) + 29.6(1.8) + 15.6(2.9) + 32.8(3.8) + 17.2(3.6) + 36(4.2) + 9.4(4.4)] 
= 259 (486.04) ~ 4148 Ib 
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20. (a) From Equation 8, 7 = + lig rxw(r)dr => AT= f xw(x)dr = pgAT = pg T zxw(x)dr => 
(pgz)A = 6 pg xw(x) dz = F by Exercise 18. 
(b) For the figure in Exercise 10, let the coordinates of the centroid (z, y) = (a /V2, 0). 


= a /2a /2 a?6 
PU UM a ud 7 eS p ` 
2 


21. The moment M of the system about the origin is M = Y, mir; = miz1 + max3 = 6-104 9 - 30 = 330. 
i=1 


i= 


2 
The mass m of the system is m = $5 mi; = mi 4- ma = 6 +9 = 15. 
i=l 
330 


The center of mass of the system is T = M/m = [> = 22. 


22. The moment M is mıxı + max23 + maxa = 12(—3) + 15(2) + 20(8) = 154. The mass m is 


mi + m» + ms = 12 + 15 + 20 = 47. The center of mass is T = M/m = E 


3 
23. The mass is m = Y; mi; = 5 + 8 4- 7 = 20. The moment about the z-axis is M; = Y miyi = 5(1) + 8(4) + 7(—2) = 23. 


3 
g= i=1 


3 
The moment about the y-axis is My = 5 mix; = 5(3) + 8(0) + 7(—5) = —20. The center of mass is 
i=l 


et [M Milos 20:931 2. 
ap = (5.25) = (CX. 5) = Cas) 


4 
24. The mass is m = $5 m; =4+34+6+3=16. 


i—l 


4 
The moment about the z-axis is M; = Y, miyi = 4(1) + 3(—1) + 6(2) + 3(—5) = -2. 


i=1 


4 
The moment about the y-axis is My = $7 mix; = 4(6) + 3(3) + 6(—2) + 3(-2) = 15. 


i=l 
The center of mass is (z, y) = (=, Me) = (5 x) (5, 3i 


25. The region in the figure is “left-heavy” and “bottom-heavy,” so we know that z « 1 and 


y < 2, and we might guess that x = 0.7 and y = 1.3. The line 2x + y = 4 can be 


2 
expressed as y = 4 — 2x, so A= ds (4 — 2x) dz = [40 a] —8—42-4. 
0 


&l 
Il 
| 
[v] 
8 
A 
A 
| 
N 
8 
— 
Q 
8 
Il 
I= 
o— 
wv 
~ 
rm 
8 
| 
N 
8 
[V] 
— 
a 
8 
| 
Ale 
N 
8 
[V] 
WIN 
8 
Wry 
o 
| 
Ale 
ETIN 
[oo] 
ole 
— 
colt 


Thus, the centroid is (z, y) 


Il 
rms 
WIN 
vIe 
x 
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26. The region in the figure is “right-heavy” and “bottom-heavy,” so we know that 
T > 0andy < 1, and we might guess that T = 0.3 and y = 0.8. 


Az [' edz = Cale —-e-e!, 


m i dz = : : b 

ye x es re To Qr " 

T if. eS er [ve 3m [by parts] 
1 


20€! e 2 
= ud =] zx 
e—e eer ise ey] a e e-l 
E ee 2d 1 ipe] Quee og cue 
Zo» 12 ~ 2(e— e-1) Ja —» €$(e—e-1) 2 -1 4(e—e-!1) e?  4e(e? — 1) 


2 41 
e2—1’ 4e 


Thus, the centroid is (z, y) = ( ) = (0.31, 0.77). 


27. The region in the figure is “right-heavy” and “bottom-heavy,” so we know that x > 1 


and y « 1, and we might guess that x — 1.5 and y — 0.5. 


Thus, the centroid is (z, y) = (3, 2). 


28. The region in the figure is “left-heavy” and “bottom-heavy,” so we know T < 1.5 and as 
y < 0.5, and we might guess that x = 1.4 and y = 0.4. 
1 
A — f? 1 dz [nz]? — n2. z i fg. i dz = 1 [z]? =4= EE 
z 1 f21/[i2 i f[2,-2 112 1 1 
y-5/ aG) def m de = l-h = malit!) = oe 0 


Thus, the centroid is (z,g) = (45, aes) ~ (1.44, 0.36). 


1 
29. A= a (at? x) dx [45/2 30°] =G i)-0- i 
1 
T= 2 fi e(a"? z?) de = 3 (1 (a? 2°) dx = 3[22°/? ia^ 
0 


Thus, the centroid is (7, y) = (3, 35)- 
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30. The curves intersect when 2 — z? = x O=a?+2-2 zA 
0 = (x 4- 2)(x — 1) z—-—20rz-l. 
A= 30 z?— y)dr = [2x ir? dg = z — (-2) =. 
z—1[f'z(2-a^'-z)dz-2[',(2z - a? — 27) de x 
SUEEGR 0.4 diu ]b. X55 sj 1 
-$ic-ic-530]5-7$62-3)-7-3 
y- Eel (2— 27)? — a?] dz = 2 . 1 f^ (4— 5r? +24) dz 
E 5,3 | 1,5]l 1[38 16 2 
= g[4e— 32° 0$] = 9135 — (—38)] = 3 
Thus, the centroid is (z, y) = (—4, 2). 
314. A= JZ” (sin 2e — sinz) dz = [—4 cos 2a + cosa] 7” = ($+5)-(-$+)) =}. 
= 1 e y x 1 1. ; 2/3 by parts with u = x and 
T= aj x (sin 2x — sin x) dz = i[-(-3 cosa + cosa — (-i sin2e-+sine) | E = (eae bin) 
—4lt(141 V3 | v3\) _ | 3v3. 
3\4 2 8 2 2 


1 n/3 d 2 
y- 3f i (sin? 2x — sin^z) dx 


= Lp i (4sin?x cos?r — sin?z) da 


=2 [7^4 sin?^z (1 — sin?z) — sin?z] 


= 6 (7/? 


fs 1 1 
Now, f sin?z dx Ë lz: — — sin 2 
0 2 4 


sin?r dz — 8 rio sin*z dx 


1/3 
1 sinz dr = 1 3 
0 4 


double-angle 
identity 


dx (X, y) = (0.54, 0.65) 
n/3 i > 

ees v3 and L m3 x 
at Gr: g 


1 n/3 
E — sin 2x + 3 sin is [by Example 7.2.4] 


2 0 


lm vg E 99 
| 4|[2 2 16] 8 64 
E " V3 n 9/3 3v3 DET 3/3 343 
Soy 6(2 8 ) «(1 64 ) 3 . Thus, the centroid is (z, y) = (s got e (0.54, 0.65). 
32. A= fi zde + [?(2— 2) dz = [127]; + [22 — 42]? 


-.3*4-2)-(0-3)-4. 
T= X z(x?) dz + f? z(2— x) da] 
- (eI [e? - ier) 

-18-3 


4 


=$ Es xt dx + {7 Qa — x?) da] 


[continued] 
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34. 


35. 


36. 


SECTION 8.3 APPLICATIONS TO PHYSICS AND ENGINEERING 839 


T= X|fo EV dz [7 3 — a) de] = 8 [fo ade + E- 2)? de] = 2{ [227], + [3(@ - 21) 


Thus, the centroid is (7, y) = (32, 22). 


The curves intersect when 2 — y — y O=y+y-2 
0 — (y * 2)(y — 1) y= —2ory=1. 
1 
A= f48-v-v)dy- [2y— gy’ — $9] 57 8-08) = 8 
[2312-7 9? - (?Y1dy = 8:8 [4 - 4y + v? —y*) dy 


Thus, the centroid is (7,g) = ($, — à). 


An equation of the line is y = —$z 4-3. A = 4(2)(3) = 3, so m = pA = 4(3) = 12. 


+ 
Mz =p fy 3(—2243)? dz = 1p f? (22 2 — 9x +9) dx = 1(4)[22? — 22? + 92]; = 2(6 — 18 + 18) = 12. 


My =p fx (—324+3) dx =p f (— $2? + 3x) dz = 4[- 32? + 3x7]5 = 4(—4 + 6) = 8. 


_ My 8 2 _ M: 12 D BUS 2 ; à 
xi a 3 andy = "mg 1. Thus, the center of mass is (z, y) = (3, 1). Since p is constant, the center of 


mass is also the centroid. 


The quarter-circle has equation y = y4? — x? for 0 < x < 4 and the line has equation y = —2. 
A= in(4)? +2(4) = 4n +8 2 A(x + 2), so m = pA = 6- A(n + 2) = 24(7 + 2). 


=p Jo $|(V16— a?) - (-2)?] de = 3p f; (16 — 2? — 4) dx = 3(6) [12 — $2°]5 = 3(48 — $) = 80. 


4 
M, = p fo x [V16 — a? — (-2)] dz = p fý «16 — a? de + p f 2x dx = 6|—3(16 z ee) 
= 6(0 + $$) + 6(16) = 224. 


_ My 224 28 Mz 80 10 
T= — = ———— = — and 7 = — = — = n. 
m  24(r+2) 3(rm+2) m  2A(r+2) 3(r42) 
Thus, the center of mass is 28 = (1.82, 0.65). 
3x 4-2)! 3(1 + iD 


We'll use n = 8, so Ax = == = 8=9 — 1, 


[/(0) + 4f(1) + 2/(2) + 4f(3) + 2f(4) + 4f(5) + 2/(6) + 4f (7) + f(8)] 
[0 + 4(2.0) + 2(2.6) + 4(2.3) + 2(2.2) + 4(3.3) + 2(4.0) + 4(3.2) + 0] 


A= hu x) dz z Sio = 


Q 


we we wle 


(60.8) = 20.26 [or 32] 
[continued] 
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37. 


38. 


39. 
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Now fo f(x) dx = 2[0- f(0)+4-1- f(1) - 2-2- f(2)+4-3- f(3) 
+2-4-f(4)+4-5- f(5) -2-6- f(6) - 4- T- f(7) - 8- f(8)] 
N i[0 +8 + 10.4 + 27.6 + 17.6 + 66 + 48 + 89.6 + 0] 


= 1(267.2) = 89.06 [or 1339], so z — 4 f$ zf(a) de ~ 4.39. 


m 


Also, ds [P (a) dz z £0? + 4(2.0)? + 2(2.6)? + 4(2.3)? + 2(2.2)? + 4(3.3)? + 2(4.0)? + 4(3.2)? + 0°] 


w 


= 1 (176.88) = 58.96, so y= 4 f? Lf(z)]? dz ~ 1.45. 


Thus, the centroid is (7, Y) ~ (4.4, 1.5). 


A= ! a? x) (a? 1)]dz = Ju 2?) dz | 


drop out 


f a(z? — x- ar? --1)dz = 3 ft (et — x? — r? +2) de 


J= 4 ft, is -— r)? — (2? — 1)?] dz = 8-4 f1 (2° — 22t +2? — xt + 22? — 1) de 


-2 fo (a9 — 3x4 + 33? — 1) dz = $ [327 — $25 +25 a], = &( £) =- 2, 


olw 


Thus, the centroid is (z, y) = (— 4, — à). 


The curves intersect at x = a ~ —1.315974 and x = b ~ 0.53727445. Q5 y~ T 1.22) 


b 2 x 1,3 al^ ay 
A= f [(2— x?) — e°] dz = |2x —$a* —e^| =~ 1.452014. 


T= 4 f’ x(2 a? — e") dz = 4 |x? — iz* we” +e]? 


= —0.374293 


T= f; 32-27)? - (e]dz = d fL (4-40? + a* e) dz 
= d [Ms - 1a? + 125 — Le")? ~ 1218131 


Thus, the centroid is (%, y) ~ (—0.37, 1.22). 


Choose x- and y-axes so that the base (one side of the triangle) lies along 
the x-axis with the other vertex along the positive y-axis as shown. From 
geometry, we know the medians intersect at a point i of the way from each ay * bx— ab 


vertex (along the median) to the opposite side. The median from B goes to A C 
(«0 0 (c, 0) 


the midpoint ($(a +c), 0) of side AC, so the point of intersection of the 


medians is (2 : (a 4 c), ib) = ($(a Fc), ib). 


This can also be verified by finding the equations of two medians, and solving them simultaneously to find their point of 
intersection. Now let us compute the location of the centroid of the triangle. The area is A = i(c — a)b. 


[continued] 
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TS Se MO ajdo+ fs ete ayael = [2 f e x?) dz 4 JAC 


EEG NM RT GNI IPLE I 
Fa se| ^ae £ 99 Tga + 3^ 3^ 


a?) de! 


Aa ET. 3 o Aa Ac 
- 2 gg? 2 E 1 (2 ipo SLE 
a(c— a) 6 c(c— a) 6  3(c— a) 3 
| ro 2 E 2 
and v= 5 / 3(20-2) a. f (te-a) d 
edite n 2ax + x?) dz + us fe = der + 2) de 
A| 2a? Ja 2c? Jo 
r2 2 
= 2 2 [a?x — aa? + Bas + Pjer cx? + jen] 
1[ 5 3 3 3 a 3 3, 1,3 p 2 (c - a)? b 
Al Bar x 34) + gae veu) A g ane) (c — a)b 6 EET 


B x E 4 , as Claimed. 


Thus, the centroid is (z, y) = ( 


Remarks: Actually the computation of 7 is all that is needed. By considering each side of the triangle in turn to be the base, 


we see that the centroid is i of the way from each side to the opposite vertex and must therefore be the intersection of the 


medians. 
The computation of y in this problem (and many others) can be YA 
simplified by using horizontal rather than vertical approximating rectangles. 


If the length of a thin rectangle at coordinate y is (y), then its area is 


L(y) Ay, its mass is pf (y) Ay, and its moment about the x-axis is y 


AM; = pyf(y) Ay. Thus, k c—a 


J pytly)dy 1 


Mı = f pyl(y)dy and  y-— EC NEED J yey) dy 


In this problem, (y) = — 


(b — y) by similar triangles, so 


c UI c—a 2 
T=7h y wb-9)dy- ss Io (by — v") dy 


Notice that only one integral is needed when this method is used. 


40. The rectangle to the left of the y-axis has centroid (- i 1) and area 2. The triangle to the right of the y-axis has area 2 and 


centroid (3, 2) [by Exercise 39, the centroid is two-thirds of the way from the vertex (0, 0) to the point (1, 1)]. 


_ M l2 1 

Di pe 2 T [2(-3) -2(0] 2 (3) =a 

pee 3 MiYi = = [2(1) + 2(3)] -i(3 = 2. Thus, the centroid is (7, y) = (i 2 
Vy—' m yi 949 3 4V3 6 , , 12: 6 
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41. Divide the lamina into two triangles and one rectangle with respective masses of 2, 2 and 4, so that the total mass is 8. Using 


the result of Exercise 39, the triangles have centroids (-1, i) and (1, 2). The centroid of the rectangle (its center) is (0, — i). 


M; 
So, using Formulas 6 and 7, we have y — pore: 


[M 


Xia = 4B) 62) +4(-4)] 22) = ditm =o, 


since the lamina is symmetric about the line x = 0. Thus, the centroid is (z, y) = (0, 4). 


42. The parabola has equation y = ka and passes through (a, b), 


b b 
sob = ka? => k = — and hence, y = 52”. 


H ab 7 1 b 1 3 Du b a? " 1 
91 has area Ay [ ae dx a? Fa z(5 gm 


Since 9À has area ab, Rə has area A2 = ab — iab = Zab. 


For Rı: 


ty obi f fobs s 3b ges BP ale 28 /14a\ 3 
— 2 e TEE Ages $22 = "Ue = 
RET ó (227) T= ba n oe ae E E a 4° 4° 


a 2 2 a a 
n=); Mod w= f CETERI MEER ur Sy 
Ai Jo 2\a? ab 2a* Jo 2a5 |5 Jo 2a°\5 10 


Thus, the centroid for Ry is (%1, Y1) = ($a, 40). 


For Ro: 


Thus, the centroid for Rə is (T2, Ya) = (ža, 3b). Note the relationships: Az = 241, Tı = 225, y = 29. 


43. f (ex +d) f(x)dx = Jj cz f (x) dz + fe df(x) dx = c f? x f(z) dz 4- d f? f(x) dx = cEA+d f? f(x) dx [by (8)] 


= cz f? f(x)dx + df? f(x) dz = (cT + d) Je f(x) dx 


44. A sphere can be generated by rotating a semicircle about its diameter. The center of mass travels a distance 


2my = 20 (x) [from Example 4] — T. so by the Theorem of Pappus, the volume of the sphere is 
TU 


2 
» NE Lu E à 
V = Ad 5 3 37" ; 
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A cone of height ^ and radius r can be generated by rotating a right triangle yA 
about one of its legs as shown. By Exercise 39, 7 = ir, so by the Theorem of 
Pappus, the volume of the cone is h 

V = Ad = (4 - base: height) - (27%) = $rh- 27 (4r) = inr? h. c d 

0 7 x 
From the symmetry in the figure, 7 = 4. So the distance traveled by the centroid i 2,5) 
when rotating the triangle about the x-axis is d = 27 - 4 = 87. The area of the 2 Hs 
triangle is A = $bh = 2(2)(3) = 3. By the Theorem of Pappus, the volume of CE ra 
the resulting solid is Ad = 3(87) = 24. 
0 x 


The curve C is the quarter-circle y = V/16 — z?, 0 < x < 4. Its length L is $(27- 4) = 2m. 


= 2 16 
roa — z2) 1/2 (2r) = T 1o wp Sa T mu 
ds = J/1-F (y)? dx = 4 dx, so 
16 — x? 

1 4 4 2 
y--— T EA 4x(16 — a?) 1/2 dz = —|—(16 = 2?)'?] = —(0 4-4) = — and 

L 2m Jo 

4 4 4 

y= z [ vas= LI V 16 — x? .- io v= =| dr = 2 |] = 2a 0) = 3 Thus, the centroid 

L 27 Jo 16 — z? 2m Jo mhio T T 
is (S. 2) . Note that the centroid does not lie on the curve, but does lie on the line y = x, as expected, due to the symmetry 

7T T 
of the curve. 


(a) From Exercise 47, we have y = (1/L) f yds <+ YL = [ y ds. The surface area is 


S = f Inyds = 2r f yds = 2n(yL) = L(21), which is the product of the arc length of C and the distance traveled by 
the centroid of C. 


(b) From Exercise 47, L = 27 and y = 2, By the Second Theorem of Pappus, the surface area is 


S = L(2ny) = 2x (2n - 2) = 32m. 
A geometric formula for the surface area of a half-sphere is S = 2rr?. With r = 4, we get S = 327, which agrees with 
our first answer. 


The circle has arc length (circumference) L = 27r. As in Example 7, the distance traveled by the centroid during a rotation is 


d = 2n R. Therefore, by the Second Theorem of Pappus, the surface area is 


S = Ld = (2nr)(2n R) = Am?rR 
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50. (a) LetO € x € 1. If n < m, then x" > x”; that is, raising x to a larger 


power produces a smaller number. 


(b) Using Formulas 9 and the fact that the area of R is 


1 1 m-n 


N m — > L—————————— 
aces peu m-1 (n+1)\(m+1)’ 


we get 


pene Uae cud t a 


m-—n nm+2 m-c2 (n 4- 2)(m 4- 2) 
us J= ero Aan 1 [(z7)? - (2™)?] dz = cm dh (a?" — x?) da 
(n+ 1)(m d 


IM a 1 gol pH 
2(m — n) n+l 2m-c1| (2n41)2m-4 1) 


which lies outside 9t since (ay me 2. This is the simplest of many 


possibilities. 


51. Suppose the region lies between two curves y = f(a) and y = g(x) where f(x) > g(x), as illustrated in Figure 13. 

Choose points x; with a = zo < zi < -+> < £n = band choose v; to be the midpoint of the ith subinterval; that is, 
= Yi = 4(xi-1 + vi). Then the centroid of the ith approximating rectangle R; is its center C; = (Ti, FIT) + g(T:)]). 
Its area is [f 


elf) — 9(F 


i) — g(2:)] Ax, so its mass is 


(z 
(7;)] Az. Thus, M, (Ri) = pLf (;) — g(2:)] Ax - Ti = pT: [f Œ) — g(7:)] Ae and 
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DISCOVERY PROJECT Complementary Coffee Cups 


1. Cup A has volume V4 — IA: o f(y)? dy and cup B has volume 


Vs = f n[k — f (y) dy = fÈ fk? — 2k f(y) + [f (y)] P} dy 


= [n&?y]5 — mk f f(y) dy + f? alfy)? dy = mk?h — 27k A1 + Va 
Thus, Va = Vg € mk(kh —241) 20 k = 2(A1/h); that is, k is twice the average value of f on the 
interval [0, h]. 
2. From Problem 1, V4 = Vp kh = 241 Ai + Ao = 241 Ag = A1. 


3. Let zı and T2 denote the x-coordinates of the centroids of A1 and A2, respectively. By Pappus’s Theorem, 


Va = 217,41 and Vp = 2n(k — 12)42, so VA VB Ai kAo —32349 € kA =%1Ai + T2425 e 


845 


kAg = k (A41 +42) <= 4$kAg=4kA1 € A» = Ai, as shown in Problem 2. [ (x) The sum of the moments of the 


regions of areas A, and A2 about the y-axis equals the moment of the entire k-by-h rectangle about the y-axis.] 


So, since A1 + A» = kh, we have V4 Vg A, A» A, i(A + 43) => A1 = (kh) > 


k = 2(A1/h), as shown in Problem 1. 


4. We'll use a cup that is h = 8 cm high with a diameter of 6 cm on the top and the 
bottom and symmetrically bulging to a diameter of 8 cm in the middle (all inside 
dimensions). 


For an equation, we'll use a parabola with a vertex at (4, 4); that is, 


= a(y — 4)? + 4. To find a, use the point (3, 0): 


3=a(0—4)? +4 1=16a a = —+. To find k, we'll use the 
relationship in Problem 1, so we need Aj. 
= f? [- (y - 4 +4] dy = f*, (- 4i? +4) du [u — y — 4] 
=2 f? (-&u? +4) du = 2[- 49 + 4]; = 2(-$ + 16) = 
Thus, k = 2(A1/h) = 2 (85) = 2, 


So with h = 8 and curve x = —4(y — 4)? + 4, we have 


Va = fem [-4(y — 4? +4]? dy =r ft, (dw? +4)? du [u = y — 4] =2r fy (zu — Su? + 16) du 


= 2r [mat — gue + 16u] = 27 (§ — F + 64) = 2 (Sp) = Htr 


This is approximately 340 cm? or 11.5 fl. oz. And with k = 22, we know from Problem 1 that cup B holds the same amount. 
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8.4 Applications to Economics and Biology 


1. By the Net Change Theorem, C(4000) — C(0) 


C (4000) = 18,000 + fý °°’? (0.82 — 


— 18,000 4- 


2. By the Net Change Theorem, 


R(10,000) — R(5000) = fm^ R' 
— 420,000 — 
3. By the Net Change Theorem, C(50) — C(0) = 


C(50) = 100 + [0.6x + 0.004x?] °° 


Similarly, C(100) — C(50) = [0.62 + 0.0042]? 
400 
4. Consumer surplus = fo  [p(x) — p(400)} dx 


= fo (920 — 46,/z) dx = 46 fg” ( 


00 
46 = 46 [202 — 3 243/ ab — 46 
0 


= ior Cc’ 


[0. 82x — 0.000 0152? + 0.000 000 001a: 


CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION 


(a)dx => 
0.000 03x + 0.000 000 00327) da: 


316°% = 18,000 + 3104 = $21,104 


> 10,000 
(x) da = fosoa (48 — 0.00122) dz = [48x — 0.000627] ^ 
225,000 — $195,000 
D° (0.6 + 0.008x) dx = 


= 100 + (40 — 0) = 140, or $140,000. 


109 _ 100 — 40 = 60, or $60,000. 


| 
[(2000 — 46/7 ) — 1080] dx HUI 


consumer 
surplus 


— gi?) dz 


(8000 — = - 8000) 


= 46 - $ - 8000 ~ $122,666.67 
0 400 200 300 400 x 
— p45 = PA 
5. Consumer surplus = f° [p(a) — p(45)] dx idod 
_ 45 —0.03x __ —0.03(45) 
= fé (870e 870e ) dx nee 
1 45 
= 870 ane Ose ud l consumer 
0.03 0 surplus 
= 870( ——} e7135 — 45e71-35 + ET $11,332.78 
0.03 0.03 ida 0 50 
x x 
6. p = 2.80 6 — —— =32 > = 11,200 
P 3500 3500 * 
11,200 11,200 £ 
Consumer surplus = f [p(z) — 2.80] dx = Í (6- 3500 — 2. 80) da 
11,200 2 711,200 
= 2 =n) dx = |3.2 35,840 — 17,920 = $17,920 
f (3 3500 ^7 | i aix. " 3 


7. Since the demand increases by 30 for each dollar 


Also, p(210) = 18, so an equation for the demand is p — 18 = — 


the price is lowered, the demand function, p(x), is linear with slope -4 


a5 (x — 210) or p = — $7 + 25. A selling price of $15 


300. 


300 


implies that 15 we + 25 zou = 10 x 
Consumer surplus = FER (-4r +25 


15) dz = UR $r +10) dz = |- d5? + 10x]; 


— $1500 
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800,000e- 7/5000 
: ai =1 = zı X 3727.04. 40 
8. p(x) z + 20,000 6 £ = £ı X 3727.0 


consumer surplus 
Consumer surplus = f?" [p(a) — 16] da ~ $37,753 


=3727,16) | 


4000 


9. ps(z) = 3--0.0177. P — ps(10)=3+1= 4. 


p 
m Ps 
Producer surplus = f^^ [P — ps(x)| dz = fn^ [4 — 3 — 0.01z?] dx 3 
2r 


producer 
surplus 


= [x — 293a5]^" ~ 10 — 3.33 = $6.67 14 


10. P —ps(r) = 625 = 125 + 0.0022 500 = oa? x? = 500? x = 500. 
Producer surplus = f} [P — ps(z)] dz = fo^ [625 — (125 + 0.00222)] da = °° (500 — z152?) dz 
= [500x — 4d54?]?"^ = 500? — 74, (500%) ~ $166,666.67 


11. p = v30 + 0.01xe9-0012 — 30 when x ~ 3278.5 (using a graphing calculator or other computing device). Then the producer 
surplus is approximately for [30 — v30 + 0.01269 | da ~ $55,735. 


12. (a) Demand curve pp(x) = supply curve ps (x) 50 ict = 20+ Bc 30 = Xx x = 200. 
pp(200) = 50 — 3: (200) = 40, so the market for this good is in equilibrium when the quantity is 200 
and the price is $40. 


(b) At equilibrium, the PA Sumus 
200 50 demand 
Consumer surplus = °° — 40] dx (50 — sa — 40) dz 
40 
EUM - wee le "s 30 (X, P) 
and the 20 supply producer 
CEN 10+ surplus 
Producer surplus = f^^ [40 — ps(z)] da = (40 — 20 — ix) dz 
— 
= [20x iz? lS px 0 50 150 250 x 
13. (a) Demand function p(x) = supply function ps(zx) < 228.4 — 18x = 27x + 57.4 171 = 45a 


x = 1? [3.8 thousand]. (3.8) = 228.4 — 18(3.8) = 160. The market for the stereos is in equilibrium when the 
quantity is 3800 and the price is $160. 


a^ [p(z) — 160] dx = f° (228.4 — 18x — 160) dz = f°" (68.4 — 18x) dx 


(b) Consumer surplus = 
2138 1 
- [68.42 — 9x JH = 68.4(3.8) — 9(3.8)? = 129.96 
Producer surplus — d [160 — ps (x)| dz = 2^ [160 — (27x + 57.4) dx = 2^ (102.6 — 27x) dx 
3.8 
= [102.62 = 13.527] = 102.6(3.8) — 13.5(3.8)? = 194.94 
0 


Thus, the maximum total surplus for the stereos is 129.96 4- 194.94 — 324.9, or $324,900. 
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12 0:27 
14. p(z) =ps(z) = 312e7™1? = 2660?*. S = = Sr e 1226 & In12=034¢ e 
ln 12 : 
r=X= 034 X z 7.3085 (in thousands) and p(X) ~ 112.1465. 


Consumer surplus — ie [p(x) — p(X)] dz = ie Gilets — 112.1465) dx = 607.896 


Producer surplus = ee [ps(X) — ps(z)] da ~ [1775 (112.1465 — 26e°?") dx = 388.896 


Maximum total surplus zz 607.896 + 388.896 = 996.792, or $996,792. 
Note: Since p( X) — ps(X), the maximum total surplus could be found by calculating dos [p(z) — ps(a)| dz. 
15. f(8) - f() = JÈ F'O dt = [2 vt ac = [367]. = 2(16 v8 — 8) ~ $9.75 million 
16. The total revenue R obtained in the first four years is 
R= fó f(t) dt = ff 9000 VI + 26 dt = f?9000u'/ (idu) [u= 1+ 2t, du = 24i] 


9 
= 4500[2u%/?| , = 3000(27 — 1) = $78,000 


17. Future value = i fer dt = fe 8000e°-04# €9-962(6—4) de = 8000 Jo eX 04 C0372 0.0026: te 


—0.022t 7 6 
2 6 0.372—0.022t m _ 0.372 (6 ,—0.022t 7, _ 0.372 | € 
0.372 
= aeg (6 — 1) © $65,230.48 
T -rt 6 0.04t ,—0.062t 6 |—0.022t CLEA M 
18. Present value = fj f(t)e "* dt = fọ 8000e e dt = 8000 J, e dt — 8000 0022 
EY " 


., 8000 , -0132 4) ~ 
= 9023 * 1) ~ $44,966.91 
19. N= RT dr —4A gp FH b E A "E de 
© Ja -k+1}, 1-k 3 
i 2—k 3^ 
imi 1—k S x A T ER 
Similarly, | Ag!" dx = A E a z E (b 


1 
Thus, = — 
us, T N 


a 


LM 9 "m 


9 

20. n(9) — n(5) = i (2200 + 10e°**) dt = [22000 + 
5 

= 2200(9 — 5) + 12.5(e"? — e*) ~ 24,860 


mPR*  m(4000)(0.008)* 


21. F = = > x 1.19 x 1074 em? 
Snl 8(0.027)(2) S20 remus 
l PoR§ «PR P Ro V. 
22. If the flux remains constant, then us oe =f Bil PR = PR‘ B ( k ) i 
3 P Hy "me ; : : 
R= $i E SR => P=P (4) & 3.1605Po > 3P5; that is, the blood pressure is more than tripled. 
0 ae 
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23. From (3), F — A € , Where 


Jo c(t) de 20I 


10 10 
E —0.6t = 1 —0.6t integrating} _ 1 —6 
I -f te dt fen ( 0.6t 1)e il | by parts = oss C7 7e + 1) 
6(0.36) ^ 0.108 


201— 7e-5) ^ 1— Te- z © 0.1099 L/s or 6.594 L/min. 


24. As in Example 2, we will estimate the cardiac output using Simpson's Rule with At = (16 — 0)/8 = 


Jo° e(t) dt © 2[c(0) + 4c(2) + 2c(4) + 4c(6) + 2e(8) + 4c(10) + 2c(12) + 4c(14) + c(16)] 
= 8[0 + 4(4.1) + 2(8.9) + 4(8.5) + 2(6.7) + 4(4.3) + 2(2.5) + 4(1.2) + 0.2] 
= 3(108.8) = 72.53 mg s/L 
A 5.5 
Therefore, F x — = = —— 7 0.0758 L/s or 4.55 L/min. 
72.53 72.53 


25. As in Example 2, we will estimate the cardiac output using Simpson’s Rule with At = (16 — 0)/8 = 


Jo c(t) dt. & 2[e(0) + 4c(2) + 2c(4) + 4c(6) + 2c(8) + 4c(10) + 2c(12) + 4c(14) + ¢(16)] 
e 20 + 4(6.1) + 2(7.4) + 4(6.7) + 2(5.4) + 4(4.1) + 2(3.0) + 4(2.1) + 1.5] 
= 2(109.1) = 72.73 mg- s/L 
A 7 j 
Therefore, F x — = — 7 0.0962 L/s or 5.77 L/min. 
72.73 72.73 


8.5 Probability 


1. (a) fa ooo J (x) dz is the probability that a randomly chosen tire will have a lifetime between 30,000 and 40,000 miles. 


(b) der es f(x) dz is the probability that a randomly chosen tire will have a lifetime of at least 25,000 miles. 


2. (a) The probability that you drive to school in less than 15 minutes is JS e f (t) dt. 

(b) The probability that it takes you more than half an hour to get to school is J. En f (t) dt. 

3. (a) In general, we must satisfy the two conditions that are mentioned before Example 1 — namely, (1) f(a) > 0 for all x, and 
(2) f, f(z)dz = 1. For0 < x € 1, f(x) = 30z?(1— x)? > 0 and f(x) = 0 for all other values of x, so f(a) > 0 for 
all x. Also, 

J oT dee [^ 30z?(1— x)? dx = D 30z?(1— 2x + z?) dz = fo (302? — 60x? + 30x4) dx 
= [1023 — 152* + 655] = 10 - 154-6 = 1 


Therefore, f is a probability density function. 


(b) P(X < 3) = [1 f(z) dz = f1/? 302? (1— x)? dz = [102° — 152* + 625]? = 39 — 1$ 8 = 
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4. (a) In general, we must satisfy the two conditions that are mentioned before Example 1 —namely, (1) f(x) > 0 for all x, and 


3-2 
(2) f ae f(x) dx = 1. For f(x) = quocp the numerator and denominator are both positive, so f(a) > 0 for all x. 
Also, 
oo 0 oo 0 3—-z s eet 
[toia] tod f(z)dz = lim. $ apa parin Ñ (ey d" 
0 s 

u —du È —du u= 1 +e, 

E m oat U Es Bund gg uw? Di Set? A 

= lim 8 gaa (AN = lim I "aris 1 i 

^ too 4 net $099 |u] o  t—-99 1 + e377? ' soo | 1 + e377 


= lim D l + lim : — l 0+1 l 1 
~ to \1+e3 14 e3-7t soo \1+e3-s 1+e3/ 1463 | loce 7 


Therefore, f is a probability density function. 


4 4 
1 1 1 
P3B<X <4)= dx = | ——~— f rt = = 0.231 
t P< x <4)= f Hode= |] tempe = ru 08 
(c) f(x) = e ; The graph of f appears to be symmetric about the line x = 3, so the mean 
(1&7) 
0:23 appears to be 3. Similarly, half the area under the graph of f appears to lie 
to the right of x = 3, so the median also appears to be 3. 
-6 0 3 12 


5. (a) In general, we must satisfy the two conditions that are mentioned before Example 1—namely, (1) f(x) > 0 for all x, 


and (2) f^. f(x) dz = 1. If c > 0, then f(x) > 0, so condition (1) is satisfied. For condition (2), we see that 


oo oo Cc 
[| tos- 5 da and 


oo t 
E dr = lim "E — c lim [tan a]; =c lim tan ! t 2c ue 
ö 2 1+ x? 0 


ioo too 2 


0 oo 
Similarly, f I LA dz = (5) , SO ji 1 — dz = 2c(7) — em. 


—oo a 


Since cz must equal 1, we must have c = 1/7 so that f is a probability density function. 


1 1 
1/x 2 1 2 1.431 27% 1 
PU ASH 25) = dx = dz = [+ ==(4-0)=; 
OE eae) f.m 2 peo es i ee) 


6. (a) For 0 < x < 3, we have f(x) = k(3x — x”), which is nonnegative if and only if k > 0. Also, 


[tad ei. k(3a — z?) dx = k[3a? iz = k(2-9) = 3k.Now3k=1 => k= 2. Therefore, 


f is a probability density function if and only if k = 2. 
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(b) Let k = 2. 


P(X > 1) = fi" fw) de = JP 3 (8x - 2?) de = $ [ġa — 50°]; = 3[(F — 9) -( 


Nolo 
[JL 
— 
t) 

| 
OIN 
— 
lS 
— 

| 
NIE 
NNO 


(c) The mean p= f^^ a f(x) dz = o «(2 (3a —-a?)] dz = 2 (o (32? — a?) dx 
-5[5-]-.07-25)5300 = 


7. (a) In general, we must satisfy the two conditions that are mentioned before Example 1 —namely, (1) f(x) > 0 for all z, 
and (2) f°. f(x) da = 1. Since f(x) = 0 or f(x) = 0.1, condition (1) is satisfied. For condition (2), we see that 
JS f(x)dx = d 0.1dz = [ix] de = 1. Thus, f(x) is a probability density function for the spinner's values. 


(b) Since all the numbers between 0 and 10 are equally likely to be selected, we expect the mean to be halfway between the 


endpoints of the interval; that is, x = 5. 


Lalo _ xf(x)dr = hu x(0.1) dx = [5r] = 0 —5, as expected. 


8. (a) As in the preceding exercise, (1) f(x) > 0 and (2) f°. f(x) da = fe f(x) dx = $(10)(0.2) [area of a triangle] = 1. 
So f (x) is a probability density function. 
(b (i) P(X «3) = f? f(x) dx = 1(3)(0.1) =  — 0.15 


(ii) We first compute P(X > 8) and then subtract that value and our answer in (i) from 1 (the total probability). 


P(X >8) = f;^ f(x) dx = 1(2)(0.1) = 2 = 0.10. So P(3 < X < 8) = 1 — 0.15 — 0.10 = 0.75. 


(c) We find equations of the lines from (0, 0) to (6, 0.2) and from (6, 0.2) to (10, 0), and find that 


ioc if 0c z«6 
f(r-4-4vc-i if6zzr«10 
0 otherwise 


u= Jis xf (x) dx = fo x(d5x) da fa x( ic + i) dx = [d52?]5 + [42 + iz?] B 


= Bo + (Cum) - (A8 + 3) = aos 


9. We need to find m so that f? f(t)dt= 5 => lim f? ie "5 d=} => lim [ise] =4 


r1—0o m 


(-1(0— e77/5) = 1 => pne m/5 —1ni m = —51n 3 = 51n2 z 3.47 min. 
f) 0 ift«0 
10. (a) u = 1000 t 
xe Ds ift>0 
200 
(i) P(0 < X < 200) = joe RE dt = [-«e 9| = eS 41 x 0,181 
0 
ii > = =e t= lim |—e7 Ms +e “° & 0. 
ii) P(X 800 E IU 1/1000 q li 1/1000 0 4/5 0.449 
200 800 


(b) We need to find m so that f? f(t)dt=5 => lim f? que "1000 di—i = lim [-e=+/1000] M i 


100 m 


0--e7"/99 I = —m/1000 = Ing m = —10001n $ = 10001n 2 ~ 693.1 h. 
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0 ift<0 
11. (a) An exponential density function with u = 1.6 is f(t) = eee rc 
The probability that a customer waits less than a second is 
P(X <1)= fif 1 dge "19 dt = [-e^*| =e 1/15 4 1 as 0.465. 
(b) The probability that a customer waits more than 3 seconds is 
P(X > 3) = f" fO dt = lim f; f) dt = lim [7e] = lim (-e7*/^ + e919) = 67/5 0.153, 


Or: Calculate 1 — T f (t) dt 


(c) We want to find b such that P(X > b) = 0.05. From part (b), P(X > b) = e-"/*$, Solving e~°/1-6 = 0.05 gives us 


—45 =1n0.05 = b= —1.61n0.05 = 4.79 seconds. 


Or: Solve fof t) dt = 0.95 for b. 
12. (a) We first find an antiderivative of g(t) = t? e^'. 


1 2 =, dv-e*tdt 
2 at — 2 42 pat — se at u > U € 
f: e dt= a e n dt bcm v= lert | 


1 
a 


cM 
N 
a 
S 
Ieee 
= 
= 
a 
S 
"ES 
a 
a 
5 
= 
LII 
a 
ee 
Il 
& + 
> 
a 
ee 
sll 
a a 
a & 
Ses 
= 
ee | 


ee lv d iow BER +C 
a a2 a3 a a 2 


= —20e 999'(42 + 40t +800)+C [with a = —0.05] 


P(0 < X < 48) = P f(t)dt = l e (t) dt = : [-20«-^^* (P? + 40% + 800)] 
irren = 15676], IVU ~ 15,676 o 


—20 -2.4 = 
= 15676 (5024e~?-4 — 800) = 0.439. 

(b) P(X > 36) = P(36 < X < 150) = l que g(t) dt = E |-209- 95 (gà + 40t + 800)] T 
x 15,676 "36 15,676 36 

—20 —7.5 —1.8 

=p arc (29 300e77:5 — 3536e 19) = 0.725 
1 . 
13. (a) f(t) = 4 d — iet if40 < t< 80 


0 otherwise 


60 40 4 60 / 4 t m 40 t P 60 
P(30 < T € 60) = foa f mits | — — — | dt = | — T|l—-—— 
30 1600 40 20 1600 3200 30 20 3200 40 


30 
1600 900 60 3600 40 1600 1300 , 1 19 
3200 3200 20 3200 20 3200 3200 ' 32 


The probability that the amount of REM sleep is between 30 and 60 minutes is 25 = 59.4%. 
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15. 


16. 


17. 


18. 
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oo 40 t 80 1 t B 40 g B 80 
= t f(t) dt = t| —— dt t dt = 
b) p rab fq) f (z) f (x m) FI a E zio] 2 


_ 64,000 (Se og (= ju) 384,000 4120 = 40 
4800 40 4800 40 4800 4800 
The mean amount of REM sleep is 40 minutes. 
ME (a — 69)? 
(a) With u = 69 and o = 2.8, we have P(65 € X < 73) = f. IAT ee(- Sz) dx = 0.847 


(using a calculator or computer to estimate the integral). 


(b) P(X > 6 feet) = P(X > 72 inches) = 1 — P(0 < X < 72) ~ 1 — 0.858 = 0.142, so 14.2% of the adult male 


population is more than 6 feet tall. 


e d (a — ui ; : 
P(X210)- — — exp| — —————— | dz. To avoid the improper integral we approximate it by the integral from 
(X 2 10) T Do »( 219 prop g pp y g 
100. al (a — 9.4)? 
10 to 100. Thus, P(X > 10) = f ew( 2 ) dx ~ 0.443 (using a calculator or computer to estimate 
10 4.227 2.4.2 


the integral), so about 44 percent of the households throw out at least 10 Ib of paper a week. 


Note: We can't evaluate 1 — P(0 < X < 10) for this problem since a significant amount of area lies to the left of X = 0. 


480 2 
1 (x — 500) ) . : 
a) P(0 < X < 480) = ex dx ~ 0.0478 (using a calculator or computer to estimate the 
DOREM I 12 2r Z 2-12 s : 


integral), so there is about a 4.78% chance that a particular box contains less than 480 g of cereal. 

(b) We need to find u so that P(0 < X < 500) = 0.05. Using our calculator or computer to find P(0 < X < 500) for 
various values of u, we find that if y = 519.73, P = 0.05007; and if u = 519.74, P = 0.04998. So a good target weight 
is at least 519.74 g. 


100 2 
—112 ; , 
(a) P(0 € X < 100) = / Sor exp - P) dx ~ 0.0668 (using a calculator or computer to estimate the 
0 T : 


integral), so there is about a 6.6896 chance that a randomly chosen vehicle is traveling at a legal speed. 


oF dd (2 — zr) > l 
b) P(X > 125) = f ex ( dx = x) dx. In this case, we could use a calculator or computer 
(b) P( ) Berea res 2-82 ae p 
to estimate either f ne f(x) dx or1— n f(x) dx. Both are approximately 0.0521, so about 5.21% of the motorists are 
targeted. 
1 Bm 2 1 cr XD 2, —2(z — u) —1 NES, 2 
= (xw—p)*/(20°) , EN (z—u)*/(20^) = (x—u)*/(20^) 
x) = —— e > x) = —— e e x > 
JU = ee Te) = TE PON (x — u) 
—1 esc va 2 MAE NA 2 —2(x — m 
" zn (wp) /(207) 1 (x-u)'/(2c^) AY P^ 
PG - aya |. FOSHE 203 
—l zu) 2 (z— d 1 (gn 2 
= (w@-p)*/(20*) = (@-p)*/(20*) 2 2 
= e 1- ———|- e x —G6 
o3 2m | c? 05/25 [( u) ] 


f'(z)«0 > (a@-p)?-0? <0 > |r-u <o > —-o<r-u<0 => u-oc«z«p-o and similarly, 


f'"(x)»50 > x<p-—corx>p-+to. Thus, f changes concavity and has inflection points at x = u £ v. 
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+20 um 2 > 
19. P(u — 20 < X < u + 20) = / l exp (-Ez2-) dx. Substituting t = TU and dt = L dx gives us 
u-2e OV 2m 2c [o c 


2 2 
f 1 Uh = =J e7 UP? dt œ 0.9545. 
—2 OV 20 V2T J-2 


0 ifzc«0 
20. Let f(x) = where c = 1/w. By using parts, tables, or a CAS, we find that 
ce ^ ifa>0 


(1): f ze'* dz = (e** /b?)(bx — 1) 


(2): f z?e'* dz = (e** /b®)(b?x? — 2b + 2) 


Now o? = [S (x — n) f(a) dz = f? (x — uy? f(x) de + f° (x — p)? f(x) de 
=0+ jim c fs (a — u} e” dx = c. Jim. m (a?e7** — 2zpe ^ + pe) dz 


Next we use (2) and (1) with b = —c to get 


sit —cx]t 


c? =c lim -5 (Êx? + 2ex + 2) 20 (—ca —1) +p 


i—0oo 


Using l'Hospital's Rule several times, along with the fact that u = 1/c, we get 
T =cl0— 2a 2 P: 1 m 1 1 z 1 
B e e e d -ej| ^e c Es 


21. (a) First p(r) — Arte reo > 0 for r > 0. Next, 
0 


oo oo t 
if p(r) dr = i A pela dr = a lim r?e7?/% dr 
— o0 o Q0 a to Jo 
By using parts, tables, or a CAS [or as in Exercise 20] , we find that f z?e"* dx = (e°"/b®)(b?x? — 2bz + 2). (x) 
3 
Next, we use (x) (with b = —2/ao) and l'Hospital's Rule to get E É c» — ]. This satisfies the second condition for 


0 


a function to be a probability density function. 


(b) Using I’Hospital’s Rule, — lim LU NER ENDE 


4 r? La 2r 
——— = — lim L————— = 
mi r= oo e2r/ao ae T—o00 (2/ao)e?r/ao az r= (2/ao)e?r/ao 


To find the maximum of p, we differentiate: 


4 
p'(r) =z nt =) + e 27/20 (2r)| wr e 27/420 (2 (-= + 1) 
ao ao 0 0 
p(r)-0 r—0orl — r=ao [ao & 5.59 x 107?! m]. 
0 


p'(r) changes from positive to negative at r = ao, so p(r) has its maximum value at r = ao. 
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(c) It is fairly difficult to find a viewing rectangle, but knowing the maximum 1x10” 


value from part (b) helps. 


4 4 
plao) = 73 ade: "te s e e^? = 9,684,098,979 
0 


With a maximum of nearly 10 billion and a total area under the curve of 1, 


4x10" 
we know that the “hump” in the graph must be extremely narrow. " 


T 4ao 
(d) P(r) = f faea ds = P(4ao) = / See ties ds. Using (x) from part (a) [with b = —2/ao], 
o 4% 0 0 


4 fe in (Any 4 ES. ag _8 1 _8 
P(4ao) 3| (4s tzeeí) -a(3)t (64 + 16 + 2) — 1(2)] = —3(82e ^ — 2) 


= 1 — 41e7? = 0.986 


oo 4 t = f f : 
(e) u = f rp(r)dr = = jim pe 27/20 dr, Integrating by parts three times or using a CAS, we find that 
—oo Qo +> Jo 


ba 
fe” dx = Sr (b? x? — 3b? 3? + 6bx — 6). So with b — EE we use l' Hospitals Rule, and get 
ao 


Review 
TRUE-FALSE QUIZ 


1. True. The graph of y = f(x) + cis obtained by vertically translating y = f(x) by c units. The arc length over the interval 


a € x < b will be unchanged by this transformation. 


2. False. Suppose g(x) = 1 and h(x) = g(x) + 2 = 3. Rotating the graph of g(x) about the x-axis over the interval [0, 2] 
will produce an open cylinder with radius 1 and height 2, so its surface area will be 27(1)(2) = 47. Similarly, 
rotating h(x) in the same way will generate an open cylinder with radius 3 and height 2, so its surface area will be 


22(3)(2) = 127. 


3. False. Suppose f(x) = r and g(x) = 1 so that f(x) < g(x) in the interval [0,1]. f(x) is a straight line so its arc length 


over [0, 1] is the distance between its endpoints and is given by \/(1 — 0)? + [/(1) — /(0)? = V2. Similarly, the 


arc length of g(x) over [0, 1] is 1, which is less than 2. 


1 1 1 
4. False. y=? => dy/dr=3r > r=) VIFF de = f VIFF de = f v 14 924 dx 
0 0 0 


5. True. The smallest possible length of arc between the points (0, 0) and (3, 4) is the length of a straight line segment 


connecting the two points. This length is J/(3 — 0)? + (4 — 0)? = v25 = 5. 
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6. True. By Equation 8.3.9, the centroid of a lamina depends only on its area and the curves y = f(a) and y = g(x), which 


define its shape. 


7T. True. The hydrostatic pressure depends only on the depth of the fluid, d, and the fluid’s weight density, 6, as given by 


P — ód. See margin note next to Equation 8.3.1. 


8. True. The total probability must be 1. See Equation 8.5.2 and the preceding discussion. 


EXERCISES 
1. y = 4(z — 1)? dy = 6(x — 1)! iae] Su ; = 1 + 36(x — 1) = 36x — 35. Thus 
da da : í 
109 


4 e 
if v 36x — 35 dz = Vii (sc du) Pea 
1 


1 du = 36 dx 


109 
= 2,,3/2 ooo Sil 
lae], = &aov199 - 1) 


; dy 1 dy 4 

2. y= 2In(sin 4x) > 257 2 demum, . cos($2) . i = cot ($2) => 1+ (2) =1 + cot? (4x) = csc? (3x). 
Thus, 
T T T 1/2 Eie 
b= f esc? (3a) ax = f lese(2) ax = f esc($2) as = f csc u (2 du) | T | 
1/3 1/3 7/3 7/6 du = $ dx 

= 2[m|escu— cota]. = 2[m ese 8 cot £ | In |csc 2 cot £ |] 

= 2[In|1 - 0| - m[2 - v3| | = -2m(2 - v3) ~ 2.63 
3. 12x = 4y? 4-3y!| => s= iy tiy = a =y-ty? = 


dx 2 = = E 
2163 —-1-4y-icdàiy^-y-ictiy^-(yiy?y.Thu, 


3 3 3 
L= | v(f*iv?3)dy- f |y? + iv?| dy = i (Y? iv?) dy = E - iv 
53 


3 
0-i)-ü-D-13-59 


12 F2 6 
4 _ «4 ee ee dy la a 
GN 2:271" 3 qva 
1+ (dy/dx)? =1+4 (4a? 279) 21 hat iba = da96 iva = (fae +074)’. 


Thus, L — i, (42° tz) dz = [at ig = (1 i) 
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= 2n[ape® — ij -?«[(8-3)-(58-0]-2«($-$- 5 +1) —20(3) = 7 


For0 < æ < 3, L = fò VIF YF de = fe /1+4/@ +14 dz z 3.5121. 


(b) The area of the surface obtained by rotating C about the x-axis is 


3 3 
S =| 2my ds = 2n f =e] + 4/(x + 1)* dx = 22.1391. 
0 o t1 


(c) The area of the surface obtained by rotating C' about the y-axis is 
S = f? 2nz ds = 2n f) x /1 d A/(x + 1)4 dz ~ 29.8522. 


6 (a) y= 2” 1 + (y)? = 1 + 42”. Rotate about the y-axis for 0 < x < 1: 


5 
S= fj 2nz V+ dx de = f? 3$ Vudu [w=1+407] = g |ui" | = g(5? - 1) 


(b) y = 2” 1 + (y)? = 1 + 42”. Rotate about the x-axis for 0 € x < 1: 
S = 2n fy x? VIF 4a? dz = 2n fo tu? YI + u? 4 du [u=22] =F o d? V/1-F uP du 
= z[1u(1--2u?) VIF u?— tln|ju+ VI- u2|]ó — [w= tan 6 oruse Formula 22] 
= sli) - $n(2 + v8) - 0] = [18 V5 - (2+ 5) 
7. y — sinz y' = cosx 1+ (y)? = 1 + cos?z. Let f(x) = V1-- cos?z. Then 


Lu S f(x) dx = $10 


= £9? [O + af) 20 (85) r8) 2/89) 


= 3.8202 


1 


8. (a) y = sinz y = cosg 1+ (y)? = 1 + cos?z. 
S = ff 2nyds = fy 2r sing V1 + cos?z dz. 


(b) S ~ 14.4260 


9. y= f vvt-1dt > dy/dr=vvVz-1 1+ (dy/dz =1+ (Vz - 1) = vs. 


16 
Thus, L = Je V v/z dz = T2 x14 dr = 2 [2] = 


1 


16 
10. S = [1^ ana ds = 2n i ee dx = Qn f° z9/^ dy = 27 - $ ee = (512 — 1) = “8a 
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11. By reasoning as in Example 8.3.1, ;— : 2a = 2 — x and w = 2(1.5 +a) = 3 + 2a = 3+2- xr = 5-1. 


Thus, F = k ôx(5 — x) dz = ô| 3a? 


a9]? = 5(10 — 8) = 225 ~ 458 Ib [5 ~ 62.5 Ib/ft?]. 


12. The parabola has equation y = ax”. Since the point (4, 4) is on the graph, 4 = a(4)? 


y= ta? or £ = +2,/y. 


> a= i Thus, an equation is 


v 
4 |—s8 ft 
F = fy 6(4 — y)2(2 Vy) dy = 46 f; (4y™? — y?/?) dy T 
4 
= 45 |$"? — S -4(s - 64) = 2565(1 — 2) T 
= 26% 2133.31b [ő ~ 62.5 Ib/ft*] > 
yay 


13. The area of the triangular region is A = 4(2)(4) = 4. An equation of the line is y = 2x or x = 2y. 


1 f?1 j Do. us pif2- 5 DATA i 4 
TSA = dy = - l(2y?dy22 | Ay) dy2z2|- = =(8)== 
T af, 3/00 y if 5 QV) dy J) y dy ss" 5 (8) 3 

if? ] $9 TIE le 1 4 
um dy = = 2) dy = = due (gi = 
i= y f(y) dy if vo» y TE y AE 5 (8) 3 


The centroid of the region is (4, 1). 


14. An equation of the line is y = 8 — x. An equation of the quarter-circle is y = — y 8? — x? with 0 € x < 8. The area of the 


region is A = 4(8)(8) + 47(8)? = 32 + 16m = 16(2+ 7). 


=f x| f(x Ja - X f «|o + V/64— 2? | dz 


8 
-5f | [8s — 2? "(64 — a?) ?| de Nn Pc 


A 3 P 
- 3 nn 82-3) (0-0-2) - git - 
y- A] UOP- to Paza ded v/64 — 27)? da 
=o [64 — 16x + 2? — (64 — a?) dx = gi , Qi — 162) d 
ay P(e? — 82) de = i-e] - = ag case) 


— ——— | ® (341, —1.04). 
24m wen} eu, ) 
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16. 


17. 


18. 


19. 


20. 


CHAPTER8 REVIEW 859 


2 
=i h(E - Go] de= $36 a) de= En - ans = 86-3) 


Thus, the centroid is (z, y) = (3, 1). 


From the symmetry of the region, T = $. A= Jem sin z dz = [- cos x] s s ( A) — 2 


T/4 /4 
1 TE D. roga 1 T à 
J= > z5 siní zdr = — = (1— cos 2x) dx 
A -/4 : A n/4 i 
1 i 37/4 
= m [r — 3 sin2z] 7 


1 T T T 
= aon st 1) 3+3 1] = 7a (4+1) 


Thus, the centroid is (z, 7) 


(3. EN 1)) ~ (1.57, 0.45). 


The centroid of this circle, (1, 0), travels a distance 27 (1) when the lamina is rotated about the y-axis. The area of the circle 


is 1(1)?. So by the Theorem of Pappus, V = A(2rT) = 1(1)?2z(1) = 27°. 


The semicircular region has an area of snr’, and sweeps out a sphere of radius r when rotated about the x-axis. 


T = 0 because of symmetry about the line x = 0. And by the Theorem of Pappus, V = A(2:y) = 


fnr? = inr? (277) y = ar. Thus, the centroid is (7,7) = (0, £r). 
ax = 100 P = 2000 — 0.1(100) — 0.01(100)? = 1890 


Consumer surplus = 5 Lp(a) — P] dx = 2 (2000 — 0.1: — 0.012? — 1890) da: 


100 
0 


= [110z — 0.052? — S% r°] 


E = 11,000 — 500 — #2 ~ $7166.67 


[2^ c(t) dt © S15 = 25-29 [1(0) + 4(1.9) + 2(3.3) + 4(5.1) + 2(7.6) + 4(7.1) + 2(5.8) 
+ 4(4.7) + 2(3.3) + 4(2.1) + 2(1.1) + 4(0.5) + 1(0)] 
= $(127.8) = 85.2 mg: s/L 


Therefore, F ~ A/85.2 = 6/85.2 ~ 0.0704 L/s or 4.225 L/min. 
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sin if0<x< 10 
TE (8) ifoses 


0 if x «0orz » 10 


(a) f(x) > 0 for all real numbers x and 


jes f(x) dz = dus i; sin( 52) dr—35: io[- cos(4x)] °° = i(- cos 7 + cos 0) = (1 +1)=1 


0 
Therefore, f is a probability density function. 
(b P(X <4) = fes x) dx = s 30 T sin(45z) dx al cos( 2) ]5 = i(- cos 2*. + cos 0) 
œ~ 1(—0.309017 + 1) ~ 0.3455 
©) u = [ef (e) de = mA w07 sin( 4x a) da: 0.3 
= fo $ Qu(sinu)()du ^ [w= fr, du — Has] 
= 2 ff usinudu 2 2 [sinu — ucosu]; = Ž[0 —7(-1) = 5 
0 10 
This answer is expected because the graph of f is symmetric about the 
—0.1 
line z — 5. 
280 280 i 2 
22. P(250 € X < 280) = I L e70? dy = i -— ee( S) dx ~ 0.673. 
250 oV2T 250 15/2n 2-15 


Thus, the percentage of pregnancies that last between 250 and 280 days is about 67.3%. 


0 if t<0 
23. (a) The probability density function is f(t) = 
ie 75 if t>0 
3 
P(0 < X <3) = fr te dt = [-e-"] = —e79/8 4 1 2 0.3127 
0 


10 Be r—oo z—0o 


(b) P(X > 10) = f° 1e-*/5 dt = lim [-e- 8 = lim (—e77/3 + e710/5) = 0 + e-9/4 a; 0.2865 
10 


2 xr CO 2 


(c) We need to find m such that P(X > m=} => f° ie '/5 d=} => lim [-«"*| md. ux 


lim (Ce 7/8 pe7/8) 21 > eo MB a1 m/8 —1ni m = —81n 4 = 81n2 © 5.55 minutes. 


zoo 
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1. a? 4+y%<4y & a? (y — 2)? € 4, so S is part of a circle, as shown 


in the diagram. The area of S is 
1 113 [y— —1/2— 
fo V4y — yr dy = [453 Vy — + 2cos '(222)] [a — 2] 
= — 4v3 + 2cos ! (3) — 2cos^! 1 


$43)-30- $3 


Another method (without calculus): Note that 0 = ZC AB = 3, so the area is 


(area of sector OAB) — (area of AABC) = z(2) c i(1)V/3- ar x3 


2. y = EV r? — xt The loop of the curve is symmetric about y = 0, and therefore y = 0. At each point x 


where 0 < x < 1, the lamina has a vertical length of x? — x4 ( Va? — x4 ) = 2 y x3 — xt. Therefore, 


fo 2: 2/23 — a dz 9 fo x a3 — a7 dz 
DENT — a4 dx i So Va — zi dz 


iP jx a3 — at dx = foa 5/2. /1 — x da 


SEP sin? 0 cos 04/1 — sin? 0 d0 sing = va, cos 6 d0 = dx/(2V/ ), 
2sin0 cos0 dé = dx 


T= . We evaluate the integrals separately: 


meg sin® 0 cos? 0 d0 = queo (1 — cos 20)]° 4 (1 + cos 20)d0 


= Si (1 — 2cos20 + 2 cos? 20 — cost 20) d0 


= Kraji — 2 cos 20 + 2 cos 20(1 — sin? 20) — 4 (1 + cos 40)°] dé 


= i[0 — isi? 26) 7/7 = ES e (1 + 2cos 40 + cos? 40) dé 
= £ — d5[0 + $ sin 46] Vg -å He (1 + cos 80) d0 

= 54- [0+ 1 sin 40]7/? -å E (1 + cos 80) d0 

= 4-2 [0+% sin 80] 7/7 = a 


Js 4x8 ride = [os 3/2 /1— z dz = [/?2sin* 0 cos04/1 — sin? 0 d0 [sind = Vz] 


Mig 


= 2sinf 0 cos? 0 d0 = T 


2. 1(1— cos20)? - (1 + cos 26) d0 


= Eo 20 + cos? 20) d0 


= 1/211 — cos 26 — 3(1 + cos 40) + cos 20(1 — sin? 20)| do 


= i-i 1 sin 46 — 1 s sin 32017? = i 


57/128 5 


E = — 2. (5 
Therefore, 7 = 7/16 = g and (z,y)-— (5:0). 
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3. (a) The two spherical zones, whose surface areas we will call S; and 55, are 
generated by rotation about the y-axis of circular arcs, as indicated in the figure. 
The arcs are the upper and lower portions of the circle x? + y? = r° that are 
obtained when the circle is cut with the line y — d. The portion of the upper arc 


in the first quadrant is sufficient to generate the upper spherical zone. That 


portion of the arc can be described by the relation x = ,/r? — y? for 


d € y € r. Thus, dr/dy = —y/4/r? — y? and 


dz V y? r? r dy 
=4/1 d 14 dy = dy = 
oe : y r? — y? i oy * r2 — y? 


From Formula 8.2.8 we have 


s - [hist 2) ay =f 2m VAP Qrr dy = 2xr(r — d) 
d 


Similarly, we can compute $5 = i Qa \/1+ (dx/dy)? dy = TE 2rr dy = 2rr(r + d). Note that S1 + S2 = 4rr?, 


the surface area of the entire sphere. 


(b) r = 3960 mi and d = r (sin 75°) ~ 3825 mi, yA 
so the surface area of the Arctic Ocean is about 


2m (r—d) ~ 2n(3960) (135) zz 3.36 x 10° mi”. 


(c) The area on the sphere lies between planes y = yı and y = y», where yo — yi = h. Thus, we compute the surface area on 


y2 dz V? y2 
the sphere to be $ = f 2nr4|l-4 (=) dy = f 2rr dy = 2rr (y2 — y1) = 2rrh. 
T dy T 


This equals the lateral area of a cylinder of radius r and height h, since such » x=r 
a cylinder is obtained by rotating the line x = r about the y-axis, so the 
surface area of the cylinder between the planes y = yı and y = y» is | y» 
=) h > 
E i«( diss Cnr LEO dy | T 
»—» 
= Qnry| = 2nr(y2 — yi) = 2arh 
y-yi 
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CHAPTER 8 PROBLEMS PLUS 863 
(d) h = 2r sin 23.45? ~ 3152 mi, so the surface area of the VA 
Torrid Zone is 2zrh ~ 21(3960) (3152) zz 7.84 x 10” mi?. 
| -23.45* 
f x 
: : : ee r+H rm 
4. (a) Since the right triangles OAT and OT B are similar, we have =- => 
r a B 
r? Jm : r 2 H 
a= FH The surface area visible from B is S = f^ 2ng 4/1 + (dv/dy) dy. 
T 
d d d. 
Froma? +y? =r? wega Tte!) o Fr?) 9 Etayo > T 
dx y da\? £? y r 
—— 1 Lc = —. Th 
dy x anid ti (=) x? x2 m 
S= "dud Ld 2rr(r — a) = 2rr| r Z = 2r 1- — = ar? B23 2 
D^ Ns MUT =o r-HJ | r-HJ | r+H r+H'` 
(b) Assume R > r. Ifa light is placed at point L, at a distance x from a, 
L 
the center of the sphere of radius r, then from part (a) we find that S co 
the total illuminated area A on the two spheres is [with r + H — x 
p [ um 
andr + H =d - z]. da 
dier. P NP S 
Apc Re ee SY [r X z €« d — R]. A(z) n" z) -R1 BO ; 
x d—z 2n x d—z 
—R r3 R? (d-r R? 
Al ER d T. 2. E = 
so A'(r) 20 0-r = +R TES aes = 3 
oe [RY d RY d RNSA d 
-1) = 1 =1 =r" = i 
Jo ea ea) Perera ee 
r? R? 2r? 2R? " 
Now A'(a) = 2n( 5 aoa) A" (x) 2n( a da) and A" (z*) < 0, so we have a 
local maximum at z = z*. 
However, z* may not be an allowable value of x — we must show that z* is between r and d — R. 
o d 
(1) r 2r e T+ (R/rp =" e d>r+RV/R/r 
d R\3/2 R\3/2 
2) a* <d- <d d<d d 
@ e<d-R e qrggynid-R e axa-Red( TL) —R(Z) 
RN R\3/2 R 
+ — <d d> = t 
R n(2) < (i) 2 ust R+rv/r/R, bu 
R+r/r/R< R +r, and since d > r+ R [given], we conclude that z* < d — R. 
[continued] 
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Thus, from (1) and (2), z* is not an allowable value of x ifd < r + R y Rr. 


So A may have a maximum at x = r, z^, ord — R. 


. 2n R^ (d—- r — R) . 2nr'(d—r— R) 
m r? 2 2 2 3 2 3 
A(r) > A(d — R) gum E HR'(d—R)»r'(d—r) & Rd—-R'»5rd-r e 


Rid—rd»-HR5—r & d(R—-r)(R+r)>(R-r)(R?4+Rr+r?) & d>(R?+Rr+r?)/(R+r) & 
d>[(R+r)} — Rr]/(R+r) & d>R+r—Rr/(R+r).NowR+r—Rr/(R+r) < R+ r, and we know that 
d > R +r, so we conclude that A(r) > A(d — R). 


In conclusion, A has an absolute maximum at x = x* provided d > r + R4/ R/r; otherwise, A has its maximum 


atz =r. 


5. (a) Choose a vertical x-axis pointing downward with its origin at the surface. In order to calculate the pressure at depth z, 
consider n subintervals of the interval [0, z] by points x; and choose a point z € [xi 1, x] for each i. The thin layer of 
water lying between depth x;_1 and depth x; has a density of approximately p(x} ), so the weight of a piece of that layer 


with unit cross-sectional area is p(x} )g Az. The total weight of a column of water extending from the surface to depth z 


TL 
(with unit cross-sectional area) would be approximately $^ p(c;)g Ax. The estimate becomes exact if we take the limit 
i=1 


as n — oo; weight (or force) per unit area at depth z is W = lim Ð p(aj)g Ax. In other words, P(z) = fj p(x)g dz. 
n—0oi—1 


More generally, if we make no assumptions about the location of the origin, then P(z) = Po + ds p(x)g dx, where Pp is 


the pressure at x = 0. Differentiating, we get dP/dz = p(z)g. 


(b) F=f" P(L4+2)-2Vr? — r? de 
=f" (Pot fF** pe gdz) -24/r? x? dx 
f 0 Po g 
L 
| = Py [" 2/1? — 2? dz + pogH f”, (c — 1) -24/r? — x? dx 


= (Po — pogH) [7,2 Vr? — £? dz + pogH f”, eC m/H 9 /p2 — g? dg 
= (Po — pogH) (nr?) + pygHe/? [" e*/H . 2/72 — 2? dx 


6. The problem can be reduced to finding the line which minimizes the shaded 


area in the diagram. An equation of the circle in the first quadrant is 


x = A/1-— y?. So the shaded area is 
h 1 
AQ = f (1- Iz) av f vA — y? dy 
0 h 
h h 
=i (1 V1 y?) dy f y 1-— y? dy 
0 1 
Al(h) =1—-JVI1—-h?— VI-M [byFIC] 21-2V/1- 2 


A’=0 I- h? = 1- n»? 


1 2: 3 
1 h'-ài h 


lg 
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2h 
y1 -— h? 


Note: Another strategy is to use the angle 0 as the variable (see the diagram above) and show that 


A"(h) = 2. i(1— n2) 17 (—2h) = >0,soh= E gives a minimum value of A. 


A-—60-Fcos0— $5 — i sin 20, which is minimized when 0 = 5. 


. To find the height of the pyramid, we use similar triangles. The first figure shows a cross-section of the pyramid passing 
through the top and through two opposite corners of the square base. Now |B.D| = b, since it is a radius of the sphere, which 


has diameter 2b since it is tangent to the opposite sides of the square base. Also, |AD| = b since AADB is isosceles. So the 


height is |AB| = VDZ + 2 = 2b. 


A 


/N 


AN, 2 
VAAN A J A 


b C 


A 


We first observe that the shared volume is equal to half the volume of the sphere, minus the sum of the four equal volumes 
(caps of the sphere) cut off by the triangular faces of the pyramid. See Exercise 6.2.49 for a derivation of the formula for the 
volume of a cap of a sphere. To use the formula, we need to find the perpendicular distance h of each triangular face from the 
surface of the sphere. We first find the distance d from the center of the sphere to one of the triangular faces. The third figure 
shows a cross-section of the pyramid through the top and through the midpoints of opposite sides of the square base. From 


similar triangles we find that 


d |AB| _ V2b q^ Y28 _ vb, 
b |AC| b2 + (v25) V302 3 


Soh =b-d=b 8p 3 E b. So, using the formula V = rh? (r — h/3) from Exercise 6.2.49 with r = b, we find that 


2 
the volume of each of the caps is 7 ( 3 = 6 b) (o S =) EE exe .$ LS qui = (2 = 2 6 Jrd”. So, using our first 


observation, the shared volume is V = 4 (rb?) — 4(2 — Z v6 Jrd? = (3V6 — 2) rb’. 


. Orient the positive x-axis as in the figure. A E 

Suppose that the plate has height h and is symmetric 2| 5 2] y 

about the z-axis. At depth z below the water | "o | fo) 

(2 € x € 2 + h), let the width of the plate be 2 f (x). h h 

Now each of the n horizontal strips has height h/n | | 

and the ith strip (1 € i < n) goes from xv Ad 

i-1 i Pris mos 
e=2+ ( ) htow=2+ ( ) h. The hydrostatic force on the ith strip is F(t) = f l 62.5x[2 f (x)] dz. 
i n 2+[(i-1)/n]h 
[continued] 
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If we now let z[2/(x)] = k (a constant) so that f(x) = k/(2a), then 


2--(i/n)h Bin ; rv h 
F(i) =| 62.5k dx = 62.5k le larta ink = ask (2 n) (2 | n)| = 62.5%( ) 
24[(i-1)/n]h EE n n n 


So the hydrostatic force on the ith strip is independent of i, that is, the force on each strip is the same. So the plate can be 
shaped as shown in the figure. (In fact, the required condition is satisfied whenever the plate has width C'/z at depth x, for 


some constant C’. Many shapes are possible.) 
9. We can assume that the cut is made along a vertical line x = b > 0, that the y 
disk's boundary is the circle x? + y? = 1, and that the center of mass of the 


smaller piece (to the right of x = b) is (4, 0). We wish to find b to two 


1 
. 1 v-2V1— 22 dz . 
decimal places. We have 57 r= TEMERE d Evaluating the 


[72 V1 — x? dx 


1 
numerator gives us — f; (1 — #”)1/?(—2a) da = zla y — -i|o- (1-0)? = 2(1—b?)*/?, 
b 


Using Formula 30 in the table of integrals, we find that the denominator is 
Hu 2 (1 o eu 
Z —bV1—b?-—sin ib 


equivalently, iu b? )3/ em 1 ib vV1- b? i sin ! b. Solving this equation numerically with a calculator or CAS, we 


[ V1 — x? t sina]; = (0+ z) (b 1 b? + sin! b). Thus, we have : =T 


or, 


obtain b ~ 0.138173, or b = 0.14 m to two decimal places. 


10. Aı = 30 


bh = 30 bh = 60. 


[ «Ge + 10 n) dz 4 [. «a0: = 6¢70) 5 


5 fh ə 1 [2]? 
f Ta +10r— he) de+10:3fa?] =420 = 
0 b 


b 
b 
Dos ie Bel + 5(100 — 5?) — 420 lnp?--50? — thb? + 500 — 5b? = 420 80 = inp? 
3b 2 ô 3 2 6 
480 = (hb)b 480 = 60b b = 8. So h = Ẹ = 1? and an equation of the line is 
15/2 15 15 5 
= —— 10- =]== =N 
y Pe + (10 z) 16* * 5 ow 


= sis [Jo (be? + Re + 2) de + 10000 — 8)] = cis (Ett? + He? + a]; + 200) 


= jig (150 + 150 + 50 + 200) = SP = 22 


[continued] 
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Another solution: Assume that the right triangle cut from the square has legs y 
a cm and b cm long as shown. The triangle has area 30 cm?, so żab = 30 and 
ab = 60. We place the square in the first quadrant of the xy-plane as shown, and 


we let T, R, and S denote the triangle, the remaining portion of the square, and 


the full square, respectively. By symmetry, the centroid of S is (5,5). By 


b " 10cm x 

Exercise 8.3.39, the centroid of T' is E 10 — 3 ; 
We are given that the centroid of R is (6, c), where c is to be determined. We take the density of the square to be 1, so that 

areas can be used as masses. Then T has mass mr = 30, S has mass ms = 100, and R has mass mg = ms — mr = 70. By 


reasoning as in Exercises 40 and 41 of Section 8.3, we view S as consisting of a mass mr at the centroid (zr, Yr) of T anda 


mass R at the centroid (£R, Ypg) of R. Then zs = pu d Js = MT Yr T MRYR, that is, 
MT TMR MT TMR 
5 — 30(b/3) + TO(6) |... 30(10 — a/3) + 70c I— 8 cm ——| 
R 100 i 100 | 
Solving the first equation for b, we get b = 8 cm. Since ab = 60 cm?, 
7.5 cm 
it follows that a — E = 7.5 cm. Now the second equation says that 
-— 55 
70c = 200 + 10a, so 7c = 20 + a = 5 and c = 95 = 3.9285714 cm. id 
The solution is depicted in the figure. [— — 10 em — —4 
— Lsi * Lsin6 d0 —cos0] | —(— 
" Ifa = L, then p c de Lsinü _ fo E [- cos 0] = ( ri 2 
area of rectangle TL T T T 
Ifh = iL, we replace L with iL in the above calculation to get P = (=) = i. 
12. (a) The total set of possibilities can be identified with the rectangular YA 


region R = ((0,y) | 0< y < L,0 € 0 < r}. Even when h > L, 
the needle intersects at least one line if and only if y < h sin 0. Let 


Ry = ((06,y) | O € y € hsind,0 € 0 < n). When h < L, 9t, is 


contained in R, but that is no longer true when h > L. Thus, the 
probability that the needle intersects a line becomes 


. area(RARi) _ area(Jt 9t) 
area(R) TL 


0| 8, 6 7 0 


When h > L, the curve y = h sin 0 intersects the line y = L 


twice— at (sin™ (L/h) , L) and at (m — sin™ + (L/h) , L). Set 01 = sin! (L/h) and 02 = 7 — 01. Then 
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01 02 T 
area(s) = f nsinoa + f Ld» f hsin 0 d0 
0 


01 05 


01 
= if hsin 0 d0 + L(05 — 01) = 2h [- cos 6]? + L(x — 201) 
0 


h 
L 
= 2h(1 — cos 01) + L(x — 201) 
A/h2—]2 
— 2h| 1 Hc EE esa E 255 L 
h h I! -—pDp 


L 
—2h —2/h2 — I? + TL —2Lsin^! (z) 


We are told that L = 4 and h = 7, so area(RN Ri) = 14 — 2/33 + 4r — 8sin ^! (2) ~ 10.21128 and 


P= i area(9t N 9t1) = 0.812588. (By comparison, P = 2 & 0.636620 when h = L, as shown in the solution to 
Problem 11.) 


(b) The needle intersects at least two lines when y + L < h sin 6; that is, when YA 
y € hsin0 — L. Set Ro = {(0,y)| 0 < y € hsin0— L,0 < 0 < T}. $ 
Then the probability that the needle intersects at least two lines is 3T i 
Py = area(R N Rə) = area(9t N Rə) di n 
area(R) aL 1} 2 
When L = 4 and h = 7, Re is contained in R (see the figure). Thus, 0 m UB 


1 1 c —sin- 1 (4/7) 7/2 
P = g a) = | (7sin0 — 4) d = zo (1 sin 0 — 4) d0 
T S S: 


4n in-1(4/7) in-1(4/7) 
= 1 7/2 E 1 vy 33 SES = V33 + Asin! (2) — 94 
x [-7 cos 0 = 40] sin-1(4/7) ^ 24 L —2n + — + Asin (3) DEM 
& 0.301497 


(c) The needle intersects at least three lines when y + 2L < hsin@: that is, when y € hsin0 — 2L. Set 


Rs = ((06,y) | O € y € hsin0 — 2L,0 < 0 < v). Then the probability that the needle intersects at least three lines is 


area(Ji 1913) ^ area(9t N Rə) 


P3 = ———_—— = ————. (At this point, the generalization to Pa, n any positive integer, should be clear.) 
area(R) aL 


Under the given assumption, 


1 1 m—sin~!(2L/h) 2 7/2 
P = — area(R3) = = | (hsin0 — 2L) d0 = — (hsin0 — 2L) d0 
TL TL sin-1 (2L/h) TL sin™1(2L/h) 
2 1/2 2 so 
= -7 [-heos0 - 2,0] 5/8) = zpl- 7L Vh? - AD? + 2Lsin™ (2L/h)| 


Note that the probability that a needle touches exactly one line is P, — P5, the probability that it touches exactly two lines 


is P5 — P5, and so on. 
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13. Solve for y: z? + (x+y +1)? —1 (zrc9y-41)?-21-z? e+tyt1l=+vV1-2? 


y= —e@—-1tVJ1—2?. 
a= f. [(-e-14 179) - (-2-1- Vim )] ae " 


1 
- E T area of = 
=f 21-— z? dz = 2(£) Esc mr (0, 0) 


1 1 
T=- -24/1 — x2 dz = i (0, —2) 
x Y: is r-2V/1-—2a?dx 0 [odd integrand] P+ uxjriel 


AJ 42 
2. fe Dru? 
--i[f (s 1-22 + Ta) de=—-= f z Iad- f 1 — 2? dx 
T Ja E -1 
2 : 2/m f 
— —Z(0) [oddinegrana] — =() ES XI 


Thus, as expected, the centroid is (z, y) = (0, —1). We might expect this result since the centroid of an ellipse is 


located at its center. 
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9 [] DIFFERENTIAL EQUATIONS 


9.1 Modeling with Differential Equations 


dr =k ; , : 
1. a= where k is a proportionality constant. 
r 
2. gu = k, where k is a constant. 
dt 
dv i ; : 
3. m k (M — v), where k is a proportionality constant. 
dy : À : 
4. EC ky (N — y), where k is a proportionality constant. 


d 
5. The number of individuals who have not heard about the product is N — y. Thus, x — k(N — y), where k isa 


proportionality constant. 


6. y = sinz — cos x y' = cosx + sin x. To determine whether y is a solution of the differential equation, we will 


substitute the expressions for y and y’ in the left-hand side of the equation and see if the left-hand side is equal to the 


right-hand side. LHS = y’ + y = (cos x + sin x) + (sin z — cosz) = 2sinz = RHS, so y = sin x — cos g is a solution of 
the differential equation. 


x 


T. y= ze" deer? S y= ze — 2e ?*, To determine whether y is a solution of the differential equation, we will 
substitute the expressions for y and y’ in the left-hand side of the equation and see if the left-hand side is equal to the 


right-hand side. 


LHS = y' + 2y = Ze” 2e 28 4 2(2e* + gre) —$e- Qe?” 4 $e" + 2e 7? — $e* = 2e* = RHS 
so y = Ze" + e7” is a solution of the differential equation. 


8. y = tanx y' = sec?z. 


ing the identi : s ; : : 
pome pea ed = RHS, so y = tan isa solution of the differential equation. 


1+ tan?z = sec 


LHS = y' — y? = sec?z — tan?z = 1 | 


9. y = Ve = r? E Ue 


LHS = zy’ — y = z (32-17) all? = 4g"? 341? = ig? 40, so y = Vz is nota solution of the differential 


equation. 


1 x 


JI — 22 


2 
) xz = —x — x = —2r +£ 0, so y = V1 — 2? is not a solution of the differential 


10. y = VITZ = (1-27)? > y-zc(1-a2)7(—24)— 


UHS coy See Leg [c 
yy ( T 


equation. 
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H 


1. y — a2? y! = 32? y 6x. 


LHS = z?y" — 6y = x - 6x — 6: a? = 6r? — 6x? = 0 = RHS, so y = z? is a solution of the differential equation. 


12. y — Inx y =1/x y" 1/22. 
Pr 1 1 1 1 2 : : : s : 
LHS—zy'—y =2|-— — = —— — — = —— £0,s0 y = Inz is not a solution of the differential equation. 
c x T T x 


13. y = —tcost — t = dy/dt = —t(— sint) +cost(—1) — 1 = tsint — cost — 1. 


LHS = t 2€ = t(tsint cost — 1) = t? sint — tcost — t = t? sint + (—tcost — t) = t? sint + y = RHS, 


so y is a solution of the differential equation. Also, y(t) = —7 cosa — * = —1(—1) —« = a — T = 0, so the initial 


condition, y(7) = 0, is satisfied. 


14. y —5e7 +z = dy/dx = 10e” +1. 


LHS ay 2y = 10e?” +1 — 2(5e?* + x) = 1 — 2x = RHS, so y is a solution of the differential equation. Also, 


y(0) = 5e? +0 = 5, so the initial condition, y(0) = 5, is satisfied. 


TI n 


15. (a) y = e'* y =re y r?e”?, Substituting these expressions into the differential equation 


2y" + y' — y = 0, we get 2r2e"> + re” =e? =0 > (2r?+r—l1)e"=0 = 


(2r —1)(r +1) 20 [since e”® is never zero] = r= 4 or-—1. 


(b) Let rı = i and r2 = —1, so we need to show that every member of the family of functions y = ae*/? + be^? isa 
solution of the differential equation 2y” + y’ — y = 0. 


x 1 


y = ae?/? + be~ y= 


ae*/? — be~* y” = tae?/? + be *. 
LHS = 2y” +y' —y= 2(3ae*? + be") + (4ae^* — be") — (ae*/? + be~*) 


ae*/? + 2be-? + lae”? — be™? — ae?/? — be™” 


4 
2 

= ($a 4 ia— a)e*/2 + (2b—b—b)e* 
0 


16. (a) y = coskt => y'’=-—ksinkt = y" = —k? cos kt. Substituting these expressions into the differential equation 


4y" = —25y, we get 4(—k? cos kt) = —25(coskt) = (25—4k?)coskt=0 [forall t] 25 — 4k? — 0 


k = 2 => k=+ 


NIO 


(b) y = Asinkt + Bcoskt => y'= Akcoskt — Bksinkt = y” = —Ak? sinkt — Bk? cos kt. 


The given differential equation 4y” = —25y is equivalent to 4y” + 25y = 0. Thus, 


LHS = 4y" + 25y = 4(— AK? sin kt — Bk? cos kt) + 25(Asin kt + B cos kt) 
= —4Ak? sin kt — ABK? cos kt + 25A sin kt + 25B cos kt 
= (25 — Ak?) Asin kt + (25 — 4k?) B cos kt 


=0 since k? = 25. 
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17. (a) y = sinz y' = cosg y” sin x. 
LHS = y" +y = —sinz + sin x = 0 Æ sin z, so y = sin 7 is not a solution of the differential equation. 
(b) y = cosx y’ sing y” = — cosa. 
LHS = y” +y = — cos x + cos x = 0 Æ sin g, so y = cos g is not a solution of the differential equation. 
(©) y = ixzsinr => y'= į(xcoss+sing) => y” =4(—axsinz + cosg + cosg). 


LHS = y” +y = i(-c sina + 2cosx) + ic sing = cos x Æ sin £, so y = ir sin z is not a solution of the 
differential equation. 


(d) y = — 4x cosx y' = —i(-zsinz + cos x) y" = —i(—xcosz — sing — sin x). 


LHS = y” +y = 4( £ COST 2sinz) + (—4x cosx) = sinz = RHS, so y = — ic cos z is a solution of the 


differential equation. 


Inz+C z-(1/x) — (Inz - C 1—-1nz-C 
18. @ y= — > yf = 2U -mrt omeo 

aga eye A eee 
T 


= 1—lngz— C +lnz +C = 1 = RHS, so y is a solution of the differential equation. 


(b) A few notes about the graph of y = (ln x + C)/z: 
ps 3 E (1) There is a vertical asymptote of x — 0. 
en Et ; (2) There is a horizontal asymptote of y = 0. 
EC | 3)y=0 > Intz+C=0 > «=e, 
so there is an x-intercept at e~ ^ 
(4) y =0 Inz=1-C gael", 
so there is a local maximum at x = e!- €. 
Intl + AN l 2 ; 
(0)y(122 > 2= mite => 2 = C, so the solution is y = EU [shown in part (b)]. 
(d y(2)=1 > 1= move => 2+ln2+C = C=2-1n2,s0 the solution is y = AM 
[shown in part (b)]. 
19. (a) Since the derivative y’ = —4? is always negative (or 0, if y = 0), the function y must be decreasing (or equal to 0) on any 
interval on which it is defined. 
(gms rint ct iij 5e --( : ) =-= nus 
i x£+C a= (z+ 0) v s (r-Cy) — z10) *»— 
c) y = 0 is a solution of  — —4? that is not a member of the family in part (b). 
(c) y y y yinp 
(d) If y(z) = : then y(0) — bo est Since y(0) — 0.5 Ent C = 2, so 
sa m a Sa E E EC G E Y iocos SS METEO 
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20. (a) If x is close to 0, then ay? is close to 0, and hence, y’ is close to 0. Thus, the graph of y must have a tangent line that is 
nearly horizontal. If x is large, then zy? is large, and the graph of y must have a tangent line that is nearly vertical. 
(In both cases, we assume reasonable values for y.) 
(b y = (c= £?) => y —z(c—a?) 972. RHS = ry? = a[(c — a?) p = z(c— 22) 9/2? = y' = LHS 
=A, When z is close to 0, y’ is also close to 0. 


As x gets larger, so does |y’|. 


= 


(4 y(0) = (c0)? =1/Veandy(0)=2 > Ve=t > e-isoy-(i-a?) ^. 
dP P dP 
NO RETE Een = jor ing that P Mx 
21. (a) " 12P(1 zx) Now di >0 = 200 ^9 [assuming tha: 20] = 1200 * => 


P < 4200 = the population is increasing for 0 < P < 4200. 


w Z <o => P> 4200 
© Z =o => P=42000rP=0 
22. @ Ë = v? - (1+ ajv +a] = v(v — a)(v 1),so © =0 v =0,a, or 1. 


(b) With0 < a < 1, dv/dt = —(v —a)(v—1) » 0 & v<0ora< v< 1, sov is increasing on (—oo, 0) and (a, 1). 


(c) With 0 < a < 1, dv/dt = —«(v—a)(v—1) «0 & O0<v<aorv » 1, sov is decreasing on (0, a) and (1, oo). 


23. (a) This function is increasing and also decreasing. But dy/dt = e'(y — 1)? > 0 for all t, implying that the graph of the 


solution of the differential equation cannot be decreasing on any interval. 


(b) When y = 1, dy/dt = 0, but the graph does not have a horizontal tangent line. 


24. The graph for this exercise is shown in the figure at the right. y 


A. y' = 1 + zy > 1 for points in the first quadrant, but we can 
see that y’ < 0 for some points in the first quadrant. 
B. y' = —2xy = 0 when x = 0, but we can see that y^ > 0 for x = 0. 
Thus, equations A and B are incorrect, so the correct equation is C. 0 x 
C. y’ = 1 — 2zxy seems reasonable since: 
(1) When x = 0, y' could be 1. 
(2) When x < 0, y’ could be greater than 1. 
(3) Solving y' = 1 — 2xy for y gives us y = E If y takes on small negative values, then as x — oo, y — OT, 


as shown in the figure. 
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27. 


28. 


29. 


SECTION 9.1 MODELING WITH DIFFERENTIAL EQUATIONS 875 


(a) y! = 1--a? +y? > land y' — œ as x — oo. The only curve satisfying these conditions is labeled III. 


(b) y = ze -V > Oif >Oand y’ < Oifa < 0. The only curve with negative tangent slopes when x < 0 and positive 


tangent slopes when z > 0 is labeled I. 


Tess > 0 and y' — 0 as x — oo. The only curve satisfying these conditions is labeled IV. 
et 


(c) y = 

(d) y' = sin(xy) cos(zy) = 0 if y = 0, which is the solution graph labeled II. 

(a) The coffee cools most quickly as soon as it is removed from the heat source. The rate of cooling decreases toward 0 since 
the coffee approaches room temperature. 


d f ; : : 
(b) a = k(y — R), where k is a proportionality constant, y is the (c) 


temperature of the coffee, and R is the room temperature. The initial 


condition is y(0) = 95°C. The answer and the model support each 


other because as y approaches R, dy/dt approaches 0, so the model > 


seems appropriate. 


(a) P increases most rapidly at the beginning, since there are usually many simple, easily-learned sub-skills associated with 
learning a skill. As ¢ increases, we would expect dP/dt to remain positive, but decrease. This is because as time 


progresses, the only points left to learn are the more difficult ones. 


(b) “ = k(M — P) is always positive, so the level of performance P (c) 


is increasing. As P gets close to M, dP/dt gets close to 0; that is, 


the performance levels off, as explained in part (a). 


(a) = = k(Læ — L). Assuming Læ > L, we have k > 0 and (b) 


dL/dt > 0 for all t. 


If c(t) = cs (1 7 poe) = cs — ee 9" fort > 0, where k > 0, cs > 0,0 < b < 1, and a = k/(1— b), then 


dc 
dt 


uf 
dt 


Catt] pg ee et ORD) ooo Re. cds 


= cs |0 — eot . 
= te tb 


equation for c indicates that as t increases, c approaches cs. The differential equation indicates that as t increases, the rate of 


increase of c decreases steadily and approaches 0 as c approaches cs. 
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9.2 Direction Fields and Euler's Method 


1. (a) y^ (b) It appears that the constant functions y — 0.5 and y — 1.5 are 
ELOINSSTZZ LIEU 
NN SET) " equilibrium solutions. Note that these two values of y satisfy the 
NNN SN R A 
PPT ED OCA : : ; : " 
NNN given differential equation y = x cos Ty. 
TEES 
ZAR 
A, SNNNM 
a wo 2 dO NUN UN 
NN NEN T TLLA 
AN 4 ll 
MESSEN AUREN 
-2 -1 0 1 2x 
2. (a) ETETA (b) It appears that the constant functions y = 0, y = 2, and y = 4 are 


equilibrium solutions. Note that these three values of y satisfy the 


AN 7 | 
VN Lb 


E 


N 
N 
\ 
U 
/ 
"4 
Ü 


given differential equation y’ = tan($7y) ; 


VS | 
WSs, | 
VS I | 


VS 
ANS 


—2 -1 0 1 2x 
3. y' = 2 — y. The slopes at each point are independent of x, so the slopes are the same along each line parallel to the x-axis. 
Thus, III is the direction field for this equation. Note that for y — 2, y' — 0. 


1 


4. y = z(2— y) = 0 on the lines x = 0 and y = 2. Direction field I satisfies these conditions. 


5. y = x+y -— 1 = 0 on the line y = —x +1. Direction field IV satisfies this condition. Notice also that on the line y = —x we 


have y’ = —1, which is true in IV. 


6. y' = sinzsiny = 0 on the lines x = 0 and y = 0, and y > 0 for0 < x < 7,0 < y < m. Direction field II satisfies these 


conditions. 
T. 8. 
(c) yO) = 3.5 
(b) y(0) = 2.5 
z^2--- (a) (0) 21 
x 
9. Note that for y = 0, y’ = 0. The three solution curves sketched go 
x 
through (0, 0), (0, 1), and (0, —1). 
0 yA 
0 
0 
0 
0 


SNNNNN 
SAN NAN 


NEN AN 
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11. 


12. 
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Note that y’ = 0 for y = x + 1 and that y’ = 1 for y = x. For any 


constant value of x, y’ decreases as y increases and y’ increases as 


1 y decreases. The three solution curves sketched go through (0, 0), 
(0, 1), and (0, —1). 
0 Mi 
A 94 
= ANS 
2 ANNS 
\ "E d 
; = z 
2 mS l 
1 =, 
hl | 


Note that y’ = 0 for any point on the line y = 2x. The slopes are 


z y y =y— 2x 
3 5 5 positive to the left of the line and negative to the right of the line. The 
—9 2 6 solution curve in the graph passes through (1, 0). 
2 2 —2 
2 —2 —6 


————— 


pa—— Pr Pa 
Y 


—————wL————--—- 


y = xy — x? = z(y — x), so y' = 0 for x = 0 and y = x. The 


slopes are positive only in the regions in quadrants I and III that are 
bounded by x — 0 and y — x. The solution curve in the graph passes 


through (0, 1). 


d4———M—————- 
Ni w——T—————- 
SN\ | 7 4p 
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13. Note that y’ = y(x + 1) = 0 for any point on y = 0 or on z = —1. 
The slopes are positive when the factors y and x + 1 have the same 


sign and negative when they have opposite signs. The solution curve 


in the graph passes through (0, 1). 


Pee poor 


14. Note that y’ = x + y? = 0 only on the parabola z = —y”. The 
x 
a5 slopes are positive “outside” z = —y” and negative “inside” 
=9 x = —y”. The solution curve in the graph passes through (0, 0). 
YA 
ri rrr ATi | 
Pa ah T | 
EEEE e] | 
PEELA dek T T 141 | 
a<//S///1 14 1 l 
D b gd 
(NNNNS—- / S/T I 
WISSEL 
AV \\NNNWOE777 2 x 
QNNNSS—C/BL. I 
XSS A/A 
Sr) 
4 


15. y’ = a?y — dy? and y(0) = 1. 


BIEN 
In Maple, use the following commands to obtain a similar figure. | | | | RN 

VAY NAN 
with (DETools) : ME 

RAR Se 
ODE:-diff(y(x),x)-x^2*y (x) - (1/2) *y (x) ^2; pet RR iE 
ivs:-[y(0)91]; ./— b» b ),— 2 2p 0 UilALTZT— 

=3 0 2 
DEplot ({ODE}, y (x),x--3..2,y-0..4,ivs,linecolor-black); 
16. y' = cos(x + y) and y(0) = 1. m 


. : DD DAEAR NS ENSAI SSS ANNY 
In Maple, use the following commands to obtain a similar figure. DEEANN AN 
ELA LARENN NISSA I AON 
: ES —— 44 —NINSM— A I I 
with (DETools): ——À LL ANNN Sm P P gm 
QO 2774 ASINN NNO SS 
QIN FF AEN NNN OSS 
PaNNNNOO A 


ODE:=diff (y(x),x)=cos (x+y (x)) ; 


ivs:-[y(0)-1]; XN 2 
: A : f Z4——NNSNMM 
DEplot ((ODE)],y (x),x--1.5*Pi..1.5*Pi,y--1.5*Pi..1.5*Pi, LAN NN EIIN 


Ea a e ma E Om 
ivs,linecolor-black); GRR FE 
NNO SAAANA NNE SZ 
NNS5SA S S TTU—NNSM—AL P, 


_3a 


2 
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18. 


19. 
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The direction field is for the differential equation y’ = y? — 4y. 


L= jim y(t) exists for —2 € c < 2; 


L = +2 for c = +2 and L = 0 for —2 < c < 2. 


For other values of c, L does not exist. 


y Note that when f(y) = 0 on the graph in the text, we have y' = f(y) = 0; so we 
bucqXx rA kd poto 
DARE get horizontal segments at y = +1, +2. We get segments with negative slopes only 
SIII j SIISII for 1 < |y| < 2. All other segments have positive slope. For the limiting behavior 
i DET of solutions: 
LIZIIIAQIIIIIII e If y(0) > 2, then lim y=ocoand lim y —2. 
ag NT PR N Pe a A Be oe i—oo i—-—oo 
ae ae e If1« y(0) < 2, then lim y —1and lim y=2. 
qa Oo ES s e| E e eek ds UE t—oo t——oo 
ay ae See AN COD ERE ED 
e If—1 < y(0) <1, then lim y = land lim y= —1. 
t—oo t—-—oo 
e If —2 < y(0) < —L then lim y = —2and lim y= —1. 
t—oo t——oo 
e Ify < —2, then lim y — —2and lim y= —oo. 
t—oo t—-—oo 
(a) y = F(x,y) = y and y(0) = 1 zo = 0, yo = 1. 


(i) h = 0.4andy1 = yo + AF(xo,yo) > yı =1+0.4-1 = 1.4. xı = zo +h = 0 + 0.4 = 0.4, 
so yı = y (0.4) = 1.4. 

Gi) h =0.2 => xz, = 0.2 and x2 = 0.4, so we need to find y». 
yt = yo + hF(xo,yo) = 1 + 0.2yo = 1 + 0.2- 1 = 1.2, 
Y2 = yı + hF(z1,y1) = 1.2 + 0.2yı = 1.2 + 0.2 - 1.2 = 1.44. 

(iii) h =0.1 = «wa = 0.4, so we need to find ys. yı = yo + AF (xo, yo) = 1--0.1yo = 1 + 0.1- 1 = 1.1, 
yo = yı +hF(z1,y1) = 1.1 + 0.lyı = 1.1 + 0.1 - 1.1 = 1.21, 
ya = ya + hF (£2, yo) = 1.21 + 0.ly2 = 1.21 + 0.1 - 1.21 = 1.331, 
Ya = ya + hF (a3, y3) = 1.331 + 0.ly3 = 1.331 + 0.1 - 1.331 = 1.4641. 


We see that the estimates are underestimates since 


(b) 
they are all below the graph of y = e”. 
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(c) (i) Forh = 0.4: (exact value) — (approximate value) = e°* — 1.4 ~ 0.0918 
1) For h = 0.2: (exact value) — (approximate value) =e" — 1.44 z 0. 
(ii) Forh = 0.2: ( lue) — (approxi lue) = e° — 1.44 0.0518 
iii) For h = 0.1: (exact value) — (approximate value) = e^ — 1. = 0. 
(iii) For h =0.1: ( lue) — (approxi lue) = e° — 1.4641 ~ 0.0277 


Each time the step size is halved, the error estimate also appears to be halved (approximately). 


20. y As x increases, the slopes decrease and all of the 
h=1 estimates are above the true values. Thus, all of 


h=0.5 the estimates are overestimates. 


NONSE 
AANA AAA AA A 


POA EL 
Tannin 
pannia 
paaa 
pA aa 

spay anA Aa 

A 


21. h = 0.5, xo = 1, yo = 0, and F(z, y) = y — 2x. 
Note that xı = zo + h = 1 + 0.5 = 1.5, v2 = 2, and z3 = 2.5. 
(zo, yo) = 0 + 0.5F (1,0) = 0.5[0 — 2(1)] = —1. 
y2 = yı + hF(xz1,y1) = —1 + 0.5F(1.5, -1) = —1 + 0.5[-1 — 2(1.5)] = —3. 
(v2, y2) = —3 + 0.5F (2, —3) = —3 + 0.5|-3 — 2(2)] = —6.5. 
( ) = —6.5 + 0.5F (2.5, —6.5) = —6.5 + 0.5[—6.5 — 2(2.5)] = —12.25. 


yi — yo thF 


ys — ya - hF 


ya = ya + hF(za, ya 


22. h = 0.2, zo = 0, yo = 1, and F(a, y) = x?y — iy. Note that xı = zo + h = 0 + 0.2 = 0.2, x» = 0.4, z3 = 0.6, 
x4 = 0.8, and z5 = 1. 


yi = yo + hF(zo, yo) = 1--0.2F(0,1) = 1 + 0.2 [?(1) — 3(1?] = 1 + 0.2(-3) = 0.9. 


y2 = yi + hF (21,91) = 0.9 + 0.2F (0.2, 0.9) = 0.9 + 0.2[(0.2)?(0.9) — $(0.9)?] = 0.8262. 


ya = ya + hF(za, ya) = 0.784377756 + 0.2F (0.6, 0.784377 156) e 0.779328108. 
Us = ya + hF(za, ya) ~ 0.779328108 + 0.2 (0.8, 0.779328108) e 0.818346876. 
Thus, y(1) z 0.8183. 


) 
( ) 
Us = ya + hF (x2, y2) = 0.8262 + 0.2F (0.4, 0.8262) = 0.8262 + 0.2|(0.4)? (0.8262) — 1(0.8262)?] = 0.784377756. 
( ) 
( ) 


23. h = 0.1, zo = 0, yo = 1, and F(x,y) = y + xy. 

Note that xı = zo + h = 0 + 0.1 = 0.1, rq = 0.2, x3 = 0.3, and z4 = 0.4. 
yı = yo + hF (xo, yo) =1+0.1F (0,1) = 1 4- 0.1[1 + (0)(1)] = 1.1. 
y2 = yı + hF (a1, y1) = 1.1 + 0.1F(0.1, 1.1) = 1.1 + 0.1[1.1 + (0.1)(1.1)] = 1.221. 
ys = ya + hF (aa, yo) = 1.221 + 0.1F (0.2, 1.221) = 1.221 + 0.1[1.221 + (0.2)(1.221)] = 1.36752. 
ya = ya + hF (x3, ys) = 1.36752 + 0.1F (0.3, 1.36752) = 1.36752 + 0.1[1.36752 + (0.3) (1.36752)] 
= 1.5452976. 


ys = ya + hF (xa, ys) = 1.5452976 + 0.1F (0.4, 1.5452976) 
= 1.5452976 + 0.1[1.5452976 + (0.4)(1.5452976)] = 1.761639264. 


Thus, y(0.5) ~ 1.7616. 
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24. (a) h = 0.2, xo = 0, yo = 0, and F(x, y) = cos(x + y). Note that zı = xo +h = 0 + 0.2 = 0.2, xo = 0.4, and x3 = 0.6. 


yı = yo + hF (xo, yo) = 0 + 0.2F (0,0) = 0.2 cos(0 + 0) = 0.2(1) = 0.2. 


yo = yı +hF (a1, y1) = 0.2 + 0.2F (0.2, 0.2) = 0.2 + 0.2 cos(0.4) ~ 0.3842121988. 


ys = yo + hF (xo, yo) © 0.3842 + 0.2F (0.4, 0.3842) ~ 0.5258011763. 
Thus, y(0.6) ~ 0.5258. 


(b) Now use h = 0.1. For 1 <n € 6, £n = 0.n. 


yı = yo + hF (xo, yo) = 0 + 0.1cos(0 + 0) = 0.1(1) = 0.1. 
ya = yı +hF (x1, y1) = 0.1 + 0.1cos(0.2) = 0.1980. 
ya = ya + hF(xa, y2) = 0.1980 + 0.1 cos(0.3980) ~ 0.2902. 
ys = ya + hF (za, ya) & 0.2902 + 0.1 cos(0.5902) = 0.3733. 
Us = ya + hF (za, ys) = 0.3733 + 0.1 cos(0.7733) = 0.4448. 
Yo = ys + hF (zs, ys) = 0.4448 + 0.1 cos(0.9448) = 0.5034. 
Thus, y(0.6) z 0.5034. 
25. (a) dy/dx + 32?y = 62? y’ = 62? — 3z?y. Store this expression in Yı and use the following simple program to 


evaluate y(1) for each part, using H = h = 1 and N = 1 for part (i), H = 0.1 and N = 10 for part (ii), and so forth. 


h—^H0—X3Y 

For(L 1, N): Y +H x Yı —^Y:X +H > X: 

End(loop): 

Display Y. [To see all iterations, include this statement in the loop.] 
QH-LN-1 y(1) 23 
(ii) H=0.1,N=10 =  y(1) ~ 2.3928 


Gii) H = 0.01, N = 100. = y(1) ~ 2.3701 
(iv) H = 0.001, N = 1000 = y(1) ~ 2.3681 
(b) y=2+ ee = y = —3a?e-* 
LHS = y' + 32?y = —3a?e-** + 32? (2 + 2 = —323e7* + 622 + 32e% = 6a? = RHS 
y(0) =2+e°=241=3 


(c) The exact value of y(1) is 2 + eT = 24671, 
(i) For h = 1: (exact value) — (approximate value) = 2+ e! — 3  —0.6321 
(ii) For h = 0.1: (exact value) — (approximate value) = 2 + e! — 2.3928 ~ —0.0249 
(iii) For h = 0.01: (exact value) — (approximate value) = 2 + e! — 2.3701  —0.0022 


(iv) For h = 0.001: (exact value) — (approximate value) = 2 + e! — 2.3681 ~ —0.0002 


In (ii)—(iv), it seems that when the step size is divided by 10, the error estimate is also divided by 10 (approximately). 
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26. (a) We use the program from the solution to Exercise 25 (b) 2 
with Yı = z” — y?, H = 0.01, and N = 25% = 200. 
With (zo, yo) = (0, 1), we get y(2) ~ 1.9000. ò " 


-1 
Notice from the graph that y(2) ~ 1.9, which serves as 


a check on our calculation in part (a). 


dQ 1 


27. (a) Re +a 3Q- E(t) becomes 5Q' + 0. 0059 = 60 (b) From the graph, it appears that the limiting value of the 
or Q' +4Q = 12. charge Q is about 3. 
(c) If Q' 20, then 4Q — 12 => Q=3isan 
Or as : 
Beles medendi e] equilibrium solution. 
\ \ \ \ \ $ I 
Joe ud ca i A (d) 24 
RC 63 01 0 toda od og gw 
4 Xo te NUN AE Go Xoops 
NNNNNNNSN E EE 
+ | OON V V O M 
Au www 4pVV NN VV AA 
2 44/04 04 d 4/04 00d NCONSCCNDUN CEN ANE ANN 
AE EP A = 
P k a es ee dad 
E CE d d dod Ig 
pope pp —34——34 
0 2 4t 
0 2 4t 
(e) Q'+4Q=12 Q' = 12 — 4Q. Now Q(0) = 0, so to = 0 and Qo = 0. 


= 0 + 0.1(12 — 4 - 0) = 1.2 


Qo» = Qi +hF (th, 


( 

( 2+ 0.1(12 — 4- 1.2) = 1.92 
Qs = Q2 + hF (ta, 

( 

( 


Q1 = Qo + hF (to, Qo 
Q2 


Q4 = Qa + hF (t3, Qa) = 2.352 + 0.1(12 — 4 - 2.352) = 2.6112 
Qs = Qa + hF (t4, Q4) = 2.6112 + 0.1(12 — 4- 2.6112) = 2.76672 


) 
Q1) = 
) = 1.92 + 0.1(12 — 4 - 1.92) = 2.352 
j= 
je 


Thus, Qs = Q(0.5) ~ 2.77 C. 


28. (a) From the solution to Exercise 9.1.26, we have dy/dt = k(y — R). We are given that R = 20°C and dy/dt = —1°C/min 


when y = 70°C. Thus, —1 = k(70 — 20) k = — d; and the differential equation becomes dy/dt = — $ (y — 20). 


The limiting value of the temperature is 20°C; 


that is, the temperature of the room. 


ttt 
0 40 80 120 160 200¢ 
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(c) From part (a), dy/dt — av — 20). With to = 0, yo = 95, and ^ = 2 min, we get 


yi = yo + hF(to, yo) = 95 + 2|- 4 (95 — 20)] = 92 


2|- 35 (92 — 20)] = 89.12 


( ) 
( )= 
ys = ya + hF (te, y2) = 89.12 + 2[- 4 (89.12 — 20)| = 86.3552 
( ) 
( )- 


y2 = yi +hF(t1, y1 


ya = ys + hF (ts, ys) = 86.3552 + 2|— 4 (86.3552 — 20)] = 83.700992 
ys = ya + hF (ta, ya) = 83.700992 + 2[— 4 (83.700992 — 20)| = 81.15295232 


Thus, y(10) + 81.15?C. 


9.3 Separable Equations 


dy dy £ A 
1 g 3e => yp c de [yz0] => fy ? dy = f 3x? dx y '=224+C 
STu du cS d = 0 is also a solution 
B ype I ` 
NL: ^ dy = zdz fytdy=fade > ij-lsgiK > y -izi5K > 
' da yt y ay y oy = BY —3 y —5 
y = $/ $2? + C, where C = 5K. 
3, YY ay dy d 0 -1/2dy — d 2941/2 — 14924 K 
e y —--zdr [yzZ0] = fy y= fede => 2y"?*—iz*- => 
z Vy 
Vy =}? +iK > y = (4x? + C)’, where C = 1K. y = 0 is also a solution. 


d d d 1 1 
aay =y+3 > r% Lyra > Dom +0 y#-3]) > E = 


In|yj-3| 2]n|r|-- C. — |y 3| 2 e+ = cml eS = eC |z| > y+3= kr, where k = +e°. Thus, 


y = ka — 3. (In our derivation, k was nonzero, but we can restore the excluded case y = —3 by allowing k to be zero.) 
d : 1 
5. zy y =a? 4-1 ay b cat +1 ydy ot ae [x A 0] [o7 f (2+) a => 
iy = iz 4+In|2| +K y! =a? +2In|2|+2K y = tz? + 21n |x| + C, where C = 2K. 
1 dy = = 1,,2 
6. y - ze" =0 as xe” e™” dy = -zdr => [e *dy-f-zdx etca +C 
e” ig? C y= In(ia? C) y= In(3a? C) 
; dy 
7. (e? — 1) y/ = 2 + cosa (e? —1)— =2+cosx => (e"—1)dy-— (24 cosx)dr => 


f(e —l) dy = f[(2--cosz)dr = e”-— y= 2r + singz + C. We cannot solve explicitly for y. 
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11. 


12. 


13. 


M. 


15. 


16. 
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dy 2 dy 1 -1 2 
ds tly +1) > Pr = 2x dx ug 2ydr > tan ‘'y=27+C => 


W ip pHüO-1-p(?-—1)4-1(22—1)—5(p-1)(7? —1) > Ei. are aya > 
dt p+1 
[e= fe 1) dt In|p+1| = iP t+C lp+1)= er (BHO ou ptl= Heet- => 
p= Ket /3-t — 1, where K = e7. Since p = —1 is also a solution, K can equal 0, and hence, K can be any real number. 
dz | t+z dz tcx —z m t —Zz _ t —z t 
a PE =0 apes fe*dz=-fe'dt => -e*--e-4C e*=e—-C 
1 i " 1 1 7 
ee C e aC =m 5) Z In(e C) 
Am 0 cosh dð — te^ dt => [ 0 cos6 do = f te” dt > 
e 


0sinÓ + cos0 = — d +C [by parts]. We cannot solve explicitly for 0. 


dH RH? /1+F? In H 5 In H 21/2 
HOC T ne 0770. H8 dH = RV1 + RaR = E: aH = f RO +R?) dR > 
- = E = sa + R2)?? +C [by parts]. We cannot solve explicitly for H. 
U geh => e*dy-zdr => fe™”dy=frdr => —e™ = iz? +C. 
y(0)=0 => -e?- (0)? +C C = —], so —e™” = iz? 1 e" iz? F1 
y= In(1 ic?) y= In(1 427), 
aP PP = dPJVP- idt > [P dP= ftdt = 2P? = 24C. 
dt 3 


P(22 > 2V2=24C > C=2V2-— 2, so 2P? 282 42/22 > vVP-iP?.-y2-i > 
2 2 
P= (430^ 4 va-1). 


TA = Ab? cosbr => UA = b? cosbrdr => J Z045 [ mmn => ln|A| = bsinbr + C. 
m 


A(0) =b? => In|b®?|=bsn0+C = C=In|b*|,soln|A| = bsinbr +ln|b?| = 


|A| = es brtin|o®| L ebsin br eln|o°| _ jb? | ebar = A = xp?e^*?r, Since A(0) = 6%, the solution is 
A= pee? sin br 


dy k 
2,/ 2 

=k ats 

z y secy > & me 


d. 
=> cosy dy = k 55 > f cosy dy = f kx ?dz => siny--kxr !4C. 


y(1)—2£ > sinZ-—-k(1"4C > $=-k+C > C-ickso 


: k 1 c Saf dera FL 
siny=—--+-+k => y-sin —--+=-+k)}. 
q^ G2 
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19. 


20. 


21. 


22. 


23. 
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2 
= = aoe, u(0)— —5. f2udu= f(2t+se?t)dt => uw? =t?+tant+C, 
where [u(0)? =0?+tan0+C = C= (—5)? = 25. Therefore, u? = t? + tant + 25, so u = 4/1? + tant + 25. 


Since u(0) = —5 < 0, we must have u = — v t? + tant + 25. 


d d — 
e+ 3y) yx? +1 T =0 > 3yV2? +1 a =-¢ => 3y? dy= ait 
x 


[99 dy — falz? + ia? dios y? — -(z? + 1)" LE y(0) 2r S48 = =(07 n ty? +C > 


C —2,so y? = —(a? +1)? +2 y-(2 z? +1)". 


ring — y(1 33) v. y0) =1. f ainzdz = f(y +yv3Fy) dy => iz^nz-[izdz 


[use parts with u = Ina, dv = zdz] = iy) + $(3+ yy > ia? Ing — tg? +C = iy + $(3+ y?) 


Now y(1) 2 1 0 irC-21-.iQ4y^? C=3+34+4=%,50 


iz? Ing — ia? + a = iy? + i(3 + y?) We do not solve explicitly for y. 


2 


HU cc EY => ydy-ssinzdz => [fydy-—[zsinzdz => iy =-xcosx+sinzx+C [by parts]. 


dr y 


y(0) = —1 4(-1)? = —0cos0 +sin0 +C = C=4,so4y? = —rcosz +sinr+4 > 


y? = —2r cosg + 2sing+1 => y= -—w-2xrcosz-F2sinz + l since y(0) = —1 < 0. 


ydy = zdz fydy=fude = iy = 427° +C. y(0)=2 > $(2)? = $(0)7 +C > 


C=2,s0sy=F07+2 > y=r?t+4 > y= Vx? +4since y(0) =2>0. 


f@)=ef@)-2 > Bawy-e > Baoy-y) > Shed wen > 

d 

t= fea => lnj|y-1|2iz?-4C. f(0)=2 In|2—1| = 2(0? +C C =0,so 
In|y — 1| = iz? ly 1| =e? /? y 1 = e7”/2 [since f(0)=2] => y 2 e? +1. 

= d d l du dy dy — i du _ 
u=r+y d; (2 dz; (t+) 3 1+ zr ™ 7 x+y u, S0 = l+u > 

du du z4C 

=dxr [uz -1] = = | dr => Infl+ujJ=r2+C = |l+ul=e > 

lcu l+u 
1 +u = tefe” u = keCe* —1 r+y= +0 e -1 y = Ke? — x — 1, where K = +e° £0. 


Ifu = —1, then —1 =£ +y => y--z- 1, which is just y = Ke” — x — 1 with K = 0. Thus, the general solution 


is y = Ke” — x — 1, where K ER. 
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24. ry =y +r” > y=y/ete/™ = UW 25458? Aison y/x rv=y dy eens 
dx dx dx 
Mn dioe qu Hv du ur [x Æ 0] [$-f$ —-e" = ln|r| +C => 
dx ev x ev x 
e™ =—In|z|—C v = ln(— ln |æ| — C) y/x = —In(—In|a2| — C) y = —zln(— ln |z| — C). 


dy 


dy 
25. (a) y! = 2z /1— y? — = 27,/1-y? ———À = 2dr = ———— | 2rdr = 
dx A — y? A — y? 


sin™! y = £? +C for -F < z? +C < F: 


(b y(0 20 => sint0=0 +C > C=0, 


sosin ! y = x and y = sin(z?) for —/n/2 < x < \/n/2. 


=y 7/2 V T/2 


0 


(c) For 4/1 — y? to be a real number, we must have —1 < y < 1; that is, —1 € y(0) < 1. Thus, the initial-value problem 


y' = 2x \/1— y?, y(0) = 2 does not have a solution. 


26.e "y'-cosz 20 & fe™dy=-— fcosrdr & -e%=-sine+Ci € y--ln(sinz + C). The solution 


is periodic, with period 27. Note that for C > 1, the domain of the solution is R, but for —1 < C < 1 it is only defined on the 


intervals where sin x + C > 0, and it is meaningless for C < — 1, since then sin x + C < 0, and the logarithm is undefined. 


3 2 2 
LU Ul i : 
-2 11 
0 -]1 ES! 
C--0.5 C=0.5 C=1 
0.8 0 0 


=2 11 -2 11 


V 11 


C=15 C=3 C=6 


For —1 « C < 1, the solution curve consists of concave-up pieces separated by intervals on which the solution is not defined 


(where sin z + C < 0). For C = 1, the solution curve consists of concave-up pieces separated by vertical asymptotes at the 


points where sin z + C = 0 sinx = —1. For C > 1, the curve is continuous, and as C increases, the graph moves 


downward, and the amplitude of the oscillations decreases. 
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d ; 
27. Z = ay (0) = Z. so fsinydy = fsinzdr <= — cosy = — cost +C cosy = cos x — C. From the 

dx siny 2 

initial condition, we need cos 7 = cos 0 — C 0=1-C C = 1, so the 2 

solution is cos y = cos x — 1. Note that we cannot take cos" ! of both sides, since that 

would unnecessarily restrict the solution to the case where -1 < cosx- 1 € 

0 < cosz, as cos" ! is defined only on [—1, 1]. Instead we plot the graph using Maple's 

plots[implicitplot] or Mathematica’s Plot [Evaluate[--]]. 

=25 2.5 
0 

d vz? +1 : 

28. m ae = J ye? dy = f x vz? + 1da. We use parts on the LHS with u = y, dv = e" dy, and on the RHS 
z ye 


we use the substitution z = z? + 1, so dz = 2x dx. The equation becomes ye" — f e” dy = 4 f Vzdz © 


e(y—1)= t(x? + 1)?7? + C, so we see that the curves are symmetric about the y-axis. Every point (x, y) in the plane lies 


on one of the curves, namely the one for which C = (y — 1)e" — 3 (a? + 1)°/?. For example, along the y-axis, 


C = (y — le’ — E, so the origin lies on the curve with C = -$. We use Maple's plots[implicitplot] command or 
Plot [Evaluate |[---]] in Mathematica to plot the solution curves for various values of C. 
2.5 2.5 2.5 
| m | | | | "E | 
-3 =3 =3 
C--4 C--14 C- -4/3 
2.5 1 
E NT . | 
4 4 
-3 -8 
C--1 C--—04 
3.5 


| e 


C--1/3 C 
It seems that the transitional values of C are -$ and — i ForC « — $ the graph consists of left and right branches. At 
C=- $, the two branches become connected at the origin, and as C increases, the graph splits into top and bottom branches. 


AtC —— i the bottom half disappears. As C increases further, the graph moves upward, but doesn't change shape much. 
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29. 


30. 


31. 


32. 


33. 
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d X 
(2). (c) y=" = Bay > [ra= |a > 
-1 1 
—y  =2£+C —--—g-C 
y 
rs where K = —C. y = Oisalso a solution 
y ==. K = r? = . y = . 
d d 
(a), (e) 21 Guo) > Haw > [Y= fedi > 
A d 
AEZ y 
AAAA SS ALALLA 1.2 22/24. 22/2.C 
AAA No Ae Injy|=5a°+C => |yl=e =e Me > 
ENANS SA 7/7/11 
e S A a a A 7) 23/2 c . . 
Eee eee M y= Ke , where K = +e“. Taking K = 0 gives us the 
'////SARS\\\\3 . = 
Zo NN solution y = 0. 
LLIPIN ANI 
IILAN] 
riot 1—A trv \ Y x i 
The curves x” + 2? = k?” form a family of ellipses with major axis on the x-axis. Differentiating gives 
d 2 2 d 2 1 1 1 m4 : 
T (z^ + 2y“) = T (k^) => 22a+4+4yy’ =0 4yy 2x y 2j Thus, the slope of the tangent line 
at any point (x, y) on one of the ellipses is y’ = ze so the orthogonal trajectories : 
y 
must satisfy y’ 2y cvy dy 2 gm 
x dx T y x 
4 
ft-fF In|y| = 21n |z| + C1 In|y| = In |z|? + C1 
ly| = e iP y = +x? - e7! = Ca’. This is a family of parabolas. 
2 3 ; ; ; »- ; dio d 3 4 2 
The curves y^ = kx? form a family of power functions. Differentiating gives a (y^) — T (kx?) 2yy = 3kx 
2 2/942 
y = ae EE [ OPES A the slope of the tangent line at (x, y) on one of the curves. Thus, the orthogonal 
y y T 
2 d 2 
trajectories must satisfy y’ a = B S 
3ydy = —2xydzy € f 3ydy= [ -2x dx dy? --z^-04 j $ 


3y? = 207 +02 e 2a? +3y? = C. This is a family of ellipses. 


-6 


The curves y = k/x form a family of hyperbolas with asymptotes x = 0 and y = 0. Differentiating gives 


d d (k : 
—(y=— (5) y — y = [since y = k/z zy =k] y ES Thus, the slope 
dx \a x x 
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of the tangent line at any point (x, y) on one of the hyperbolas is y’ = —y/z, 
; ; ; dy x 
so the orthogonal trajectories must satisfy y' = x/y d 
ydy=ade & fydy=fade e $y =32°+C1 © H n= 
C 
y — a? C» x? — y? = C. This is a family of hyperbolas with T 
asymptotes y = 2. W/ 
The curves y = 1/(x + k) form a family of hyperbolas with asymptotes x = —k and y = 0. Differentiating gives 
ues 1 > y=- : => y -—-—y [since y = 1/(x + k)]. Thus, the sl f the tangent 
ac EE y= (e+ ky y =-y [since y = . Thus, the slope of the tange 
line at any point (a, y) on one of the hyperbolas is y’ = —y”, so the 
; ; : , 2 dy 1 
orthogonal trajectories must satisfy y' — 1/y — = — 
dr y? 
ydy=dz € fy?’ dy= fdr iy =r+C0 


ye =3e+C e y= (3x + C)". This is a family of cube root 


functions with vertical tangents on the x-axis [y = 0]. 


* d 
vo) =2+ ['t-to)at > vi) m scc) yF = FH =al- 
2 
i = [oa => —ln|l-y]| = ia? + C. Letting x = 2 in the original integral equation 


gives us y(2) = 2 + 0 = 2. Thus, — In |1 -2/ = 2(20? +C > 0=2+C > C--2. 


2—27/2 


Thus, — In|1 — y| = 2? - 2 In|]1—-y| 22- $2 |l—y| =e => 


1— y = +e? 2/2 — y = Tee? [y(2) = 2]. 


7 ? dt zao l dy 1 o fil 


iy = lng + © [a > 0]. Letting x = 1 in the original integral equation gives us y(1) = 2 + 0 = 2. 


Thus, $(2)? 2 In14- C C —2. iy I1nz42 > y’ =2lnz+4[>0] > y-V2Inz-44. 


yo) = 4+ [nua => y(x)-—2x|y(x) => U Lang => [Ba freee => 


2,/y = x? + C. Letting x = 0 in the original integral equation gives us y(0) = 4 + 0 = 4. 


Thus, 2/4 = 0? +C C—4 2g —25 4 Ju = is +2 y = (3a? +2)’, 
dy dy —y-1 
?-1f'(t t)? +1=0 > (241-—44,-:1-20 Z =Z > 
(2/0) * FOP + (+p Heys 3 X 
f UM rc — f al => arctany = — arctant -- C. = arctant+arctany=C => 
p+ J PFI Em am 
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tan(arctant + arctany) = tan => E A sienna) —tanC => tty tanC—k > 
1 — tan(arctant) tan(arctan y) 1-ty 
tty=k—kty > ytkty=k-t (1+kt)=k-t f(t) e 
y= y y y= yi d y IF ki 
l k-3 | = —l-t ae 
Since f(3) =2 = 773} 2+6k=k-3 5k 5 k 1 , we have y T+ (lt l 
dQ dQ 1 
227, = =12-4 AE 1 ET 
39. From Exercise 9.2.27, di Q e if 12-— 4g f z njl2—4Q| =t+C 
In|12 — 4Q| = —4t — 4C |12 — 4Q| 2e-*-^7 & 12—-4Q-— Ke * [K = +e] © 
4Q—-12—- Ke“ & Q-—3-—4Ae* [A=K/4]. Q(0)—-0 0—3—4A A=3 
Q(t) = 3 — 3e~**. Ast — oo, Q(t) — 3 — 0 = 3 (the limiting value). 
40. From Exercise 9.228, “ = —.1 (y — 20 dis c 1) dt In|y — 20 Lt4C 
. From Exercise 9.2.28, ^7; so (Y ) j— 30 (- 5) nly | ^ — 55t + e 


y — 20 = Ke/ & y(t)= Ke™5 +20. y(0 295 e 95—K--20 e K=75 e 


y(t) = T5e-'/59 + 20. 


dP _ m dP = tec 
m. T =k(M-P) e frome! k) dt In|P—M|=—kt+C & |P—M|=e s 
P-— M = Ae™ [A=+e°] & P= M + Ae^*. If we assume that performance is at level 0 when t = 0, then 
P(0-20 & 0=M+A A=-M P(t)=M—-Me-*. lim P() - M- M-0- M. 
42. (a) < = k(a — z)(b — x), a#b. Using partial fractions, GOSH = Ut -o -= EM so 
dx 1 b—zc 
— ~ = | kdt —— (-1 + In |b — kt 4 I — (b — a)(kt . 
[ao rt > Clean ap kec > mE] - 6-0) 
. : b- b—zc b—zc 
The concentrations [A] = a — « and [B] = b — x cannot be negative, so > 0 and | ——| = ; 
a-r a—zc a-r 
b—z f b 
We now have In ms per (b — a)(kt + C). Since z(0) = 0, we get In Pa (b — a)C. Hence, 
b—z b b—cr b b[e/ 5-9 — 1] ^ ab[e*-9** — 1] moles 
- = EN (b—a)kt M Te 
m(2=) (b ait +in(2) a-z a. j be(b—a)kt /q — 1 be(»-9kt —a L ` 


(b) Ib = a then p = kla — 2), so f oTa f Edt and l =kt+ C. Since «(0) = 0, we get C = Ż. 


dt a— x)? =T 
1 a a?kt moles 

Th — g= ——— andz =a- —— = cS = [C] = $a when t = 20. Th 

us, a — x i+ l/a and z = a Waal MERE E uppose z = [C] = $a when 0. Then 

a a 20a7k 1 

20) = = 40a7k = 20a?k 20a?k = k= : 

x (20) 2 3 ak 1 a Oa*k +a => 20a a 20a so 
a?^t/(20a) |  at/20 at moles 


= L-4at/QUa)  I-Ht/20 £20 L 
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43. (a) If a — b, then £z = k(a — x)(b — x)!/? becomes = = k(a — x)?” (a— 2) 37? dy =kdt => 
f (a — 2) 37? dx = f kdt 2(a—x)-/? — kt 4- C [by substitution] > qe Vir > 
: : a— r x(t)—a : The initial concentration of HBr is 0, so z(0) 20 => 
mC) ~ CAIA e conce: ono s 0, so = 
0 £ : es C =2/./a [C is positive since kt + C = 2 CHE Sq 
=a- vex GU a /va [C is positive since kt + C = 2(a — x) > 0] 
Thus, x(t) — = 
(kt + 2/4/a) 
dx dx 4 
b) — = k(a — z)(b — z)!? ———— =kdt > [Ss [n x). 
©) E = k(a — ab - 2) aS aS (9) 
From the hint, u = yb — x u? =b- 2u du = —dzx, so 


o aa 


So (x) becomes tan = kt + C. Now z(0)=0 => C= rial and we have 
Œ ya—b va-—b m va-b Errem 
= tan ! Eod Mt 2 tan! ve 2 (tan i 2 —tan- H) =H => 
a—b a—b a—b a—b Va—b a—b a 
2 ET b 1 jb-- 
= -t 
t(x) 5 a= (tan zoz tan I) 
2 2 
44. If S = EE then go = uS . The differential equation —— LE +- ag x = 0 can be written as da +- “$= = 0. Thus, 
dr dr | dr? dr? r dr dr 
dS | —2S dS 2 : 
pm > S s dr J; S dS — [5 dr In|S| = —21n|r| + C. Assuming S = dT /dr > 0 
andr > 0, we have S = e-2Inr*€ = gar 6S 2k [k= eC] guida HI Ik 
r? dr r? 
k 
dT =< kdr > EE [ar T(r)--z +A. 
T(1) =15 15 = —k + A (1) and T(2) = 25 25 = -įk +A (2). 
Now solve for k and A: —2(2) + (1) 35 = —A,so A = 35 and k = 20, and T(r) = —20/r + 35. 
a dC dC 
In|kC — r| = —kt + M2 |kC —r|2e 2 > kC-r-Mse" > kC-Mse "+r > 
C(t) = Mae** + r/k. C(0) = Co Co = tr/k M4 =Co—r/k 


C(t) = (Co — r/k)e ^F + r/k. 
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(b) If Co < r/k, then Co — r/k < 0 and the formula for C(t) shows that C(t) increases and jim C(t) =r/k. 
As t increases, the formula for C (t) shows how the role of Co steadily diminishes as that of r/k increases. 


46. (a) Use 1 billion dollars as the x-unit and 1 day as the t-unit. Initially, there is $10 billion of old currency in circulation, 
so all of the $50 million returned to the banks is old. At time t, the amount of new currency is z(t) billion dollars, so 


10 — z(t) billion dollars of currency is old. The fraction of circulating money that is old is [10 — z(£)]/10, and the amount 


10 — x(t) 


10 0.05 billion dollars. This amount of new currency per 


of old currency being returned to the banks each day is 


its ; ; ; d. 10— m 
day is introduced into circulation, so m xm 10 ?.005— 0.005(10 — x) billion dollars per day. 


dx —dx 
= 0. dt => 
10-2 1909 10—c 


where C = e° x(t) = 10 — Ce 9-995: From a(0) = 0, we get C = 10, so x(t) = 10(1 — e~ 99057), 


(b) = —0.005dí = In(10—2)=-0.005t+c = 10- g = Ce 9005t. 


(c) The new bills make up 90% of the circulating currency when x(t) = 0.9 - 10 = 9 billion dollars. 


9—10(1—6e-995'*) => Qgc1—6- 900: ., g-0009* — 0.1 0.005t = — 1n 10 


t = 2001n 10 ~ 460.517 days ~ 1.26 years. 


47. (a) Let y(t) be the amount of salt (in kg) after t minutes. Then y(0) = 15. The amount of liquid in the tank is 1000 L at all 


; MN i dy y(t) kg L y(t) kg 
t th trat tt t t t)/1 kg/L — = — | = =|| 10 — | = -= —. 
imes, so the concentration at time £ (in minutes) is y(t)/1000 kg/L and zm | 7 0 umi 100 zum 
dy 1 t t 

dt lny = — 1 In1 lny = In15 — —. 
Wf 7 m / ny 10g ^ €: and y(0) 5 n15 = C, so lny = ln 15 100 
It follows that in(4) = ERU and 2. = e™t/100 so y= 15e7+/100 kg. 

15 100 15 


(b) After 20 minutes, y = 15e-20/100 — 156-92 4,12 3 kg. 


48. Let y(t) be the amount of carbon dioxide in the room after t minutes. Then y(0) = 0.0015(180) = 0.27 m?. The amount of 
air in the room is 180 m? at all times, so the percentage at time t (in mimutes) is y(¢)/180 x 100, and the change in the 


amount of carbon dioxide with respect to time is 


3 3 E 3 
% — (0.0005)(2 =) yt) (2 = ) (odie 52 00y: m 


dt 180 min 90 9000 min 
d dt 1 1 
Hence, i, ar = T 3000. and STO In |9 — 100y| = 9000! + C. Because y(0) = 0.27, we have 
— z5 In 18 = C, so — 745 In |9 — 100y| = soot — zn 18 Ing — 100y| = -5t +n 18 => 
In |9 — 100y| = Ine~*/®° + In18 In|9 — 100y| = In(18e~*/°°), and |9 — 100y| = 18e~*/®°. Since y is continuous, 


y(0) = 0.27, and the right-hand side is never zero, we deduce that 9 — 100y is always negative. Thus, |9 — 100y| = 100y — 9 


and we have 100y — 9 = 18e? = =100y=9+18e7'/ = y=0.09+0.18e~*/°°. The percentage of carbon 
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dioxide in the room is 


3 d —t/90 
= a ange ee aa x 100 = (0.0005 + 0.001e-*/9?) x 100 = 0.05 + 0.1e7*/%° 


p(t) 
In the long run, we have jim. p(t) = 0.05 + 0.1(0) = 0.05; that is, the amount of carbon dioxide approaches 0.05% as time 
goes on. 
Let y(t) be the amount of alcohol in the vat after t minutes. Then y(0) = 0.04(500) = 20 gal. The amount of beer in the vat 
is 500 gallons at all times, so the percentage at time t (in minutes) is y(t) /500 x 100, and the change in the amount of alcohol 


; : . dy : gal y(t) gal y 30 — y gal 
th t to time tis — = rate in — rate out = 0. = )-22(5=) =03-4~ =—_ =. 
with respect to time t is zm rate in — rate out — 0.06 (s z) 500 5 nim 0 100 100 min 


d dt 
Hence, f CET E / 100 and — 1n |30 — y| = x5! + C. Because y(0) = 20, we have — In 10 = C, so 


—1n|30 — y| = zt — In 10 1n|30 — y| = —£/100--1n10. =  1n|30— y| 2 Ine */9? .-1n10. => 
1n|30 — y| = 1n(10e7*/199) — 30 — y| = 10e7*/1°°. Since y is continuous, y(0) = 20, and the right-hand side is 
never zero, we deduce that 30 — y is always positive. Thus, 30 — y = 10e-*/109 — y = 30 — 10e */190, The 
percentage of alcohol is p(t) = y(t)/500 x 100 = y(t)/5 = 6 — 2e-'/199, The percentage of alcohol after one hour is 
p(60) = 6 — 2e-99/100 x 4.9, 

(a) If y(t) is the amount of salt (in kg) after t minutes, then y(0) = 0 and the total amount of liquid in the tank remains 


constant at 1000 L. 


dy kg L kg L y(t) kg L 
— = (0.05 = — .04 = } | 10 — | — | = = | ( 15 — 
dt (0 0 L ) ( ax) 3^ (0 0 L P min 1000 L 3 min 


. 130— 3y kg 
= 0.25 + 0.40 — 0.015y = 0.65 — 0.015y 200 min 
Hence W at and —11n|130 — 3y| = 51-t + C. Because y(0) = 0, we have —41n 130 = C 
>} 130 — 3y 200 2 200 ` : 3 ^ 
so —4 In|130 — 3y| = sgt — $n 130 = 1n|130-— 3y| = — 525t + In 130 = In(130e 3/29). and 


[130 — 3y| = 130e~*"/?°. Since y is continuous, y(0) = 0, and the right-hand side is never zero, we deduce that 


130 — 3y is always positive. Thus, 130 — 3y = 130e ?'/?99 and y = 139(1 — e7 34/2) kg, 


(b) After one hour, y = 339 (1 — em 260/200): = 139 (1 — e799) z 25.7 kg. 


i 130 _ yal 
Note: As t — oo, y(t) — = = 435 kg. 


Assume that the raindrop begins at rest, so that v(0) = 0. dm/dt = km and (mv)! =gm => mv -- vm' =gm => 


j 13. dv dv à 
mv’ + v(km) = gm v 4 vk-g 35 78 kv AD dt 
— (1/k)In|g — kv] 2 t -- C In|g — kv| = —kt — kC g— kv = Ae", v(0 20 > Ac-g. 
Sokv—g—ge " = v-(g/k)(1— e **). Since k > 0, ast — oo, e "* — 0 and therefore, jim v(t) = g/k. 
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k l 
52. (a) m zs kv d E dt In |v| = — —t + C. Since v(0) = vo, In|vo| = C. Therefore, 
v m m 
U k v —kt/m —kt/m : 2 
Inj —| = ——t —|=e => v(t) = voe . The sign is + when t = 0, and we assume 
VO m Vvo 


v is continuous, so that the sign is + for all t. Thus, v(t) = voe™™*/™. ds/dt = voe" "^ => 


s(t) = -ZR htm 5 ey 


k 
From s(0) = so, we get so = -7 + C', so C' = so + T and s(t) = so + a te nkt y, 
The distance traveled from time 0 to time t is s(t) — so, so the total distance traveled is jim [s(t) — so] = TE. 


Note: In finding the limit, we use the fact that k > 0 to conclude that jim e "tm — Q, 


dv k -1 kt 1 kt 


Rire 2 Bees = dt ER Sa ee RAD ay eee = 
(b) T kv v3 e 7 p C > A C. Since v(0) = vo, 
1 1 kt 1 1 Muvo ds Mvo 
. Therefi t) = = ; = 
g pn m a Vo tore) kt/m --l/vo  kuot +m dt  kuot+m 
)- 7 PIQUE =. 7" In|ku t 4- m| + C". Since s(0) = so, we get s =” nm+ = 
kut+m ko Tee ee UE 
kvot 
Cc = 5) - = Inm => s(t)=so+— Z (In|kvot 4 m| — Inm) = so +4 Zin mM 


k 
We can rewrite the formulas for v(t) and s(t) as v(t) = ERG and s(t) = so + z In|1-F T ; 
0 


Remarks: This model of horizontal motion through a resistive medium was designed to handle the case in which vo > 0. 
Then the term —kv? representing the resisting force causes the object to decelerate. The absolute value in the expression 


for s(t) is unnecessary (since k, vo, and m are all positive), and jim s(t) = oo. In other words, the object travels 
infinitely far. However, jim v(t) = 0. When vo < 0, the term —kv? increases the magnitude of the object’s negative 


velocity. According to the formula for s(t), the position of the object approaches —oo as t approaches m/k(—vo): 


im T s(t) = —oo. Again the object travels infinitely far, but this time the feat is accomplished in a finite amount of 
ti——m vo 


time. Notice also that hu v(t) = —oo when vo « 0, showing that the speed of the object increases without limit. 
t— —m/(kvgo 


1 dl „1 diz d 
; =k 
Se NCC I a 


d d d i 
ln £4) = kla L — (lnL = —(In L 
n 1) à n 2) > c 1) dt n 2) dt > 
In Lı =n 214 +C > Ppa eS ire Lg E. Les Lı = KL, where K = eC. 
(b) From part (a) with Lı = B, L2 = V, and k = 0.0794, we have B = KV®”°04, 


54. (a) & — amb- mV)V => = -aV(nV — Ind) => VES —adt => 


dV = u = ln(V/b), = 
| vimm" f- -adt = f; du = [reat ea => Injul=-at+k => 
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lu =e "e^ => u-Ce [whereC=+e"] > I(V/t))-Ce" = u =e sy 


V 2 beC* " with C £0. 


(D V(0)=1 > 1- bere ^O 1 = be? b = e79, so V =e CeCe = eTO = OD, 


55. (a) The rate of growth of the area is jointly proportional to ,/ A(t) and M — A(t); that is, the rate is proportional to the 
product of those two quantities. So for some constant k, dA/dt = k VA (M — A). We are interested in the maximum of 
the function dA/dt (when the tissue grows the fastest), so we differentiate, using the Chain Rule and then substituting for 


dA/dt from the differential equation: 


d ( dÀ dA 14-1284| _ ij A-i2dA |. d 
a (= «| vac I) + (M- A) 3A a | = 2hA a [24 + (M - A)] 


= kA"? [eva 4) [M — 3A] = 3? (M — A)(M — 3A) 


This is 0 when M — A = 0 [this situation never actually occurs, since the graph of A(t) is asymptotic to the line y = M, 


as in the logistic model] and when M — 3A = 0 A(t) = M/3. This represents a maximum by the First Derivative 


Test, since I (=) goes from positive to negative when A(t) = M/3. 


CevMrt 1 


(b) From the CAS, we get A(t) = M (amt 


. To get C in terms of the initial area Ao and the maximum area M, 


C-1 


we substitute t = 0 and A = Ao = A(0): Ao = «(S33 


) & (Cc1)V/Ao-(C-1)VM & 


C V Ao + V Ào = CV M — V M VM+VA0=CVM-CVA0 © 


JM Ag s c(vM a VAS) e C= ae a [Notice that if Ao = 0, then C = 1.] 
— 0 


56. (a) The volume of the newly frozen water layer is AV = A Ah and since the mass density D = AM/AV, the mass of this 
layer is AM = DAV = D- A Ah. The heat loss required to freeze AM kg of water is AQ = LAM = L. AD AR, 
which after rearranging gives Ah = (1/LAD) AQ or Ah/AQ = 1/LAD. Taking the limit as AQ — 0 then gives 
dh/dQ = 1/LAD. 


dh _dhdQ_ 1 kA, ry- Tu — Tr) 
di dQ dt TAD h^" "" LDh 


(b) 


The growth rate of the ice, dh/dt, is inversely proportional to the thickness of the ice, h, so as the ice gets thicker its rate of 


growth decreases until some equilibrium is reached. Hence, thin ice grows more rapidly than thick ice. 


(c) gh BU. T o pne ue s [ras [5552 dt => 


dt LDh LD 

1 k(Tw — Ta) 1 1 k(Tw — Ta) 1 

=f? LOMA A h =h? =h = At 4 Eh 

2 LD +C (0) 0 5 0 0+C C, 80 5 LD t3 0 = 
2k(Tw — Ta Sy : 

h= 2h(Tw = Ta), + hà [only take the positive root since h > 0]. 


LD 
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: : : d dv d d 2 
57. (a) According to the hint we use the Chain Rule: mo =m = . = = mv = =a age => 
—gR? da v? gR? ve gR? 
dv = = C. Wh = 0, v = vo, = FC 
fe i os EE PONDUS cU un e n CERE 
gR? 
C = tv —gR io ivj TE gR. Now at the top of its flight, the rocket's velocity will be 0, and its 
gR? ve EDO, R(R+h) gRh 

height will be x = ^. Solving for vo PIT = ER gR m g Rap Rih = RIR 
NS 2g Rh 

TTA SEGSER: 

(b) ve = im vo = im Z = m mri "ym 2gR 


(c) ve = 4/2 32 ft/s? - 3960 mi - 5280 ft/mi ~ 36,581 ft/s ~ 6.93 mi/s 


APPLIED PROJECT How Fast Does a Tank Drain? 


1. (a) V = ar?h "T ah [implicit differentiation] = 


Z H = us (avh) = — [G2 VIVA] = -4 vi 


22 
() E=- Vh => W? dh=-4 dt 2Vh=-Att+C. 
h(0)=6 = 2/6—04C C — 26 h(t) = (ht + V6)’. 
(c) We want to find t when h = 0, so we set h = 0 = ( iu v6)” t = 144 V6 x 5 min 53 s. 


2. @ kh > AV?dh=kdt [R40] > 2Vh=kt+C > 


h(t) = +(kt + C)?. Since h(0) = 10 cm, the relation 2 \/h(t) = kt + C 
gives us 2 /10 = C. Also, h(68) = 3 cm, so 2 V3 = 68k + 2 V10 and 


k= ee Th 


S 2 
h(t) = i (2 v10 — MADE ) ~ 10 — 0.133t + 0.00044. 


34 


Here is a table of values of h(t) correct to one decimal place. 


(b) The answers to this part are to be obtained experimentally. See the article by Tom Farmer and Fred Gass, Physical 


Demonstrations in the Calculus Classroom, College Mathematics Journal 1992, pp. 146—148. 
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3. V(t) mr h(t) = 100zh(t) = 1007 and T = a = 1007 =. 
A : ; ; 5.1 5 dV 
Diameter = 2.5 inches = radius = 1.25 inches = 7 - 15 foot = 55 foot. Thus, di 774 2gh => 
1005 2* = -z(&y V2- 32h 29i Vh gh vh [h Pdh= f- dt = 
dt 48 288 dt 1152 1152 
2h amttC Vh zat +k h(t) = (— zat + ky. The water pressure after t seconds is 


62.5h(t) lb/ft”, so the condition that the pressure be at least 2160 Ib/ft? for 10 minutes (600 seconds) is the condition 


62.5 - h(600) > 2160; that is, (k — 802)? > 2160 |k- Z| 2 V34.56 = k> 2 + V34.56. Now h(0) = K?, 


so the height of the tank should be at least (22 + /34.56)). © 37.69 ft. 


4. (a) If the radius of the circular cross-section at height h is r, then the Pythagorean Theorem gives r? = 2? — (2 — h)? since 


the radius of the tank is 2 m. So A(h) = «r? = «[4 — (2 — h)?] = «(4h — h?). Thus, A(R) a =-aV2gh => 


dh | dh 


n(4h— h?) aa —7(0.01)? /2-10h = (4h—h?) a = 70-0001 /20h. 


(b) From part (a) we have (4h'/? — h?/?) dh = (—0.0001 20) dt = $n?/? — 2n°/? = (—0.0001 V20)t + C. 


h(0 22 > 8 (2)3/2 — 2(2)°/? C C (i$ 3) J/2= 36 2. To find out how long it will take to drain all 


the water we evaluate t when h = 0: 0 = (—0.0001/ 20 yt +C => 


t= 2 = 56/2/15 — HS VAO ~ 11,806 s ~ 3 h 17 min 
0.00014/20 0.0001 4/20 3 


9.4 Models for Population Growth 


, ; . dP P : dP P : 
1. (a) Comparing the given equation, E 0.04P (1 2: 2 , to Equation 4, We kP (1 — a) , we see that the carrying 


capacity is M = 1200 and the value of k is 0.04. 


(b) By Equation 7, the solution of the equation is P(t) = RE where A = iets . Since P(0) = Po = 60, we have 
1+ Ae-*t Po 
1200 — 60 1200 
A= = 360 = = 19, and hence, P(t) = T+ 19e-094t* 
s : 1200 
(c) The population after 10 weeks is P(10) 87. 


B 1 + 19e-9-04(10) a 


2. (a) dP/dt = 0.02P — 0.0004P? = 0.02P(1 — 0.02P) = 0.02P(1 — P/50). Comparing to Equation 4, 
dP/dt = kP(1 — P/M), we see that the carrying capacity is M = 50 and the value of k is 0.02. 


; ; NP M M-P ,. 
(b) By Equation 7, the solution of the equation is P(t) = —————-, where A = 2| Since P(0) = P; = 40, we have 
1+ Ae-*t Po 
50 — 40 50 
A= 40 = 0.25, and hence, P(t) = 14-0.25e-0-02t* 
Th lati fter 10 ks is P(10) = 90 zx 42 
(c) The population after 10 weeks is = oa 33:5 ^ € 
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3. (a) dP/dt = 0.05P — 0.0005P? = 0.05P(1 — 0.01P) = 0.05P(1 — P/100). Comparing to Equation 4, 
dP/dt = kP(1 — P/M), we see that the carrying capacity is M = 100 and the value of k is 0.05. 


(b) The slopes close to 0 occur where P is near 0 or 100. The largest slopes appear to be on the line P = 50. The solutions 


are increasing for 0 < Po < 100 and decreasing for Po > 100. 


All of the solutions approach P = 100 as t increases. As in 


(c) 
part (b), the solutions differ since for 0 < Po < 100 they are 


increasing, and for Po > 100 they are decreasing. Also, some 


have an IP and some don't. It appears that the solutions which 


have Po = 20 and Po = 40 have inflection points at P = 50. 


(d) The equilibrium solutions are P = 0 (trivial solution) and P = 100. The increasing solutions move away from P = 0 and 


all nonzero solutions approach P — 100 as t — oo. 


4. (a) M = 6000 and k = 0.0015 = dP/dt = 0.0015P(1 — P/6000). 


(b) P All of the solution curves approach 6000 as t — oo. 


—_ $+ 
0 500 1000 1500 2000 t 


(c) The curves with Po = 1000 and Po = 2000 appear to be 
concave upward at first and then concave downward. The curve 
with Po = 4000 appears to be concave downward everywhere. 


The curve with Py = 8000 appears to be concave upward 


everywhere. The inflection points are where the population 


5 — 
0 500 1000 1500 2000 t 
grows the fastest. 


(d) See the solution to Exercise 9.2.25 for a possible program to calculate P(50). [In this case, we use X = 0, H = 1, 
N = 50, Yı = 0.0015y(1 — y/6000), and Y = 1000.] We find that P(50) ~ 1064. 


: ; : M 6000 
(e) Using Equation 7 with M = 6000, k = 0.0015, and Po = 1000, we have P(t) = ld Aca 7 Tp 69905 


MI = M — 5. Thus, P (50) — "€ 1064.1, which is extremely close to the 
b 


where A — ~ 14 5e-0-0015(50) 


estimate obtained in part (d). 
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(f) 8000 The curves are very similar. 
å 2000 
dy y M . M—y(0) y; 7 
5. (a) Z = ky(1- +) t) = —~—_ with A = 2 9. with M = 8 x 107, k = 0.71, and 
(a) 7 = ky M y(t) Drac EG i x an 
8 x 107 8 x 107 
y(0) = 2 x 10”, we get the model y(t) = Irae oT 99 y(1) = 14 36-071 & 3.23 x 10" kg. 
8 x 107 - E 
(b) y(t) = 4 x 107 ix pmi l0 ccn ee ee eis cen 
l 
0.71t = In i t= Uu & 1.55 years 


dP 
6. (a) -y = 0.4P — 0.001P* = 0.4P(1 — 0.0025P) [%57 = 0.0025] = 0.4P (1 


- ax) [0.0025-* = 400] 


Thus, by Equation 4, k = 0.4 and the carrying capacity is 400. 
(b) Using the fact that P(0) = 50 and the formula for dP/dt, we get 
_ dP 


P'(0) = 7-| = 0.4(50) — 0.001(50)? = 20 - 2.5 = 17.5. 
t=0 


: M—P 400 — 4 ; : 
(c) From Equation 7, A = P os T 0 AnS 7, so P = TF Tm qı; The population reaches 5096 of the carrying 
a ; 
ity, 200, when 200 = 40 1+7e °* =2 RM ES 0.4t = In4 
capacity, , when = 14 Te-0t > +e = > e =7 At = Inz 


t = (In 4) /(—0.4) e 4.86 years. 


; M — Po _ 10,000 — 1000 _ _ 10,000 u 
7. Using Equation 7, A B 1000 9, so P(t) IF k P(1) = 2500 
_ . 10,000 t4 E: -k _1ı 1 
2500 = T+ 9e-"@) => 1+9e 4 9e 3 € 3 k In 3 k 1n 3. After 
10,000 B 10,000 — 10000 10,000 10,000 . 

another three years, t = 4, and P(4) = Toes Tr9(ensyt = T7908) 7 pou = Cp — 9000. 

8. (a) M: (yeast cells) From the graph, we estimate the carrying capacity M for the yeast 
- i population to be 680. 
100 . 1 
0 s 0 5 Tr 
(hours) 


1dP 1 39-18 7 


(b) An estimate of the initial relative growth rate is B di 18 2-0 Ix 0.583. 
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(c) An exponential model is P(t) = 18e7*/?, A logistic model is P(t) = _ where A = m = 330 
(d) 700 P (yeast cells) 
Time in | Observed | Exponential | Logistic 
Hours Values Model Model 
0 18 18 18 
2 39 58 55 
4 80 186 149 j 
6 171 596 | 322 OS M 
8 336 1914 505 (hours) 
10 909 pd 614 The exponential model is a poor fit for anything beyond the 
12 597 19,739 658 
14 640 63,389 673 first two observed values. The logistic model varies more for 
16 664 203,558 678 the middle values than it does for the values at either end, but 
18 672 653,679 679 provides a good general fit, as shown in the figure. 
680 


(e) P(7) = = 420 yeast cells 


T+ 331 e-(7/12) 


9. (a) We will assume that the difference in birth and death rates is 20 million/year. Let t = 0 correspond to the year 2000. Thus, 


pud e lor (Aa) o xd ee «(a x) 1 p(i- x) with P in billions. 


~ P dt — 6. billion year 305’ dt MJ 305 20 
M—Po 20 — 6.1 139 M 20 
hy A= oe = Z BOS, PO) SS = — <, 
i Po 6.1 61 (0 = Tae = Ty ae © 
20 D ; ; ; As 
P(10) = 13 e 107353 = 6.24 billion, which underestimates the actual 2010 population of 6.9 billion. 
: 2 -— 
(c) The years 2100 and 2500 correspond to t = 100 and t = 500, respectively. P(100) = EE eS = 7.57 billion 
and P(500) = a0 ~ 13.87 billion 
1+ 432 e—500/305 
M — Po 800 — 282 259 
10. Let t = to th 2000. A = = —— = — vl. ; 
(a) Le 0 correspond to the year 2000 B 282 idl 8369 
M 800 : Me 
P(t)= (aes qum 2 kt with P in millions. 
800 800 259 491 259 
P(10) = 14 —10k = —10k 
Ce 14 9,7: = 309 309 141° 309 141° 
491-141 — _ sop 491-47 1, 23077 
= = —10k = 1l k l z 14 
309-259 | fe SOP 103050 0 266m Mee 
: 800 "T 
(c) The years 2100 and 2200 correspond to t = 100 and t = 200, respectively. P(100) = 14 259. 00k zz 559 million and 
= e7 
T41 
P(200) = — °°? —— es 727 million. 


259 ,—200k 
1+ ine 
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800 800 259 kt 3 259 kt 3-141 Er. 
P(t) = 1 = = 
a 1+ Z9 kt 309 500 141° 5 MD 5.259 ^ 
42 1n(423/12 
—kt = ln 3 t—10 (29/1205) z 77.18 years. Our logistic model predicts that the US population will 


1295 In(23,077/26,677) 
exceed 500 million in 77.18 years; that is, in the year 2077. 


11. (a) Our assumption is that zu = ky(1-— y), where y is the fraction of the population that has heard the rumor. 
; aoe : dP P 7 P dP d 
(b) Using the logistic equation (4), TAE kP (: — a) , We substitute y — AP P — My, and m M z, 
: dy dy "A 
to obtain M a k(My)(1 — y) P ky(1 — y), our equation in part (a). 
: : M -R 
Now the solution to (4) is P(t) = (Ae where A = B A 
à : n M Yo 
We use the same substitution to obtain My = = ; 
i 1 4 K Mu ort V7 yo + - yoje- 
Myo 
Alternatively, we could use the same steps as outlined in the solution of Equation 4. 
(c) Let t be the number of hours since 8 AM. Then yo = y(0) = 1965 = 0.08 and y(4) = 3, so 
1 0.08 —4k —4k _ 0.08 2 -k 2 1/4 
7 = y(4) = 0.08. 0.92,-4&- Thus, 0.08 4- 0.92e — 0.16, e = pz — sp ande ^ = (5) ; 
i 2 ; : ; 
soy = 0:08 acm Ui Solving this equation for t, we get 
0.08 + 0.92(2/23) 2 + 23(2/23) 
2 t/4 2 t/4 2-2 2 t/4 2 1— 2 t/A—1 1- 
2y 4- 23y =2 = y RUN) dec 
23 23 23y 23 23 y 23 y 
In[(1 — In((1— 
It follows that x 1= wilt EUER sot—4 14 ni 3/v) ! 
4 Ing Ins 


1— 
When y — 0.9, ae = 3, sot 


l 
4 (1 mid ) = 7.6 h or 7h 36 min. Thus, 90% of the population will have heard 


the rumor by 3:36 PM. 


12. (a) P(0) = Po = 400, P(1) = 1200 and M = 10,000. From the solution to the logistic differential equation 


PoM 400 (10,000) 10,000 


1-1) ee HERUM pP AT me cr 2G 
C= Bak = Rye 8" r ene 7 poa Ro 740 04209 cm 
10,000 10,000 
—k 100 k 288 36 = > m id 
1+ 24e 3 [2 Un k = ln ii. So P T+ 24e-0mG8/1) ~ 1:24. (11/36) 
1 
(b) 5000 = ae 24(11)' =1 > tlib-ld => tæ 2.68 years. 
1 + 24(11/36) 
dP P d? P 1 dP P\ dP dP( P P 
n @ SP = 4P(1 z) dt? «[r( uz) ur) T e5 ( m`! z) 


-e(r 2) 0-0) 
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(b) P grows fastest when P’ has a maximum, that is, when P" = 0. From part (a), P" = 0 P=0,P=M, 
or P = M/2. Since 0 < P < M, we see thatP”=0 = P=M/2. 


First we keep k constant (at 0.1, say) and change Po in the function 


10Po 


P= P + (10 — Pje 0 (Notice that Po is the P-intercept.) If Po = 0, 


the function is 0 everywhere. For 0 < Po < 5, the curve has an inflection 


point, which moves to the right as Pp decreases. If 5 < Po < 10, the graph is 


concave down everywhere. (We are considering only t > 0.) If Po = 10, the 


function is the constant function P = 10, and if Po > 10, the function decreases. For all Po Z 0, jim P= 10. 


Now we instead keep Po constant (at Po = 1) and change k in the function 10.5 
P= 10 It seems that as k increases, the graph approaches the lin NA 
= Ip ge ke t seems s k increases, the graph approaches the line pe 

k=0.5 
P = 10 more and more quickly. (Note that the only difference in the shape of k=02 we 
the curves is in the horizontal scaling; if we choose suitable x-scales, the 0 40 
graphs all look the same.) 
(a) 1500 (b) After subtracting 900 from each value of P, we get 

: Per 345.5899 
3 . the logistic model f(t) = 14 79977-0482 


(thousands) 


0 1 50 
900 


t (years since 1970) 


345.5899 1300 


(© PU) = 900 + 7 Q9TTe 2482: 


The model fits the data reasonably well, even though the data is 


P 
decreasing for the last five values and a logistic function is never (thousands) 
decreasing. " = 
(d) As t — oo, P(t) — 900 + 345.6 = 1245.6, so the population 900 


t (years since 1970) 
approaches 1.246 million. 


Let N (t) represent the number of active Twitter users (in millions) t years since 


January 1, 2010. After using a calculator to fit the models to the data, we find 


N 
(millions) 


the exponential function is N(t) = 53.1390(1.4039)* and the logistic function 


325.9251 


is NL(0) = S 7349c-0 89081" 


Nz is a reasonably accurate model, whereas 


N is not, since the exponential model grows at a much faster rate than the data t (years) 


as t increases. 
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dP d dP : . : d 
17. (a) P kP —m- k(P T). Lety = P- T so = - and the differential equation becomes = = ky. 
4$ m m m m 
The solution is y = yoe™* P P (Po I Jem P(t) E (Po T Jes 


(b) Since k > 0, there will be an exponential expansion < Po — T >0 € m< kb. 


(c) The population will be constant if Po t 0 m = kPo. It will decline if Po — z «0 & m>kP. 


(d) Po = 8,000,000, k = a — 8 = 0.016, m = 210,000 = m > kP (= 128,000), so by part (c), the population was 


declining. 
dy = l+c —l-c y s -— Uo - 
18. (a) a ky — y dy — kdt = kt + C. Since y(0) = yo, we have C = Te Thus, 
y^ Yo —c —c c 1 Yo Yo 
=kt+ ,ory © = — ckt. So y^ = — x and y(t) = ———————. 
—c —c Yo n Yo — ckt 1 — cygkt (t) = cygkt)*/° 
(b) y(t) — co as 1 — cyokt — 0, that is, as t > : Define T — RS Then lim y(t) = oo 
y ua , ° cySk' — eygk. oes d TOS 


(c) According to the data given, we have c = 0.01, y(0) = 2, and y(3) = 16, where the time t is given in months. Thus, 


Yo 1 é 2 
yo = 2 and 16 = y(3) = . Since T = —_, we will solve for cygk. 16 = 
(8) (1 — eygk - 3)!/* cygk k (1 — 3cygk) 9 
1 — 3cy§k = [D — 8799 — cyk = 4(1— 8-99?!). Thus, doomsday occurs when 
1 3 


—— = — x 145.77 th 12.15 ; 
cygk 1-805 months or years 


19. (a) The term —15 represents a harvesting of fish at a constant rate—in this case, 15 fish/week. This is the rate at which fish 


are caught. 
(b) P (c) From the graph in part (b), it appears that P(t) = 250 and P(t) = 750 
TOTTA ON Rk Ee a 
i 3 g : ` N i : : X x i are the equilibrium solutions. We confirm this analytically by solving the 
s f2232zEzzzzzzzxz . 
2225 Z22225 equation dP/dt = 0 as follows: 0.08P(1 — P/1000) 15=0 => 
WE 2 eee eee 0.08P — 0.00008P? —-15=0 => 
eS SSE aes Y —0.00008(P? — 1000P + 187,500) =0 = 
0 40 80 120 ¢ 
(P — 250)(P — 750) = 0 P = 250 or 750. 
(d) For 0 < Po < 250, P(t) decreases to 0. For Po = 250, P(t) remains 


constant. For 250 < Po < 750, P(t) increases and approaches 750. 


For Po = 750, P(t) remains constant. For Po > 750, P(t) decreases 


and approaches 750. 
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. If t — 0 and P — 200, then 200 — 25 
Similarly, if t = 0 and P = 300, then 


d 
TT: 


«€ P= 250 = Pket/” — 750ke!/?5 


In| P — 750| 


ket/25 
1 — ket/25 


250 — 750ke*/?5 


LE eating : f 
k = — 3. Simplifying P with these two values of k gives us 


In| P — 250| 

P — 250 

P — 750 

550k —50 & k 
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, there is 


, which has at least 


c — 30 
c € 20. For 0 € c < 20 


(0.08)? — 4(—0.00008)(—c) 
2(—0.00008) 


— 0.00032c > 0 = 


c= 25 
—0.08 


P == 


dP 


dt 


C. 


, there is at least one equilibrium solution. For c > 20, the population always dies out. 


c— 21 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


« c « 20 


= 0.08P — 0.00008 P? 


dt 
at least one value of P such that dP/dt = 0 and hence, at least one equilibrium solution. For c > 20, dP/dt « 0 and the 


one solution when the discriminant is nonnegative = 0.0064 


population always dies out. 


dP 


(d) The weekly catch should be less than 20 fish per week. 


(b) For 0 


(c) 


SECTION 9.4 MODELS FOR POPULATION GROWTH 


21. (a) 2 = (kP) (: = a) (1 E =). Ifm < P < M, then dP/dt = (+)(+)(+)=+ => Pis increasing. 
If0 < P < m, then dP/dt = (+)(+)(-) =- = Ps decreasing. 


(b) Pr k = 0.08, M = 1000, and m = 200 = 


v ITA dP P 200 
StS SS = P 1 
RES dt — 0.08 (: xo) ( P ) 


"22222 
dtt 
fttt 


1000 — - 
20 2 z For 0 < Po < 200, the population dies out. For Po = 200, the population 
60 ae a 
40 E 7 5 is steady. For 200 < Po < 1000, the population increases and approaches 


1000. For Po > 1000, the population decreases and approaches 1000. 


0| 20 4o 60 80 1007 The equilibrium solutions are P(t) = 200 and P(t) = 1000. 


(c) 2 - ee(1- x) (i- =) i ee( 257) (==) - (Mm P)(P — m) 


s = k dt. By partial fractions = + so 
(M — PIP m) More '(M-Py(P-m) M-P P-m 


A(P — m) 4 B(M — P) =1. 


hs 1 1 1 1 k 
Br deem tuc m Em (Gist pL) fart 

fini opin P=) = eee In eto 
M —m M M-m M-P M 

P—m k P—m 

| FIN (M —m)(k/M)t — L501 
In M-P —(M m) rt + Cy WP = De [D = ce*1] 
Po- m P-m  Py—-m 

Let t = = Po— m (u-m)(k/Myt. 

Huc eem C ee np nam 


m(M =å Po) 4 M(Po m m)e -m9(5/M)t 


Solving for P; we get P(t) = M- P (P mje mem - 


(d) If Po < m, then Po — m < 0. Let N (t) be the numerator of the expression for P(t) in part (c). Then 


N(0) = (M-m) >0,and P -m«0 & lim M(P-— m)e(M -m&/M9 -œ > Jim N(t) = —oo. 


Since N is continuous, there is a number £ such that N (t) = 0 and thus P(t) = 0. So the species will become extinct. 


dP M dP M dP 
22. (a) di cin( $) P | sum n Leu - (5) =]n M — ln P du P 
[-Geeatp Injul =—ct-D => jul =e +D > In(M/P)| =e) = 
u 


In(M/ P) = «e-(***P), Letting t = 0, we get In(M/P») = «e^, so 


In(M/P) = £e-*-P 2 xe-*e-P 2In(M/Py)e * > MJP =e MPT 


P(t) = Mg BUE IRE aeg. 


(b) lim P(t) = lim Me- O4/Po)e 7" — Me I(M/Po)0 — Me? = M 
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(c) P 1000 The graphs look very similar. For the Gompertz function, 
P(40) ~ 732, nearly the same as the logistic function. The Gompertz 


function reaches P = 900 at t ~ 61.7 and its value at t = 80 is about 


959, so it doesn't increase quite as fast as the logistic curve. 
0 80 
t 


dP 


= cin( F) P=cP(nM-InP) > 


d?P 1 dP dP dP M 
"um ZLGrs + (InM — In P) =| M 7S [-1+m(F)| 


= c[cln(M/ P)P|[In(M/P) — 1] = ° PIn(M/P) [In(M/P) — 1] 
Since 0 < P< M,P"—0 = In(M/P)=1 e M/P=e & P=M/e. P" »0for0 « P « M/e 
and P" <0 for M/e < P < M, so P’ is a maximum (and P grows fastest) when P = M/e. 
Note: If P > M, then In(M/P) < 0, so P"(t) > 0. 
23. (a) dP/dt = kP cos(rt — 4) =  (dP)/P = kcos(rt — $)dt = f(dP)/P=kfcos(rt—¢)dt => 
In P = (k/r)sin(rt — p) + C. (Since this is a growth model, P > 0 and we can write In P instead of In| P|.) Since 


P(0) = Py, we obtain In P) = (k/r) sin(—¢) + C = —(k/r)sin$ +C => C —1n P + (k/r) sin à. Thus, 


In P = (k/r)sin(rt — $) + In Po + (k/r)sin ¢, which we can rewrite as In(P/ Po) = (k/r)[sin(rt — $) + sin 9] or, 


after exponentiation, P(t) = Poe (*/nIsin(rt-&) sin 4] 


(b) As k increases, the amplitude As r increases, the amplitude and A change in ¢ produces slight 
increases, but the minimum value the period decrease. adjustments in the phase shift and 
stays the same. amplitude. 


Comparing values of k with Comparing values of r with Comparing values of $ with 
Po =1,r = 2, and ¢ = 7/2 P, =1,k = 1, and ġ = w/2 P,=1,k=1, andr =2 


P(t) oscillates between Pye(F/r)-t5in 9) and pye(5/7)(7 19552 9) (the extreme values are attained when rt — ¢ is an odd 


multiple of 5), so jim P(t) does not exist. 


24. (a) dP/dt = kPcos*(rt— ¢) =  (dP)/P = kcos(rt — ó) dt. =>  f(dP)/P —-kfcos(rt- ġ)dt => 


InP= kf pw eost - 9) dt — : t+ + sin(2(rt — $)) + C. From P(0) = Po, we get 


In Pp = E dí 2¢)+ C=C a sin 26, so C = In Po + E sin 2¢ and 
4r 4r 4r 
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ln P = 2i + E sin(2(rt — $)) + In Po + £ sin 29. Simplifying, we get 
r r 


P k k 
In — = 2 t + — [sin(2(rt — ¢)) + sin 2¢] = f(t), or P(t) = Poef ®©. 
Po 2 4r 
(b) An increase in k stretches the graph An increase in r compresses the As in Exercise 23, a change in ¢ only 
of P vertically while maintaining graph of P horizontally—similar to makes slight adjustments in the 
P(0) = Po. changing the period in Exercise 23. growth of P, as shown in the figure. 
P9 P9 P9 
0 11 
t 
Comparing values of k with Comparing values of r with Comparing values of $ with 
P, = 1,r = 2, and ġ = 7/2 Py = 1, k = 0.5, and $ = 7/2 P, = 1, k = 0.5, andr = 2 


f' (t) = k/2 + [k/(4r)][2r cos(2(rt — ¢))] = (k/2)[1 + cos(2(rt — ¢))] > 0. Since P(t) = Poef ?, we have 
P' (t) = Po f'(t)ef®© > 0, with equality only when cos(2(rt — ¢)) = —1; that is, when rt — ¢ is an odd multiple of $. 


Therefore, P(t) is an increasing function on (0, oo). P can also be written as P(t) = Poe */2e(*/40sin(rt76)) sin 26]. 


The second exponential oscillates between e(*/47) sin 29) and q (5/47) 7 1-*5in29). while the first one, e*'/?, grows 


without bound. So jim P(t) = oo. 


K 
25. By Equation 7, P(t) — IJ Ae By comparison, if c = (In A)/k and u = $k(t — c), then 
e 
e"—e * epe" e*—e% 2e" e" 2 
1 +tanhu = 1 = = . = 
+ tanhu + eu te-u e" te-wu + e" + e-u eute-u e-u 1+ e-2u 


and e ?* = ete) = ekte kt = el? Ae- ht = Aet, so 


3K [1+ tanh($k(t — c))] = A [1 + tanh) = K 2 K K 


o — n = — = — - P(t. 
2 l4e-?* 1-e-?*" 1+ Ae-*t (t) 


9.5 Linear Equations 


1. y +y = x” is not linear since it cannot be put into the standard form (1), y' + P(x) y = Q(z). 


2.y —r-—ytanz € y'+(—tanz)y = z is linear since it can be put into the standard form (1), y' + P(x) y = Q(z). 


d o 1 i ; 
3. uc! — t - Vt = < tu — u= -t u u vV/t is linear since it can be put into the standard form, 


u' + P(t)u= Q(t). 


dR : : — : 
4. TE +tcosR=e™ e R'-tcosR = e™ is not linear since it cannot be put into the standard form 


R' - P(t) R - Q(t). 
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5. 


10. 


11. 


12. 


. A4x?y + zty’ = sin 


CHAPTER9 DIFFERENTIAL EQUATIONS 


Comparing the given equation, y’ + y = 1, with the general form, y' + P(x) y = Q(x), we see that P(x) = 1 and the 


integrating factor is I(x) = ef P de — e /147 — c7. Multiplying the differential equation by I(x) gives 


ey +e*y=e” => (y) =e" evy=fer'de > ey=e4+C 


y=1+Ce™, 


.y-y-2e e yt+(-ly=e” > P(x) = -1. I(x) = ef PO = eS -19» — e-7 Multiplying the 


original differential equation by I(x) givese ^y —e ^y =e => (ey) —1 > e*y=fldx => 


e “y=2+C y= ree y = ze + Ce. 


.y ——y > y-y-c().I(x) 2e! PO d = eS 1 — e*, Multiplying the differential equation (x) by I(x) gives 


zx x 


ey + ey =r => (ey) — xe ey = [redr => e*y=xe*—e7+C [bypars] => 


y=x-1+Ce™ [divide by e^]. 


Se => (aty) =sinðx > z'y-[smzdz = 


ay = f sina (1 — cos?z) dx = f (1 — u?)(-du) Pese | 


du = — sin z dx 


= f(u? — 1) du = $u? — u +C = fu(w? — 3) + C = 4 cosx(cos*x—3)+C > 


y= sar cos (costa — 3) + £ 


. Since P(x) is the derivative of the coefficient of y’ [P(x) = 1 and the coefficient is x], we can write the differential equation 


zy’ +y = Va in the easily integrable form (ry)! = Vz => xy = ag? +C > y= 3Ve+C/z. 


[lz >0] > Pa) clt 


1 
2zy +y —2/m > y +>y= T 


1 
2x Vz 


I(x) = ef P@) d» — ef 1/22) 4» — (1/2) Inlel — (e1 2)1/2 — | /y Multiplying the differential equation by I(«) gives 


1 
VOUT See => (fty/=1 > Vey=flde > yry=r+0 = UE. 
zy —2y = x? y LEM Buc 
x x 


I(x) = ef P@) de — ef-2/2dz 4-212 [y SQ] aa? = = Multiplying the differential equation by I(x) gives 

1 2 1 "o 1 1 1 

oe sat > (=v) EC TENET: > zy-lzrtC => y-az'(Inz 4 C). 

y —3ay 2a? > P(x) =—32?. I(x) = ef P004 = ef c de Luce Multiplying the differential equation by 
1 

I(x) gives ey — 322e7 y =e" = (E v) mah => e PV = fare? dr => 


Ns E 
e? y=—ie™® +C | ES y=—14Ce. 


with u = —x 
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d VEZZ 
PT) + 3ty = VIX? y'+Žy= = P()- 5. 


I(t) = ef PO dt — ef 3/tdt — 31»! [r5 0] — £3. Multiplying by t? gives ^y + 3t?y =tVI+2 > 


(By) =tVI +2 By = f t/13 at Üy-2iQür-0y?.Cc > y-it?ücr0y^? oct. 
d d 1 d 
tint = +r = te 7 + rho LI I(t) = ef 4/1» — eant) — Int, Multiplying by Int gives 
t 
mit pince => (mð) =t => (nt\r=e+C > r= ate 


y -ycosr—z => P(x) =cosz. I(x) — e/ P9) d» = ef sede — esias. Multiplying the differential equation by 
I(x) gives ein? ay 4 gSin? cosg. y = geoin = (esin zy = qe = ety fete dx 4- C => 
y — e ?"* f ze?^? dx +Ce *™*. Note: f(x) = xe"”* has an antiderivative F that is not an elementary function 


[see Section 7.5]. 


y + 2xy = z? e = P (x) = 2x. I(x) = ef P@) dr — ef ada _ e”, Multiplying the differential equation by I(x) 


s 2 2 2 2 i 2 2 2 
gives e" y' + 2re” y = a?" > (e y) =e" > e y= Je dr => 


a 

2e 
II 

ES 


1 

2 2 uU = zr 
eer — f ize dx | - 
$ 

du = 5 


e? y= dg = ife(i dz) E = 2a?,dz = Ax dx] E» ue y= leer = ur +0 => 
y= Ie” fg Oe, 
zy +y=32? > (zy) =32? > xy = f 327dax ry=r? +C y= + B Since y(1) — 4, 
qq e => Eb y ee. 
1 x 
2 z 
xy’ — 2y = 2x V zY 2 (x). I(x) =e7?S 124s — e-2Inlz| — emiel x l|? = a~?. Multiplying (x) by 
; PINE 2 -2 -2,M -2 -2 -2 -2 -1 
I(x) gives x ^y 3 y = 2x (r ^y) = 2x z^y-[2r ^d»; > v ^y--2y 4C => 
y = —2zx + Cx”. Since y(2) = 0,0 = —2(2) + C(2)? C = 1, so y = z? — 2. 
ry 2ry -lmnnz > (a?y) — Ina ay = f Inz dz z?y — rlnz — z 4- C. [by parts]. Since y(1) = 2, 
5 , 1 p 7g 
1*(2)=1ln1-1+C => 2=-14+C => C =3,s0zx"y= zxlng-— zr +3, ory=-lns- =+- 
x rom 
i e +3t?y=cost => (tyy = cost ty =fcostdt => ty — sint C. Since y(r) = 0, 
1? (0) = sina + C C — 0, so y = sint, ory 95. 
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21. m =P4+3u > uw- Žu =t (X). I(t) =ef -3/td* = g-31nlt| — (elti) -3 = 473 [t>0] = = Multiplying (x) 
"TE 3 1 1 \ 1 1 1 1 1 ; 
by I(t) gives 8 u' BY =p (3 u) 8 BY f 8 dt mc m. + C. Since u(2) = 4, 
1 1 1 1 
53 (4) 279 C=1,s gu ; ELoru- t? +t’. 


with u = Ine 


22. cy +y=ane => (zy) —zliy > zy-—[zlnzdr => zy-—iz'nz-is?-4C | Ey parts | > 


1 1 C 1 1 1 1 1 
y= j7lnz get = y(1)=0 0=0 Zee C pey j7lnz 1 a 
1 2 us 1 1 ; {(-1/2) dx —Inz Ing! 1 
23. cy =y +z sinr > y'—-—y-zsinz. I(x) =e e e =. 
x x 
Multiplying b 1 lves rya sin x ly sin x : cos z + C xcosx + Cx 
wupymg oy Jg $24 "mE 4 z4 Y= . 
y(1) =0 m-(-1)+Cr=0 C = —1, so y = —xcosz — T. 
dy 3x 3x 
2 2 / 1 = 
24. (x +1) g; + 3 1)=0 (z^ +1)y 4+ 3ry = 3x V + aay AFT 


3/2 
Iz) = ef 39/740) de (8/2) m]o243] — (ascen y" — (e? + 1)3/2, Multiplying by (2? + 1)°/? gives 


1 
(a? +1)? y + 3z(z? +1)? y = 3x(a? +1)? G + 1)/2y] = 3a(27 +1) = 


(z? +1)? y = f 3a(a? +1)? de = (x? +1)? C. => y= 1+ C(z? 4 1)7?7. Since y(0) = 2, we have 


2=1+C(1) = C=l1andhence, y = 1 + (z? 4 1) 9/7. 


x 


2 
25. zy +2y =e" => yi toys o. 


I(x) - eJ 2/2) dx _ e2inle| = (et = |z|? = r2. 


Multiplying by I(x) gives z?4' --2zy = ze" => (a?y) — ze" => 3 


ay = f xe” dx = (v — l)e" +C [bypars] => 


y = [((r — 1)e* + C]/z?. The graphs for C — —5, —3, —1, 1, 3, 5, and 7 are 


shown. C — 1is a transitional value. For C « 1, there is an inflection point and 
for C > 1, there is a local minimum. As |C| gets larger, the “branches” get 


further from the origin. 


26. xy’ = a? + 2y zy — 2y = x? y--—-y-s. 


I(x) = ef ~2/ede — g-21n|z| — (einlvl)-2 = |a|~? = ES Multiplying by 


MES! 2 1 1 V 1 1 1 
(DENS a dS a (3v) "i9 ui]. 
1 
wz ¥ = Mn|2|+C => y= (ln|z| + C)2?. For all values of C, as |x| — 0, 
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y — 0, and as |x| — co, y — oo. As |z| increases from 0, the function decreases and attains an absolute minimum. 
The inflection points, absolute minimums, and x-intercepts all move farther from the origin as C decreases. 


n n/(1—n) 
(1—-n)y" Hari. V. uu cu A Then the Bernoulli differential equation 


1—n du 
dx dr  l1—ndx l-n dz 


27. Setting u =y ^", i 
z 


n/(1-n) 
becomes om + P(z)u/ 0-9 = Q(g)u"/ 079) or a + (1—n)P(z)u = Q(x)(1— n). 
1 : m i 
28. Here xy’ +y = ry? => y+ E = -—y’,son = 2, P(x) = = and Q(x) = —1. Setting u = y^, u satisfies 


u — ho = 1. Then I(x) = ef(-1/2)4e — z (for x > 0) and u = «(f i dx + c) = «(In |æ| + C). Thus, 
x x x 


i 1 
CESE 


2 à 2 1 R ; 4 2 
29. Here y’ + de ae son = 3, P(x) = E and Q(x) = i Setting u = y ?, u satisfies u’ — = pis 


Then I(x) = e/ (75/2 42 — 74 and u = z* dc deut = x4 : +C)=Caxt+ am 
x6 5x5 5x 


9 N72 
Thus y = + (cxt + =) : 


2 
30. zy" + 2y' = 122? and u = y! => gzu +2u = 122? uw + ue 122. 


2 
I(x) = ef Q/2) dz — elle — (on!) = |x|? = a?. Multiplying the last differential equation by x? gives 


xu! +2eu= 120% > (xu) = 1223 xu = fldeide=3c°+C > u=32?+C/e? = 


y = 327 + C/2? y =z? — C/a +D. 


dI dI ; 
31. (a) 2 d + 102 = 40 or dt + 51 = 20. Then the integrating factor is ef bat — et, Multiplying the differential equation 


by the integrating factor gives e°! = --5Ie9* = 20e?! = (e*I = 200" = 
I(t) = e-** [f 20e" at + C] = 4+ Ce~™. But 0 = I(0) = 4 + C, so I(t) = 4— 4e~™. 


(b) I(0.1) = 4 — 4e 9? ~ 1.57 A 
32. (a) g + 207 = 40 sin 60t, so the integrating factor is e?°*. Multiplying the differential equation by the integrating factor 


gives e?” d --20Ie??* = 40e?% sin60t = (e*I) = 40e% sin60t => 


I(t) = e™?™ [f 40e? sin 60t dt + C] = e~?™ [40e??* (—1—) (20sin 60t — 60 cos 60t)] + Ce?? 


_ sin 60t — 3 cos 60t 


: Ce-??t 


sin 60t — 3cos60t + 8e-??* 


But 1 = 1(0) = —2+C,so I(t) = : 
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A iran -2 
(b) (0.1) = LU ~ 042A E E 


0 | 0.5 


—0.7 


33. 5 at + 20Q = 60 with Q(0) = 0 C. Then the integrating factor is e [44t — e^t and multiplying the differential 


dt 

dQ 
dt 
Q(t) =e" [f 12e** dt + C] = 3 + Ce^*'. But 0 = Q(0) = 3 + C so Q(t) = 3(1— e~*) is the charge at time t 


equation by the integrating factor gives e^ «4e Q — 12e > (etQy-12e > 


and I = dQ/dt = 12e ^ is the current at time t. 


Q dQ 


d 
34. 2 m 100Q — 10sin 60t or P T 50Q = 5sin 60t. Then the integrating factor is e / 5°% = e°, and multiplying the 


dQ 


d +50e°Q = 5e% sin60t = (e°%Q)’ = 5e% sin60t => 


differential equation by the integrating factor gives e°° 
Q(t) = e™5™ [ f 5e°™ sin 60t dt + C] = e 9? [5e (zia) (50 sin 60t — 60 cos 607)] + Ce?" 
= 75 (5sin 60t — 6 cos 60t) + Ce 9? 


_ 5sin60t—6cos60t | 3e? 


But 0 = Q(0) = — $5 + C so C = & and Q(t) = CDS v + $1 is the charge at time t, while the current 
, _ —50t 
is I(t) = dQ _ 150cos60t + 180 sin 60t — 150e 
dt 61 
35. < = k(M — P(t)] £ 4 kP — kM. (9), so I(t) =e! *# = e, 


Multiplying (x) by I(t) gives e** £ +kPe* =kMe* > 


(eP) =kMe™ => P(t) 2e" (f kMe"dt c C) 2 M Ce", k > 0. 


Furthermore, it is reasonable to assume that 0 € P(0) € M,so -M < C <0. r 


36. Since P(0) = 0, we have P(t) = M(1 — e~**). If P; (t) is Jim’s learning curve, then P, (1) = 25 and P; (2) = 45. Hence, 


25 = Mı (1 — e *)and45 = Mi(1—e ?*),501—25/Mi = e™ ork = m(1 az) (az). oe 


. Thus, Mı = 125 is the maximum number of 


2 
45 = Mi(1— e ?*) so 45 = Mi | (= zi) | pipes Oe 


Mi 1 
units per hour Jim is capable of processing. Similarly, if P2(t) is Mark's learning curve, then P2(1) = 35 and P2(2) = 50. 


2 
So k — In M and 50 = M2 |1 Mac dn or M» — 61.25. Hence the maximum number of units per hour 
M» — 35 M» 


for Mark is approximately 61. Another approach would be to use the midpoints of the intervals so that P; (0.5) = 25 and 
PA (1.5) = 45. Doing so gives us Mı ~ 52.6 and M» ~ 51.8. 
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37. y(0) = Okg. Salt is added at a rate of (o4 s2) ( a) =2 we. Since solution is drained from the tank at a rate of 
min 


38. 


39. 


L min 


3 L/min, but salt solution is added at a rate of 5 L/min, the tank, which starts out with 100 L of water, contains (100 + 2t) L 


y(t) kg Salt therefore leaves the tank at a rate of 


f liquid after t min. Thus, the salt tration at time t is ————— 
of liquid after t min. Thus, the salt concentration at time t is 100-2: L 


y(t) kg L\_ _ 3v ç kg T ; 
( 10042: L 3 mu 1002-26 min’ Combining the rates at which salt enters and leaves the tank, we get 


d 3 N : i d 3 MET 
= =2— 100 n 2r Rewriting this equation as a + (x m x) y — 2, we see that it is linear. 


3 dt 
I(t) — ew( f uo = exp(2 In(100 + 2t)) = (100 + 21)?/? 


Multiplying the differential equation by I(t) gives (100 + 21)?/? dy + 3(100 + 2t)'/?y = 2(100 + 2t)? > 


[(100 + 2¢)?/?y]’ = 2(100 + 2t)?” = (100 + 2t)*/?y = 2100 +24)? +0 > 


y = 2(100 + 2t) + C(100 + 2t)~*/?. Now 0 = y(0) = 2(100) + C - 100 ?/? = 40 + zC C = —40,000, so 


y= [2 (100 + 2¢) — 40,000(100 + 2t) / d kg. From this solution (no pun intended), we calculate the salt concentration 


yt) — 
100 + 2t 


20,000 112 0.2975 kg 


at time t to be C(t) = 1405/2 5 


(100+ 2)52 5| L 


— 40,000 | KB In particular, C(20) = 


and y(20) = 2(140) — 40,000(140) ?/? ~ 31.85 kg. 


Let y(t) denote the amount of chlorine in the tank at time t (in seconds). y(0) = (0.05 g/L) (400 L) = 20 g. The amount of 


liquid in the tank at time t is (400 — 6t) L since 4 L of water enters the tank each second and 10 L of liquid leaves the tank 


each second. Thus, the concentration of chlorine at time t is x =. Chlorine doesn’t enter the tank, but it leaves at a rate 
wt) g L 10y(t) g | 5wt) g dy 5y dy —5 dt 
f 1 = = . Therefi = 
* E -e LO a aoe 300-3 gO ae 39931 y 200 — 3t 


Iny = $In(200— 3?) +C = y= exp($In(200 — 3t) + C) = eC (200 — 3t)°/3. Now 20 = y(0) = e7 2009/5. = 


20 (200 — 31)5/3 
(ru E 
2095/3: 89 Y(t) = 205557 


= 20(1 — 0.015:)9/2 gforO0<t< 662 s, at which time the tank is empty. 
3 


d 
(a) m = mg—cvu => E + <9 = g and I(t) = e f (e/m) dt — elo/™t and multiplying the last differential 


, dv , vcel/™t 
Iia + eene, 


1 
“ - = gee/mt = [emu] = ge ^/")*. Hence, 


equation by I(t) gives e^/"? 
dlt= A n) ge /"9* dt + K| = mg/c + Ke-(*/")*. But the object is dropped from rest, so v(0) = 0 and 
K = —mg/c. Thus, the velocity at time t is v(t) = (mg/c)[1 — e- €/"?t]. 


(b) jim v(t) = mg/c 
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914 
(c) s(t) = fo dt = (mg/c)[t + (m/c)e- e/m] + cı where ci = s(0) — mg/e. 
—m?g/c?. 


(0) is the initial position, so s(0) = 0 and s(t) = (mg/c)[t + (m/c)e- t/t] 


40. v = (mg/c)(1—e-^/") => 
de mi (o eem B) pg eman Emma 
m c m c c 


(1 e cm ct pm => 
m 


c 
: 0. Since e? > 14 Q for all Q > 0, 


[XO po be ag s 
m 


c dv ct 
ZI = EN pe gm, 
gdm ( ££) ect/m eQ 
it follows that dv/dm > 0 for t > 0. In other words, for all t > 0, v increases as m increases 
4. (a) z : P ! P' ig Substituting into P^ = kP(1 — P/M) gives us l k 1 1 ! 
` P z $ i è z2 z zM 
z’ =—kz (1- ar) z'-—-—kz E Jthe= = (x). 
cr k 
(b) The integrating factor is es dt — ekt, Multiplying (x) by e* gives e**z’ + ke**z = M eee = M et > 
etz = Í E edt => etz= ET et+0 > z= ES + Ce-*., Since P = D we have 
M M M z 
P= P= M hich agri ith Equation 9.4.7, P = M hen MC = A 
Le 13 MGe m’ Which agrees with Equation 9.4.7, P = 1,5, whe — A. 
M 
zl 
42. (a) z P : P' . Substituting into < = k(t)P (1 — xm) gives us 
z  k(t) 1 ; 1 k(t) 
= 1 = —k(t 1 ‘= —k(t ——— 
Eme Mz f (£2 |1— g f UNO T 
dz k(t) 
~+kt)z = ~~ (Q9. 
(b) The integrating factor is e* ?, where K (t = jfk o K(s) ds, so that K'(t) = k(t). Multiplying (x) by 
dz eKO k(t) K'(t)eF (0 
K(t) s KH o Kpr 8 ONU Lt vuU QM ace T Lu 
e gives e -y +e (t)z MO (e^ 2) = MG 
K( Jex) ek) 
eK), = 15 A ds + C, so P = KX FERRO . Now suppose that M is a constant. Then 
CTERSR ds +C 
Mek Me M 
S EKOO d} OM OOM 1x0McRO C Jo” &(£) dt = oo, then Jim K(t) = oo, so 
M M 
lim P(t) = ———————————— = — = M. 
Pa ans *CM]lime-*0 1+0M-0 
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t k ks 
c is constant, but M varies, then K (t) = kt and we get e^'z = bs ds+C => 
Ifk but M hen K kt and we get e” MG 
0 
t ks 
E pre t ke" 
z(t) = — E => 2(t)=e™ Mis) ds + Ce "5, Suppose M(t) has a limit as t — oo, 
0 
say lim M(t) — L. Then 
kt kt > "T 
in PA= im a lineo a i E o o (re ee 
t—oo t—oo z(t) t—oo t ke": d m. i—o0o ket and FTC 1 t—oo 
E 
o M(s) M(t) 
APPLIED PROJECT Which Is Faster, Going Up or Coming Down? 
dv dv 1 
1. ’ = —py — — = | ee ef at 
mu po—mg > mx (pv + mg) |= Ld = => 


1 1 1 
2 In(pv + mg) cun DURO. [pv + mg > 0]. Att = 0, v = vo, so C = 5 In(puo + mg). 


1 1 1 
Thus, 2 In(pv + mg) = e + z In(pvo -- mg) => ln(pv 4 mg) = -£4 + In(puo+mg) => 


pu + mg =e ?*/™ (pvo +mg) = pu = (pvo + mg)e?'/" — mg v(t) — (v + zs) epi _ MI. 
p p 


2. y(t) = f v(t) dt -f (x + DE enim =] dt = (» + Za) enim (-=) IB. pr 
p p p p p 


Att=0,y=0,soC = (vo + 22) Z. Ths, 


t t 
y(t) = (» + zs) p (v j zs) Ee md c i zs) S. (1 grim) mui 


P/P 


xw eu s 24 — (ay + ME) eze oe ae ae Z in( +1) = 
p p mg m mg 


t= a In( TEER), With m = 1, vo = 20, p = aa and g = 9.8, we have t1 = 10In( +2) = 1.86 s. 
mg : 


4  »20 The figure shows the graph of y = 1180(1 — e-9-1*) — 98t. The zeros are 
att = 0 and te © 3.84. Thus, tı — 0 ~ 1.86 and t2 — tı ~ 1.98. So the 
time it takes to come down is about 0.12 s longer than the time it takes to go 


up; hence, going up is faster. 


- (morus) m fi (eimi | - m2. 27 in( 2 n 2 
p p p p mg 


Substituting x = e”*!/™ = £^ 


= pond (from Problem 3), we get 
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2 2 
v0) = (s. 92) Ra — 273 -ZE ame = (s - Lama) Nowp>0,m>0,41>0 => 
PJP p p T 
1 1 2 qme 4) 
— gpti/m EES — d | = 5 
r=e Del f(z) =2 x 2lng f(a) 1+- P E 2 >0 


forz >1 = f(x) is increasing for x > 1. Since f(1) = 0, it follows that f(x) > 0 for every x > 1. Therefore, 
2 
y(2t1) = m f(x) is positive, which means that the ball has not yet reached the ground at time 214. This tells us that the 


time spent going up is always less than the time spent coming down, so ascent is faster. 


9.6 Predator-Prey Systems 


1. (a) dz /dt = —0.05x + 0.0001zy. If y = 0, we have dx /dt = —0.05z, which indicates that in the absence of y, x declines at 
a rate proportional to itself. So x represents the predator population and y represents the prey population. The growth of 
the prey population, 0.1y (from dy/dt = 0.1y — 0.005z), is restricted only by encounters with predators (the term 
—0.005zy). The predator population increases only through the term 0.0001ay; that is, by encounters with the prey and 
not through additional food sources. 

(b) dy/dt = —0.015y + 0.00008x:y. If x = 0, we have dy/dt = —0.015y, which indicates that in the absence of x, y would 
decline at a rate proportional to itself. So y represents the predator population and x represents the prey population. The 
growth of the prey population, 0.2x (from dx /dt = 0.2x — 0.00022? — 0.006z: = 0.2x(1 — 0.0012) — 0.0062), is 
restricted by a carrying capacity of 1000 [from the term 1 — 0.001: = 1 — 2/1000] and by encounters with predators (the 
term —0.006xy). The predator population increases only through the term 0.00008zy; that is, by encounters with the prey 


and not through additional food sources. 


2. (a) da/dt = 0.12: — 0.0006? + 0.000012. dy/dt = 0.08y + 0.00004z:y. 
The xy terms represent encounters between the two species x and y. An increase in y makes dx /dt (the growth rate of x) 
larger due to the positive term 0.00001ay. An increase in x makes dy/dt (the growth rate of y) larger due to the positive 
term 0.00004ay. Hence, the system describes a cooperation model. 

(b) da/dt = 0.152: — 0.00022? — 0.0006xy = 0.15z(1 — 2/750) — 0.0006z:y. 

dy/dt = 0.2 — 0.00008? — 0.0002xy = 0.2y(1 — y/2500) — 0.0002z:y. 
The system shows that x and y have carrying capacities of 750 and 2500. An increase in x reduces the growth rate of y due 
to the negative term —0.0002xy. An increase in y reduces the growth rate of x due to the negative term —0.0006zy. 


Hence, the system describes a competition model. 


3. (a) dx/dt = 0.54 — 0.004z? — 0.001z:y = 0.5a(1 — x/125) — 0.001xy. 
dy/dt = 0.4y — 0.001y? — 0.002xy = 0.4y(1 — y/400) — 0.002zy. 


The system shows that x and y have carrying capacities of 125 and 400. An increase in z reduces the growth rate of y due 
to the negative term —0.002ay. An increase in y reduces the growth rate of x due to the negative term —0.001zy. Hence 


the system describes a competition model. 
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(b) dv/dt 2 0 =  z(0.5— 0.004 — 0.001y) 20 =  x(500— 4x — y) — 0 (1) and dy/dt —0 = 
y(0.4— 0.001y — 0.0027) 20 = y(400— y — 2x) = 0 (2). 
From (1) and (2), we get four equilibrium solutions. 


(i) z = Oand y = 0: If the populations are zero, there is no change. 


(ii) x = 0 and 400 — y — 2x = 0 x = 0 and y = 400: In the absence of an x-population, the y-population 
stabilizes at 400. 

(iii) 500 — 4a — y = 0andy = 0 x = 125 and y = 0: In the absence of y-population, the z-population stabilizes 
at 125. 

(iv) 500 — 4x — y = 0 and 400 — y — 2x = 0 y = 500 — 4x and y = 400 — 2x 500 — 4x = 400 — 2x 


100 =2x = «x =50and y = 300: A y-population of 300 is just enough to support a constant z-population of 50. 


4. Let L(t), H(t), and W (t) represent the populations of lynx, hares, and willows at time t. Let the k;'s and the c;'s denote 
positive constants, so that a plus sign means an increase and a minus sign means a decrease in the corresponding growth rate. 
“Tn the absence of hares, the willow population will grow exponentially and the lynx population will decay exponentially" 
gives us dW/dt = +kiW and dL/dt = —k2L. “In the absence of lynx and willow, the hare population will decay 
exponentially" gives us dH /dt = —k3H. “Lynx eat snowshoe hares and snowshoe hares eat woody plants like willows” gives 
us encounters that lynx win, hares lose and win, and willows lose. In terms of growth rates, this means that dL/dt = +c, LH, 
dH /dt = —coLH + cs HW, and dW/dt = —c4 HW. Putting this information together gives us the following system of 
differential equations. 


dL/dt =—keL +aLH 


dH /dt =—k3H —coLH +c3HW 


dW/dt =+kiw —caHw 
5. (a) At t = 0, there are about 300 rabbits and 100 foxes. At t = tı, the number Fa t= 
3004 
of foxes reaches a minimum of about 20 while the number of rabbits is 
about 1000. At t = t2, the number of rabbits reaches a maximum of about 2004 
2400, while the number of foxes rebounds to 100. At t = t3, the number of 
100+ 


rabbits decreases to about 1000 and the number of foxes reaches a 


maximum of about 315. As t increases, the number of foxes decreases 


> 


0 400 800 1200 1600 2000 œR 


greatly to 100, and the number of rabbits decreases to 300 (the initial 


populations), and the cycle starts again. 


(b) RA AF 


radi 
— 
0 t bh 5 
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6. (a) At t = 0, there are about 600 rabbits and 160 foxes. At t = tı, the number KA 
of rabbits reaches a minimum of about 80 and the number of foxes is also a 
80. At t = t2, the number of foxes reaches a minimum of about 25 while ES 
the number of rabbits rebounds to 1000. At t = t3, the number of foxes 80T 
has increased to 40 and the rabbit population has reached a maximum of 407 
about 1750. The curve ends at t = t4, where the number of foxes has ^ " ; ; " 
0 400 800 1200 1600 R 


increased to 65 and the number of rabbits has decreased to about 950. 


7. Species 2 A 8. Species 2 A 
200+ t=2 700+ 
600+ 
1504 5004 
400+ 

100+ t=1 
3004 
504 2004 
£05 100+ 

+ + + + + > 
0 50 100 150 200 250 Species] 0 


dW —0.02W + 0.00002RW 


9. (a) > = CR oo (0.08 — 0.001W^) RdW = (—0.02 + 0.00002R)WdR = 
0.08 — 0.001W —0.02 + 0.00002R 0.08 0.02 
W dW R dR a W 0.001) dW = Ge + 0.00002) dR & 


0.08 In|W| — 0.001W = —0.02 In| R| + 0.00002R+ K & 


0.08 In W + 0.02 In R = 0.001W + 0.00002R+ K <= In(W°°8R°-°?) = 0.00002R + 0.001W +K = 


0.02 7770.08 
0.08 0-02 — ,0.000028-.0.001W--K 290.02 7470.08 — e0-00002R ,0.001W" 4, Rew =C 
= ES c0.00002Rg0.001W ^ ~: 
d —ry + bx a" y 
In general, if m m Beat then C — Pun M 
dx kx — azy ebt ery 
(b) 160 
W 
0 3000 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 9.6 PREDATOR-PREY SYSTEMS 919 


0—2A-— 0.01AL 0 — A(2 — 0.01L 
10. (a) A and L are constant =>  A'—0andL'—-0 > [ } ( ) 


0 = —0.5L + 0.0001AL 0 = L(—0.5 + 0.00014) 


So either A = L = O or L oat 200 and A = wT = 5000. The trivial solution A = L = 0 just says that if there 
aren't any aphids or ladybugs, then the populations will not change. The non-trivial solution, L = 200 and A = 5000, 


indicates the population sizes needed so that there are no changes in either the number of aphids or the number of 


ladybugs. 
(b) dL | dL/dt _ —0.5L + 0.0001AL 
dA  dA/dt  2A—0.01AL 
LA 
(c) The solution curves (phase trajectories) are all closed curves MOOT AE AEE rU EAT 
that have the equilibrium point (5000, 200) inside them. soo + | 4 ee 
2 
100 4 S ` EEE 
0 5000 10000 15000 A 
(d) LA At P5(1000, 200), dA/dt = 0 and dL/dt = —80 < 0, so the 
400 + 
P5 number of ladybugs is decreasing and hence, we are proceeding in a 
sd counterclockwise direction. At Po, there aren't enough aphids to 
200 + P, support the ladybug population, so the number of ladybugs 
100 + decreases and the number of aphids begins to increase. The ladybug 
P, 
__, population reaches a minimum at P, (5000, 100) while the aphid 
y 5000 10,000 15,000 4 


population increases in a dramatic way, reaching its maximum at 
P3(14, 250, 200). 

Meanwhile, the ladybug population is increasing from Pi to P3(5000, 355), and as we pass through P2, the increasing 
number of ladybugs starts to deplete the aphid population. At P the ladybugs reach a maximum population, and start to 


decrease due to the reduced aphid population. Both populations then decrease until Po, where the cycle starts over again. 


(e) Both graphs have the same period and the graph of L At Ke, 
+400 
peaks about a quarter of a cycle after the graph of A. errs 
+ 200 


11. (a) Letting W = 0 gives us dR/dt = 0.08R(1 — 0.0002R). dR/dt=0 < R= 0 or 5000. Since dR/dt > 0 for 
0 < R < 5000, we would expect the rabbit population to increase to 5000 for these values of R. Since dR/dt < 0 for 
R > 5000, we would expect the rabbit population to decrease to 5000 for these values of R. Hence, in the absence of 


wolves, we would expect the rabbit population to stabilize at 5000. 
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(b) Rand W are constant => . R'—0andW'—0 => 


0 = 0.08R(1 — 0.0002) — 0.001LRW 0 — R[0.08(1 — 0.0002R) — 0.001W] 
> 
0 = —0.02W + 0.00002RW 0 = W(—0.02 + 0.00002R) 


The second equation is true if W = 0 or R DEZ 1000. If W = 0 in the first equation, then either R = 0 or 


= 5000 [as in part (a)]. If R = 1000, then 0 = 1000[0.08(1 — 0.0002 1000) — 0.001W] = 


R= 


eens 
0.0002 


0 = 80(1 — 0.2) -W W = 64. 
Case (i): | W =0, R= 0: both populations are zero 
Case (ii): W = 0, R = 5000: see part (a) 
Case (iii): R = 1000, W = 64: the predator/prey interaction balances and the populations are stable. 

(c) The populations of wolves and rabbits fluctuate around (d) RA AW 
64 and 1000, respectively, and eventually stabilize at 


those values. 


12. (a) If L = 0, dA/dt = 2A (1 — 0.0001A), so dA/dt = 0 A — 00r A= «uto; = 10,000. Since dA/dt > 0 for 


0 < A < 10,000, we expect the aphid population to increase to 10,000 for these values of A. Since dA/dt < 0 for 
A > 10,000, we expect the aphid population to decrease to 10,000 for these values of A. Hence, in the absence of 
ladybugs we expect the aphid population to stabilize at 10,000. 


(b) Aand L are constant =>  A'—0andL'—-0 => 


0 = 2A(1 — 0.00014) — 0.01 AL 0 = A[2(1 — 0.0001A) — 0.01 L] 
> 
0 = —0.5L + 0.0001AL 0 = L(—0.5 + 0.00014) 


The second equation is true if L = 0 or A = 5S; = 5000. If L = 0 in the first equation, then either A = 0 or 


A= = 10,000. If A = 5000, then 0 = 5000[2(1 — 0.0001 - 5000) — 0.017] <= 


=i 
0.0001 
0 = 10,000(1 — 0.5) — 50L 50L = 5000 L = 100. 

The equilibrium solutions are: (i) L = 0,4 20 (ii) L = 0, A = 10,000 (iii) A = 5000, L = 100 


(c) dL  dL/dt _ —0.5L + 0.0001AL 
dA dA/dt  2A(1—0.0001A) — 0.01AL 
(d) L^ All of the phase trajectories spiral tightly around the 
li 
DTE equilibrium solution (5000, 100). 
1504: | 
100 ' ` \ 
NS 
bore cM MT SENE ONES IN ee 
g 2000 4000 6000 8000 10,00012,000 4 
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1. True. 


2. True. 


3. False. 


4. False. 


5. True. 


6. True. 


7. False. 


8. True. 


9. True. 
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i | | j = 0 At t = 0, the ladybug population decreases rapidly and 
prt the aphid population decreases slightly before 

150 + | | : beginning to increase. As the aphid population 
| : i continues to increase, the ladybug population reaches a 

X | S : : == minimum at about (5000, 75). The ladybug population 

307 e cA starts to increase and quickly stabilizes at 100, while 
ete hal cee e eco n the aphid population stabilizes at 5000. 

9 2000 4000 6000 8000 10,00012,000 4 


AA AL 
A + 200 


The graph of A peaks just after the graph of L has a 


minimum. 


TRUE-FALSE QUIZ 


Since y^ > 0, y’ = —1— yf < 0 and the solutions are decreasing functions. 
Ina , 1l-lnzc 
f(z)—wy US y zc 
225 2 l—-lnz lng Inc. 3 
LHS = z^y' + zy = x^- E Ex. T (1 lng) + nz = 1 = RHS, so y = —— isa solution 
of z?^y' - zy — 1. 
y —3e* —1 y' = 6e*. LHS = y' — 2y = 6e?* — 2(3e?* — 1) = 6e?” — 6e?” +2 = 2 Æ 1, so 


y = 3e?” — 1 is not a solution to the initial-value problem. 


x + y cannot be written in the form g(x) f(y). 


y! = 3y — 2x + 6ry — 1 = 6zy — 2x + 3y — 1 = 2z(3y — 1) + 1(3y — 1) = (22 + 1)(3y — 1), so y’ can 


be written in the form g(x) f(y), and hence, is separable. 


ey =y y =e *y y' + (—-e *)y = 0, which is of the form y' + P(x) y = Q(z), so the 


equation is linear. 
y’ + xy = e” cannot be put in the form y’ + P(x) y = Q(x), so it is not linear. 


Substituting x = 3, y = 1, and y' = 1 into the differential equation (2x — y) y’ = x + 2y gives 
(2-3— 1)(1) 2 3 4- Z(1) 5 — 5. Hence, the statement is correct. 


E 


capacity is 5; that is, jim y=. 


By comparing dy 2y (1 — 3 with the logistic differential equation (9.4.4), we see that the carrying 
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EXERCISES 
1. (a) y’ = y(y — 2)(y — 4) (b) Jim y(t) appears to be finite for 0 < c < 4. In fact 
y 2 a 
6l; e) god aee 5 op ad jim y(t) = 4 for c = 4, lim y(t) = 2 for 0 < c < 4, and 
LIT Sb v (Ge Hs obs ob LMSLME TOO: t—oo 
f f: 1 t t $ Pi f / 1 1 La 
y t / + $ Y / / + t y. / . qc H H 
LLLEL ECCLES lim y(t) = 0 for c = 0. The equilibrium solutions are 
fILTII TTT TIT T 5 iy 
3 B C y(t) = 0, y(t) = 2, and y(t) = 4. 
ulmi 
Hee Se eee III 
E EE Ti a e Eat ae 
—0.3 0 LN AO NNUS A. T 
Lo E TEE EL NC OS. E OE ALMA" 
\ \ M V V \ \ \ \ \ V \ 
Cor dor ror or rot d n 
(i) 
2. (a) a We sketch the direction field and four solution curves, as shown. 


Note that the slope y’ = x /y is not defined on the line y = 0. 


SSN AN 


NNN Nt ete eee 


LIISA Y SZ = 


/ 2 2 " ; ; " 
(b) y 2 x/y ydy = z dx y = x" + C. For C = 0, this is the pair of lines y = +a. For C ¥ 0, it is the 
PENES 
hyperbola z^ — y^ — —C. 
1 2 2 
3. (a)y =x y 
We estimate that when x = 0.3, y = 0.8, so y(0.3) = 0.8. 

m M \ \ \ \ \ \ 

X: N \ \ \ \ \ \ 

fy my X \ \ \ \ \ i 

d» AS XM VM \ \ \ \ t 

I p eS \ \ \ N / t 

1 $ ZN N \ N N t l 

I L ham X No fL. 1 1 

LU I e ww NS VN ud I I 

I LU 1 e emm So = 1 I I 

I I 4 " NE oar E 7? 1 l 

I 1 1 T MES" Sam aR rma he EE 1 I 1 I 

1 I 1 Fo oM G I I I 
k ft 

-3 1-323 14 -O— 47 nm 13x 

I 1 1 $ r etar e Ld / I 1 l 

I I 1 £^ wr m Suc wet cw / I I 

I I 1 Porez 1 WoW 1 I f 

I I LS VN 4 7 I I 

1 I 0 eo \ \ Wo me oa Lu I 

I / p CX N \ \ N M Pd $ I 

I fer SS \ 3 \ Ne ON oe $ I 
pou NS ON \ \ \ \ X Nu I 
Er, E \ \ \ \ \ \ Y. SF 

LÀ N \ \ \ y Y \ \ $ N 4 
TY \ \ \ \ \ \ \ \ M che 

“3 


(b) h = 0.1, £o = 0, yo = Land F(x,y) = £? — y?. So yn = yai + 0.1(z2. 1 — yn—1)- Thus, 
yi =1+0.1(0? — 1?) = 0.9, y2 = 0.9 + 0.1(0.1? — 0.9?) = 0.82, ys = 0.82 + 0.1(0.2? — 0.82”) = 0.75676. 


This is close to our graphical estimate of y(0.3) ~ 0.8. 
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.y = xe 


1 
. ay —y = Ie Vt > V — -zY = Qe 
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(c) The centers of the horizontal line segments of the direction field are located on the lines y = x and y = —z. 


When a solution curve crosses one of these lines, it has a local maximum or minimum. 


. (a) h = 0.2, £o = 0, yo = Land F(x,y) = 2xy?. We need y». 


yı = 1 + 0.2(2- 0 - 1°) = 1, y2 = 1 + 0.2(2-0.2- 17) = 1.08 ~ y(0.4). 
(b) h = 0.1 now, so yı = 1 + 0.1(2- 0- 1°) = 1, yo = 1 + 0.1(2 - 0.1 - 1°) = 1.02, 
ys = 1.02 + 0.1(2 - 0.2 - 1.02?) ~ 1.06162, ys = 1.06162 + 0.1 (2 - 0.3 - 1.06162?) zz 1.1292 ~ y(0.4). 


MA . d d 1 
(c) The equation is separable, so we write F —2xrdr => / F = [= dr = E = x? + C, but y(0) = 1, so 


€ y(0.4) = TOME & 1.1905. From this we see that the approximation was greatly 


C = —1 and y(x) = = ae 


1 
1-2? 
improved by increasing the number of steps, but the approximations were still far off. 


sin x —sing 


—ycosx => y'+(cosx)y = ve (x). This is a linear equation and the integrating factor is 


sin x 


I(x) = e/*9574* — esat, Multiplying (x) by e??? gives e??? y' + e"P*(cosz)y 22 => (ety) =r = 


entry = ire? +C > y = (4x? +0) e7, 


dx dx 

. —=1-t ix —1(1-t 1-t)=(1 1-t = (1— t)dt 

7 £s-t-10-0420-0-0-420-2 > SS =0-Ha = 
dx 142 t—t?/24+C 
=e (l—t)dt > Inflt+a|/=t-—5t°+C => |l+z|=e > 

l+a2= tet. eC > ga) + Kett, where K is any nonzero constant. 


. 2ye" y! = 2z +3 VT > 2ye? Y= 20 + 3s > 2ye dy = (2x +3 Va ) de > 


J2ye dy = f (22-32) dx => eV =274223/2+0C y? = In(z? + 22?/? + C) 


y = tln(z? 4223/2 + C) 


=1/2 (y). This is a linear equation and the integrating factor is 


I(x) = e K-1/2?)de ule Multiplying (x) by e'/? gives e!/? y' — e1/* . E y = 2x (e/t y) 22» = 


ety =r? +0 > yes +0). 


242 r T -r 2tr = r(1— 2t) [ £- fa 20) dt Injr| =t-P+C > 
|r| = e*7  *€ = ke*-*'. Since r(0) = 5, 5 = ke? = k. Thus, r(t) = 5e'-*. 
c. A dy sin x dx dy sin z dx 
1 a= 1 Y = — — — = ———— 
ie (Lipe i l+e-¥ 1+ cosg [ots E 


y , 
J=- 5 => lnn|i-e/|-—-In|l4cosz| +C => In(l+e’)=—In(l+cosz)+C = 
1+ ev 1+ cosx 


14-e!—eg-*csz),QC yg = keThUteosa) 1] yy In[ke- nC-*c952 _ 1]. Since y(0) = 0, 
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11. 


12. 


13. 


M. 


15. 


16. 


CHAPTER9 DIFFERENTIAL EQUATIONS 


0 = In[ke ™? — 1] e —k(i)-1 k = 4. Thus, y(x) = In[4e- ^ 177952) — 1]. An equivalent form 
3 — cos x 
i = In ———_. 
By m 1 + cos x 
-1 
sy —y—zlnz y' L y=lng. I(z)—e/(C 1/24» — e7 hlel — (ee) = |æ|7} = 1/2 since the condition 
x 


y(1) = 2 implies that we want a solution with x > 0. Multiplying the last differential equation by I(x) gives 


1 1 1 LUC 73 1 l 1 
=y -= y=>lhgr > (2s) —-lnz > HINTS => -y-i(hz)?-C > 
x x x x x HH x x 


y = iz(Inz)? + Cr. Now y(1) 22 > 2=04+C => C=2,soy= izx(Inz)? 4 2z. 


dy 


y! = 3x? e" n 3a7e > e Ydy=3a7?dx > 1 
fe*dy= f3e?de => -e*"—a5-C.Nowy(0-1 => | 1 
ei1-—Q,so—-e" = 2? —e7} e” = -r +e! = 
y = In(—a? + e7*) y = —In(—z? + e7"). To find the domain, 
solve —xz3 +e '>0 = a<e! = «x <e 3, 50 the domain is =6 


(—00, e713) and x = e713 [0.72] isa vertical asymptote. 


d d : : 1 dy 1 
(yy) Get ! — ke? = ] = 2y l 
US (y) E (ke?) => y =ke y, so the orthogonal trajectories must have y i E j 
ydy =-dr => fydy--[dx iy =-£+C > z-C-— iy, which are parabolas with a horizontal axis. 
£ (y) = £ (eF") y' = ke"? = ky my - y, so the orthogonal trajectories must have y' = — j T 
dy T 1,2 1,2 : 
a ass => ylnydy=-ade => fymydy=—fadx => iylmny- iy^ [parts with u = lny, 
dv = ydy] = ig? H Ch 2? lny — y? =C — 22. 
: ; : dP P : 
(a) Using (4) and (7) in Section 9.4, we see that for ER 0.1P| 1— 2008 with P(0) — 100, we have k — 0.1, 
2 —1 
M = 2000, Po = 100, and A = MX — 19. Thus, the solution of the initial-value problem is 
2000 2000 
P(t) = ———— P(20) = ——_—~ 7x 560. 
Megat PU vee agea N 
2000 2000 5 
P 12 12 1 1 —0.1t TO 1 —0.1t I HT 
(b) 00 00 14 19e-937 + 19e 1200 9e 3 e 
e 91 = (2)/19 0.1¢=nZ t=-10In2 ~ 33.5. 


(a) Let t = 0 correspond to the year 2000. An exponential model is P(t) = ae**. P(0) = 6.08, so P(t) = 6.08e*°. 


7.35 735 
fen Bc e 
6.08 SED agg: = 


P(15) = 6.08e1°* and P(15) = 7.35, so 6.08e1>* = 7.35 el5k 
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1 ; 
k= —I 198 = 0.0126. Thus, P(t) = 6.08e** and P(30) = 6.08e??* ~ 8.89. Our model predicts that the world 


15 ” 608 
population in the year 2030 will be 8.89 billion. 


WE 10 1n(10/6.08) 
EA kcu Se uA 
^ = $08 ? 6.08 1n(735/608) 


(b P(t) 210 = 6.08e** = 10 £z 39.35 years. Our 


exponential model predicts that the world population will exceed 10 billion in about 39.35 years; that is, in the year 2039. 


M-P 20—608 87 M 20 
A= = ——— = —, 50 P(t) = ——— = — >. P(15)=7.35 > 
©) Po a ap V Usigan Tyee POD) 
20 20 87 us 253 87 isr 9614 ig 
= 7.35 =1 E = > 
1+ Sete 735 7 t 38° 17 38 12,89 ^ 
k= L l Wea 0.01902. Thus, P(30) = 2d = 8.72 billion, which is less than our prediction of 


-IB "12,789 1+ Se-30k 


8.89 billion from the exponential model in part (a). 


20 20 87 kt 87 kt 38 -kt 
d) P(t) = 10 =10 =l L= 
GAB 1+ Ee-M 10 ^" 38) 38^ prt 
In ve —kt t—15 TUR EI) & 43.54 years; that is, in the year 2043, which is four years later than our 


87 1n(9614/12,789) 


prediction of 2039 from the exponential model in part (b). 


17. () So Leo -L D = Kos L) [ae fee In|Loo 7 L| S kt-CO => 
In|Lj, — L| = -kt - C [Læ — Ll =e "9 > Leo-L-Ae" > L-lLs-Ae". 
Att=0,L=L(0)=Lo—A A= Læ — L(0) L(t) = Læ — [Loo — L(0)Je7*. 

(b) Læ = 53 cm, L(0) = 10 cm, and k = 0.2 L(t) = 53 — (53 — 10)e-9?* = 53 — 43e79-*, 


18. Denote the amount of salt in the tank (in kg) by y. y(0) = 0 since initially there is only water in the tank. 


The rate at which y increases is equal to the rate at which salt flows into the tank minus the rate at which it flows out. 


. dy kg L y kg L y kg dy 1 
That rate is £9 = 0.158 x 19 — 29 8 x ip =1- 4 e 
arrate T oq C ER NE m 10min ^" E 


In [10 — y| = 5t +C 10— y = Ae, y(0) =0 10— A y = 10(1— e-*/10), 
Att = 6 minutes, y = 10(1 — e-9/19) ~ 4.512 kg. 


19. Let P represent the population and J the number of infected people. The rate of spread dI /dt is jointly proportional to J and 


ToP 
Io + (P — Io)e-*Pt 


[from the discussion of logistic 


dI 
to P — I, so for some constant k, dE kI(P— I) I(t) 


growth in Section 9.4]. 
Now, measuring t in days, we substitute t = 7, P = 5000, Io = 160 and (7) = 1200 to find k: 


160 - 5000 yá 2000 
160 + (5000 — 160)e-5000-7- 160 + 4840e - 35:000k 


1200 — 480 + 14,520e735000k — 2000 = 
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20 


21. 


22 


e 0e zm «€» —85,000k = In = k= aia In = = 0.00006448. Next, let 

I = 5000 x 80% = 4000, and solve for t: 4000 = IST Soo ET 4 a SER ee < 
160--4840e 9000&* — 200 <æ e75000kt — TR €»  —5000kt = In i e 

t= — In ai = mE -ln oi =7- = s = 14.875. So it takes about 15 days for 80% of the population 


to be infected. 


1dR kds d d 


R-ek58*C0 290 (e^ 8) => R= ASF, where A = cC is a positive constant. 


dh R h k+h R k R 
3 v (xix) f 5 dh /( p) [Go i)m--$ fie > 


h+kinh= -5 t + C. This equation gives a relationship between h and t, but it is not possible to isolate h and express it in 


terms of t. 


. dx [dt = 0.4x — 0.002xy, dy/dt = —0.2y + 0.000008xy 
(a) The xy terms represent encounters between the birds and the insects. Since the y-population increases from these terms 
and the z-population decreases, we expect y to represent the birds and zx the insects. 


(b) x and y are constant. >  z'— 0andy'—-0 => 


0 = 0.4 — 0.002xy 0 = 0.4x(1 — 0.005y) : 
> y = Oand x = 0 (zero populations) 


0 = —0.2y + 0.000008xy 0 = —0.2y(1 — 0.000042) 


or y = =+ = 200 and z = 


D:005 UO — 25,000. The non-trivial solution represents the population sizes needed so that 


there are no changes in either the number of birds or the number of insects. 


dy  dy/dt _ —0.2y + 0.000008xy 


(c) 


dx  dx/dt 0.4x — 0.002zy 
(d) » At (x, y) = (40,000, 100), da /dt = 8000 > 0, so as t increases we 
4001 17^74————-— MX 
in LR are proceeding in a counterclockwise direction. The populations 
lL wyg| ^s —————c. MOM r : à " B 
3007 ;7f5^———— NS S increase to approximately (59,646, 200), at which point the insect 
I 4o a RR NNO NN 
d A jj z, Ri Ri R : E | population starts to decrease. The birds attain a maximum population 
l b Xo uv d. oF I 
ME of about 380 when the insect population is 25,000. The populations 
ip ee ^ decrease to about (7370, 200), at which point the insect population 
LA 
= EE starts to increase. The birds attain a minimum population of about 88 
0 x 
20099 ROSE 60.000 when the insect population is 25,000, and then the cycle repeats. 
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(e) XA (insects) (birds) 4 y 
+ 400 


birds Both graphs have the same period and the bird 
F 300 


population peaks about a quarter-cycle after the 


insect population. 


23. (a) d. /dt = 0.4x(1 — 0.0000052) — 0.002ry, dy/dt = —0.2y + 0.000008zy. If y = 0, then 


dx /dt = 0.4x(1 — 0.000005z), so dx /dt = 0 x = 0 or x = 200,000, which shows that the insect population 


increases logistically with a carrying capacity of 200,000. Since dx/dt > 0 for 0 < x < 200,000 and dz/dt < 0 for 


x > 200,000, we expect the insect population to stabilize at 200,000. 
(b) rand y are constant =  z'— 0andy'—-0 => 


0 = 0.4x(1 — 0.0000052) — 0.002z:y 0 = 0.42[(1 — 0.000005) — 0.005] 
— 
0 = —0.2y + 0.000008xy 0 = y(—0.2 + 0.000008z) 


The second equation is true if y = 0 or x = STS = 25,000. If y = 0 in the first equation, then either x = 0 


or g = = 200,000. If x = 25,000, then 0 = 0.4(25,000)|(1 — 0.000005 - 25,000) — 0.005y] = 


0.000008 
0 = 10,000[(1 — 0.125) — 0.005y] 0 — 8750 — 50y y — 175. 


Case (i): y = 0, x = 0: Zero populations 
Case (ii): |y = 0, x = 200,000: In the absence of birds, the insect population is always 200,000. 
Case (iii): «x = 25,000, y = 175: The predator/prey interaction balances and the populations are stable. 


(c) The populations of the birds and insects fluctuate (d) "m d | (insects) (birds) 4 y 
s T250 
around 175 and 25,000, respectively, and 35,0004 | 200 
eventually stabilize at those values. 25,0007 | 
insects | 
15,000+ 100 
L 50 
5,000 + 
M 
0 t 


24. First note that, in this question, “weighs” is used in the informal sense, so what we really require is Brett's mass m in 


kg as a function of t. Brett’s net intake of calories per day at time t (measured in days) is 


927 


c(t) — 2200 — 1200 — 15m(t) — 1000 — 15m(t), where m(t) is his mass at time t. We are given that m(0) — 85 kg and 


dm c(t) dm  1000— 15m  200—3m . dm dt 
= = = th = .F I t 
dt — 10,000"? di 10,000 S900 (Un. 389. rom i 200 — 3m f 2000 "* &* 


—$ In|200 — 3m| = zt + C. Since m(0) = 85, C = —& In 55. Now, — $ In |200 — 3m| = zt — $1n55. > 


In |200 — 3m| = — 3! + In 55 [200 — 3m| = e-31/2000--n55 — 55¢—3¢/2000 The quantity 200 — 3m is 


continuous, initially negative, and the right-hand side is never zero. Thus, 200 — 3m is negative for all t, so 


—3t/2000 
556 


200 — 3m = —55e—3*/2000 m(t) = 209 4 


gradually settles down to 66.7 kg. 
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kg. As t — oo, m(t) — £ = 66.7 kg. Thus, Brett's mass 


[] PROBLEMS PLUS 


1. We use the Fundamental Theorem of Calculus to differentiate the given equation: 
(FG = 100 fF [UO + OP bat > 256076) 9 UCOP e GP. = 


f(a)? -[f'() —2f(x)f' (x) 20 => [fl f(x) =0 e f(x) = f'(x). We can solve this as a separable 


equation, or else use Theorem 9.4.2 with k = 1, which says that the solutions are f(x) = C'e”. Now [f(0)]? = 100, so 


f(0) = C = +10, and hence f(x) = +10e” are the only functions satisfying the given equation. 


/ 
2. (fg)! = f'g', where f(x) = ev => (c2) = 2xe" g'. Since the student's mistake did not affect the answer, 


á 2 1 
(°g) = e? g' + 2xe® g = Qe” g’. So (2x — 1)g' = 2x9, or eee 
g 


In|g(z)| = z + 1]22— 1) + C g(x) = Ae” 2x — 1. 


Therefore, f'(x) = f(x) for all x and from Theorem 9.4.2 we get f(x) = Ae”. 


Now f(0) 2 1 A=1 f(x) =e”. 
«(f roa) (f se) e > [age To 
1 f(x) 


= ————__, [after differentiating] => f f(z)dx — x f(x) [after taking square roots] = 


f(x) LU f(x) dz]? 


f(x) =+f'(x) [after differentiating again] = y= Ae” or y = Ae * by Theorem 9.4.2. Therefore, f(x) = Ae” or 


f(x) = Ae~”, for all nonzero constants A, are the functions satisfying the original equation. 


5. “The area under the graph of f from 0 to x is proportional to the (n + 1)st power of f(a)” translates to 


i f(t) dt = k[f (z)]**t for some constant k. By FTCI, E n f(t) dt — E {kift} = 

f(z) 2 k(n-- Dff) 9 1-k(n-ilf(x]-—f(x) => 1=k(n4+1)y™ wu > 
k(n-4l1)y""dy- dz => fk(n-c1)y"^dy- f dx k(n 4 iy" z C. 

Now f(0)=0 > 0=0+C = C=Oandthen f(1)=1 > k(n +1) =1 k= 


soy” = xand y = f(x) — gin, 
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Let y = f (x) bea curve that passes through the point (c, 1) and whose yA 
subtangents all have length c. The tangent line at x = a has equation y= Fix) 
y — f(a) = f'(a)(x — a). Assuming f(a) z 0 and f'(a) Z 0, it has 
f(a) (a, fia) 
x-intercept a — Fa) [let y = 0 and solve for x]. Thus, the length of the 1 (c, 1) 
à 
0 [4 
nox $ f'(a) 1 g x 
subtangent is c, so |a (« = = =+-. Co Oy a 
f'(a) f'(a) (a) c 
f'(x) 1 ; 1 dy 1 dy 1 J 1 1 
N ==. => == — = +- — = +-dr > = dy = +- | drt > 
OW Fin) F f'(x) z Fe) au zY y zdz aoe z | ae 
1 ; Eg ar En ; 
In |y| = tort K. Since f(c) =1,m1=+1+K => K — Fl. Thus, y = e**/°*, ory = et(/--U, One curve is 


an increasing exponential (as shown in the figure) and the other curve is its reflection about the line x = c. 


. Let y(t) denote the temperature of the peach pie t minutes after 5:00 PM and R the temperature of the room. Newton's Law of 


: : : d 
Cooling gives us dy/dt — k(y — R). Solving for y we get 7 S = kdt Iny-— R| =kt+C => 


ly- R[2e**^ > y—-R=+e™-e° = y= Me" + R, where M is a nonzero constant. We are given 


temperatures at three times. 


y(0) = 100 100=M+R > R=100-M 
y(10)= 80 80 = Me™ +R (1) 
y(20)= 65 65= Me™ +R (2) 


Substituting 100 — M for Rin (1) and (2) gives us 


—20 = Mei?" — M (3) and -35 = Me™- M (4) 


-20  M(e'^* — 1) 4. elk] 
E = 4 420k _ 7610k 
Dividing (3) by (4) gives us -35 ^ Me 1) => 7 = Born => 4e 4= Te 7 
A4e?9* — Te19* + 3 = 0. This is a quadratic equation in e!9*, (4e!9* — 3) (e!95 — 1) =0 go = GEL > 


10k = ln 3 olni > k= i In 3 since k is a nonzero constant of proportionality. Substituting 3 for e!?* in (3) gives us 


20— M.$— M 20— —1M M = 80. Now R = 100 — M so R = 20°C. 


. Let b be the number of hours before noon that it began to snow, t the time measured in hours after noon, and 


x = x(t) = distance traveled by the plow at time t. Then dz /dt = speed of plow. Since the snow falls steadily, the height 


at time t is h(t) = k(t + b), where k is a constant. We are given that the rate of removal is constant, say R (in m?/h). 


: ; ; : dx dx dx C 
If the width of the path is w, then R = height x width x speed = h(t) x w x de k(t + b)w dr Thus, de EB 
R. € : dt 
where C = PLE constant. This is a separable equation. | dx = C Ps a(t) = C In(t 4- b) +K. 
w 


Putt=0: 0=Clnb+K => K=-—Clnb,so x(t) 2 CIn(t 4-b) — Clnb = Cln(1 + t/b). 
Putt — 1: 6000 = CIn(14- 1/b) [x = 6km]. 
Putt = 2: 9000 = C1n(14- 2/b) [x = (6 4- 3) km]. 
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In(1+1/b)  In(14- 2/b) 1 2 IN ae 
lve for b: ———— LL e Cu In(1+—) 22I[|14 2 1+4) =(1+2 
Solve for 6000 9000 => 3ln un n +7 => un Ter => 
3 3 1 EN Poe dr ud > EN 
Mur us A ltt di cus Jeu Bc 5-1 


But b > 0, so b = = + V5 ~ 0.618h ~ 37 min. The snow began to fall B hours before noon; that is, at 


about 11:23 AM. 


9. (a) While running from (L, 0) to (x, y), the dog travels a distance YA Slope of tangent line 
E A 
s = f7 /1- (dy/dx)? dz = — f? /1 + (dy/dz)? dz, so 
ds _ 
a /1 + (dy/dx)?. The dog and rabbit run at the same speed, so the 
rabbit's position when the dog has traveled a distance s is (0, s). Since the x (L, 0) x 


3 . dy s—y 
dog runs straight for the rabbit, l 0z (see the figure). 


dy ds dy d?y dyN dy l , ds 
Thus, s = y — x ds uut (s di2 +1 ae Ea Equating the two expressions for Lm 
l d? dy V l 
gives us x <= =,/1+ (+) , as claimed. 
(b) Letting z = dy we obtain the differential equation x LO v 14 22, or Her LEE Integrating: 
g ^ dr q dE > IA zu g g: 


dz 25 
c= — 3 ani 13 22) +C. Whenz — L, 2 —d dx = 0, so In L = In 1 + C. Therefore, 
[= y/ 
C = ln L, so lng =In(V1+ 2 + z) +L =In[L(V1+ z? + z)] > x= L(V1+2 +2) > 
2 2 
VIF = 5-2 => 142 = (=) n ep (=) —22(=)-1=0 > 


L L L 
» (z/Ly -1 2- «x L1 dy T 
z 2(x/L) 2Lz aL 2x [for x > 0]. Since z dp "7 aL lng + C4 
Since y = 0 when z = L, 0 In L + Ci Ci In L . Thus, 
aye inet ip VD n( +) 


(c) As x — 0*, y — oco, so the dog never catches the rabbit. 


10. (a) If the dog runs twice as fast as the rabbit, then the rabbit's position when the dog has traveled a distance s is (0, s/2). 


Since the dog runs straight toward the rabbit, the tangent line to the dog's path has slope w = d 
dy ds a d?y dy dy 

Th I2 27 — => = EL 2x 2—|=-2 

E Qr da Ce "da? ^ ds 7 dat 

(5 d 
From Problem sa), £ Em w) , SO 2x = (2) 
Letting z = dy , we obtain the differential equation 2s Í = y1 + 2?, or S Integrating, we get 
8 Tr q Z= Tuc» x grating, we g 
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Ing = | ——e= 2m( 14+ 224 z) +C. [See Problem 9(b).] When z = L, z = dy/dx = 0, so 
In L = 2ln 1 + C = C. Thus, 


Ing = 2In(VEX Z2 z) +InL = n(L(VT 23 +z) ) > a= L(VI+z2 +2) > 


dy 1 jx 1 1 1/2 vL —1/2 1 3/2 1/2 
—c—z—ca4j[v———————ugxi———ü => = gl? — Lai? +0. 
dx 2M D. 2/z]L 24 2 TUE ' 


When « = L, y = 0, so 0 = : I9? -VLL +0 Z L=+Cı = C 2 L. Therefore, C1 = 2L and 


3VL 
3/2 
E Ur VLz'? + 2L. Asx — 0, y — 2L, so the dog catches the rabbit when the rabbit is at (0, 2L). 
(At that point, the dog has traveled a distance of iL, twice as far as the rabbit has run.) 
(b) As in the solutions t t (a) and Problem 9 t dy A à dh zt 45 oam 
s in the solutions to part (a) and Problem 9, we get z = ^- = org — zzz and hence y = c5 + o> — 3L. 
d 
We want to minimize the distance D from the dog at (x, y) to the rabbit at (0, 2s). Now s = 2y — ix = 
x I? z? I? 
2s = y — TZ y — 2s = vz (s i) = 3n zg’ S 
3 5 5 x p x r L x iy 
D= 0)? 4 2s)? = | er aa Bra = = += 
Sea ena " (2 =) ata 3 ag E =) 
x i L^ 
2L? 2x 
3? D 3? P L‘ L 
D'=0 =- = 0 = = ——— =, 0, L » 0. 
212 3? 212 ^ 232 EE" Por ME 
; 3z L^ L (Ees e\2 i Sia 
Since D(x) = $5 + » 0 forall « > 0, we know that D( 75) = r3 *3r.337 T gi is 


the minimum value of D, that is, the closest the dog gets to the rabbit. The positions at this distance are 


8V3L 2LY (Q8V3—6, 
9 3) xe. 


Rabbit: (0, 2s) = (o. 


11. (a) We are given that V = 47r7h, dV/dt = 60,0007 ft*/h, and r = 1.5h = 3h. So V = (3h)? h=3rh > 


dV , adh 9 „adh dh 4(dV/dt) 240,0007 80,000 
= 3g. 3h 97 — 9442 9* Therefore, Saa, ROU T UL 
qp cA WES AN ag Meretorep ay Onh? Inh? 3h2 


(9) > 


f 3h? dh = [80,000dt = h? = 80,000t + C. When t = 0, h = 60. Thus, C = 60? = 216,000, so 
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(b) 


(c) 
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h? = 80,000t + 216,000. Let h = 100. Then 100? = 1,000,000 = 80,000¢ + 216,000 = 
80,000¢ = 784,000 = t= 9.8, so the time required is 9.8 hours. 


The floor area of the silo is F = 7 - 200? = 40,0007 ft, and the area of the base of the pile is 


A-—mqr?-—m (in)? = *th?. So the area of the floor which is not covered when h = 60 is 


F — A = 40,0007 — 81007 = 31,9007 ~ 100,217 ft?. Now A= 24h? = dA/dt = % - 2h (dh/dt), 
and from (x) in part (a) we know that when h = 60, dh/dt = 365077 = = ft/h. Therefore, 

dA/dt = 92 (2)(60) (322) = 20007 ~ 6283 ft? /h. 

Ath = 90 ft, dV/dt = 60,0007 — 20,0007 = 40,0007 ft?/h. From (x) in part (a), 


dh  4(dV/dt) 4(40,000x) _ 160,000 
dt Orh? 9x h? 9h? 


h = 90; therefore, C = 3- 729,000 = 2,187,000. So 3^? = 160,000t + 2,187,000. At the top, h = 100 => 


3(100)? = 160,000: + 2,187,000 => t= 150000 = 5.1. The pile reaches the top after about 5.1 h. 


933 


f9h? dh = [160,000dt = 3A? = 160,000t + C. When t = 0, 


12. Let P(a, b) be any first-quadrant point on the curve y = f(x). The tangent line at P has equation y — b = f'(a)(x — a), or 


equivalently, y = mz + b — ma, where m = f'(a). If Q(0, c) is the y-intercept, then c = b — am. If R(k, 0) is the 


x-intercept, then k = 


am — b 


v/(a — 0)? + [b — (b — am)? = \/[a — (a — b/m)j? + (b — 0)2. Squaring and simplifying gives us 


a? -- a?m? = b/m? > a 


2 


m? +a? mt =b? Pm? > am’ ++ (a? b?)m? b? =0 


=a- m Since the tangent line is bisected at P, we know that | PQ| = |P R]; that is, 
m 


(a?m? — b?) (m? + 1) =0 = m? =}?/a?. Since m is the slope of the line from a positive y-intercept to a positive 
x-intercept, m must be negative. Since a and b are positive, we have m = —b/a, so we will solve the equivalent differential 
. d d d d d. 
equation 3 4 d zd f E / = Iny Ing+C [ry»50] => 
dx x y c y x 


pg e ee emt" eC ag lA = y = A/z. Since the point (3, 2) is on the curve, 3 = A/2 > A=6 


and 


the curve is y = 6/z with x > 0. 


13. Let P(a, b) be any point on the curve. If m is the slope of the tangent line at P, then m = y'(a), and an equation of the 


— 


1 ; ; 
normal line at P is y — b = -1 (e — a), or equivalently, y = -nT Tb4 x The y-intercept is always 6, so 
d 
b+ < 6 I 6—b m 6 z 5 We will solve the equivalent differential equation = = 5 Z j 
(6 — y) dy = z dz "nc wdy= f zde 6y — sy? = 4x? +C 12y -y =r +K. 
Since (3,2) is on the curve, 12(2) - 2? = 3? + K K = 11. So the curve is given by 12y — y? = z? + 11 


xr? +y? — 12y +36 = —11 +36 = a?-r(y — 6)? = 25, a circle with center (0, 6) and radius 5. 
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14. Let P(xo, yo) be a point on the curve. Since the midpoint of the line segment determined by the normal line from (xo, yo) to 


its intersection with the x-axis has z-coordinate 0, the x-coordinate of the point of intersection with the x-axis must be —xo. 


— ; 2 e at ; : 
Hence, the normal line has slope DS _ W . So the tangent line has slope — 270 This gives the differential 
To —(—xo) 2x0 Yo 
à 2 
equation y’ 5 ydy 2x dx Jydy=f(-22)de > iy 2-2 +C > r?+iy =C 


[C > 0]. This is a family of ellipses. 


15. From the figure, slope OA = y. If triangle OAB is isosceles, then slope 
AB must be — y the negative of slope OA. This slope is also equal to f'(x), 
x 


so we have dy y [2 = -f d 
dx x y d 


> 
—Inj2|t+CO 2 0 B(2x,0) x 


In|j| 2 -Àn|x| +C => j|ywy-e 


n|z|4— 1 K 
ly] = (eom em => Pad > y=—K#0. 
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10 O PARAMETRIC EQUATIONS AND POLAR COORDINATES 


10.1 Curves Defined by Parametric Equations 


2=t?4+t, y=3't?, t=-2,-1,0,1,2 


Therefore, the coordinates are (2, +), (0, 1), (0,3), (2,9), and (6, 27). 


2. c =ln(t? +1), y=t/(t+4), t= -2, 
t —2 —1 0 1 2 
r|ln5 In2 0 In2 In5 
ee ee ee ME. 


3z—1-00, y=2t-t?, -1<t<2 


1,0, 1,2 


t —3 -2 -1 0 1 2 3 
x | 3.125 225 15 1 1 2 5 
y 5 2 1 1 15 225 3.125 
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6. £ = cos?t, y=1l+cost, 0<t<a7 


t 0 7/4 m/2 37/4 Tq | 
r|1 05 0 0.5 1 
y 0.293 0 


(a) 
tl-4 2 0 2 4 
PO ABS SC 
| yl- 0 12 3 | 
(b) z—22t—1 20 — 41 t— ir i.so 


y—-itri-i(ivce-i)vi—-iszecici1 > y-is-$i 


8. 7—3t--2, y —2t 4-3 


(a) 
t | —4 -2 0 2 4 
x | -10 -4 2 8 14 
y|-5 -1 3 7 M 
= 1 2 
(b) x = 3t+2 3st =x-2 t= 3X2 — 3,80 
y =2t+3=2(4x-— 2) +3= 2r- 4+3 > y=3a+3 


9.7—102—3, y=t+2, -3<t<3 
(a) 


(b)y=t+2 t = y — 2, so 
x=t?—3=(y—2)?-3=y? —4y+4-3 


c=y?—4yt+l—-l<y<5 
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t—-3m[2, 
(-1, 1) 


10. x = sint, y—1-—cost, 0<t<27 
(a) 
t O m/2 m 37/2 2m 
r|0O0 1 0 —1 0 
y|0 1 2 1 0 
(b x = sint, y = 1 — cost [ory-— 1 = — cost] => 
x? + (y — 1? = (sint)? + (— cost)? > a?-4(y—1)? =1. 


As t varies from 0 to 27, the circle with center (0, 1) and radius 1 is traced out. 


5E 1414 1.732 
FIRE RN 


(b «= vt 


t-a? y=1-t=1 x, Since t > 0, x > 0. 


So the curve is the right half of the parabola y = 1 — z?. 


22=t7, y=? 


(a) 


2 
c=t? (Vv) =y/?, teRyeER«c>0. 


13. (a) 2 = 3cost, y=3sint, 0<t<a7 (b) 
x? +y? = 9cos?t + 9 sin?t = 9(cos?t + sin?t) = 9, which is the equation 

ofa circle with radius 3. For 0 € t € 7/2, we have 3 > x > 0 and 

0 < y < 3. Form/2<t X v, we have 0 > x > —3 and 3 > y > 0. Thus, 


the curve is the top half of the circle z? + y? = 9 traced counterclockwise. 


(0, 1) £-0 
(1,0) t=1 
> 
x 
(2, —3) t=4 
yA 
(4, 8) 
t=2 
t=0 (1, 1) t= 
0 
(1, -1) t=-1 
(4, —8) 
par? 
bd 
3 
-3 0 3x 
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14. (a) x = sin40, y —cos40, 0<0<7/2 (b) 2A 


z? +y? = sin? 40 + cos? 40 = 1, which is the equation of a circle with 
radius 1. When 0 = 0, we have x = 0 and y = 1. For0 < 0 < 7/4, we : 
have x > 0. For 1/4 < 0 < 1/2, we have x < 0. Thus, the curve is the 3 i [as 
circle x? + y? = 1 traced clockwise starting at (0, 1). 
15. (a 2 = cosÓ, y—secó, 0x0 « n2. (b) » 
E 1 1 
y = sec^0 cosió ya For0 < 0 < 7/2, we have 1 > x > 0 
and1 < y. e 
14 


16. (a) x = csc t, y = cott, 0 < t < T (b) » 
y? — a? = cot?t — csc?t = 1. For 0 < t < m, we have z > 1. 
Thus, the curve is the right branch of the hyperbola y? — x? = 1. 


17. (a) y = e = 1/e * = 1/z for x > O since x = e *. Thus, the curve is the (b) » 
portion of the hyperbola y = 1/x with x > 0. 


18. (a 2 =t+2 t—r—2.y-—1/t —1/(x — 2). Fort > 0, we (b) " 


= 


© 
ER 
x Y 


have x > 2 and y > 0. Thus, the curve is the portion of the 


hyperbola y = 1/(x — 2) with x > 2. 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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(à) c — Int, y = Vt, t2 1. (b) 2h 
z-—lnt t =e” y= vt e*/?. y > Q. 
(0,1) 
0 x 
(a) 2 — Itl y — | i] = (1 x|. For all t, we have x > 0 and (b) y 
y = 0. Thus, the curve is the portion of the absolute value function i A 
y = |1 — z| with z > 0. NN 
0 1 e 
(a) z = sin?t, y = cos?t. x + y = sin?t + cos?t = 1. For all t, we (b) 4 
1 
have 0 € x € 1and 0 € y < 1. Thus, the curve is the portion of the 
line x + y = lor y = —x + 1 in the first quadrant. X 
0| 1 z 
(a) x = sinht, y = cosh t y? — z? = cosh? t — sinh? t = 1. (b) » 
Since y = cosht > 1, we have the upper branch of the hyperbola 
y^ —z?-1. i 
0 x 


The parametric equations x = 5 cost and y = —5 sin t both have period 27. When t = 0, we have x = 5 and y = 0. When 
t = 7/2, we have x = 0 and y = —5. This is one-fourth of a circle. Thus, the object completes one revolution in 
4- $ = 2m seconds following a clockwise path. 
. : . [T T : 2m 
The parametric equations x = 3 sin( 7t) and y = 3 cos( Tt) both have period zr = 8. When t = 0, we have z = 0 and 
T 
y = 3. When t = 2, we have x = 3 and y = 0. This is one-fourth of a circle. Thus, the object completes one revolution in 


4-2 = 8 seconds following a clockwise path. 


y 


x=5+2costt,y=3+2sintt => cos mt = EË, sin nt = YES. cos? (rt) + sin?(1t) 21 > 


2 2 
(: 5 5) + ( 3 :) — ]. The motion of the particle takes place on a circle centered at (5, 3) with a radius 2. As t goes 


2 2 
from 1 to 2, the particle starts at the point (3, 3) and moves counterclockwise along the circle (z 5 5) + ( 5 *) =1 


to (7, 3) [one-half of a circle]. 


2 
—1 m 
xz = 2 + sint, y = 1 + 3cost sin t = z — 2, cost 4 z` sin?t + cos?t = 1 (r—2) + (4) — ]. 


The motion of the particle takes place on an ellipse centered at (2, 1). As t goes from 7/2 to 27, the particle starts at the point 


(3, 1) and moves counterclockwise three-fourths of the way around the ellipse to (2, 4). 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 
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2 2 
x = sint, y = 2cost sint = Š, cost = §. sin? t + cos? t = 1 (2) + (4) = 1. The motion of the 


particle takes place on an ellipse centered at (0, 0). As t goes from —7 to 57, the particle starts at the point (0, —2) and moves 


clockwise around the ellipse 3 times. 


y = cos? t = 1 — sin? t = 1 — x”. The motion of the particle takes place on the parabola y = 1 — x”. As t goes from —27 to 
—rr, the particle starts at the point (0, 1), moves to (1, 0), and goes back to (0, 1). As t goes from —7 to 0, the particle moves 


to (—1, 0) and goes back to (0, 1). The particle repeats this motion as t goes from 0 to 27. 


We must have 1 € z X 4and 2 < y < 3. So the graph of the curve must be contained in the rectangle [1, 4] by [2, 3]. 


(a) From the first graph, we have 1 < x < 2. From the second graph, we have —1 < y < 1. The only choice that satisfies 
either of those conditions is III. 

(b) From the first graph, the values of x cycle through the values from —2 to 2 four times. From the second graph, the values 
of y cycle through the values from — 2 to 2 six times. Choice I satisfies these conditions. 

(c) From the first graph, the values of x cycle through the values from —2 to 2 three times. From the second graph, we have 
0 € y € 2. Choice IV satisfies these conditions. 

(d) From the first graph, the values of x cycle through the values from —2 to 2 two times. From the second graph, the values of 


y do the same thing. Choice II satisfies these conditions. 


When t = —1, (x,y) = (1, 1). As t increases to 0, x and y both decrease to 0. 
As t increases from 0 to 1, x increases from 0 to 1 and y decreases from 0 to 
—1. As t increases beyond 1, x continues to increase and y continues to 
decrease. For t < —1, x and y are both positive and decreasing. We could 


achieve greater accuracy by estimating x- and y-values for selected values of t 


from the given graphs and plotting the corresponding points. 


When t = —1, (x, y) = (0,0). As t increases to 0, x increases from 0 to 1, 

while y first decreases to —1 and then increases to 0. As t increases from 0 to 1, 
x decreases from 1 to 0, while y first increases to 1 and then decreases to 0. We 
could achieve greater accuracy by estimating x- and y-values for selected values 


of t from the given graphs and plotting the corresponding points. 


When t = —1, (x, y) = (0, 1). As t increases to 0, x increases from 0 to 1 and : ii 
y decreases from 1 to 0. As t increases from 0 to 1, the curve is retraced in the 
opposite direction with x decreasing from 1 to 0 and y increasing from 0 to 1. 
We could achieve greater accuracy by estimating x- and y-values for selected 


values of t from the given graphs and plotting the corresponding points. 
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34. (a) £ = t* — t + 1 = (t^ + 1) — t > 0 [think of the graphs of y = t^ + 1 and y = t] and y = t? > 0, so these equations 
are matched with graph V. 


(D y — Vt 20. x= t? —2t = t(t — 2) is negative for 0 < t < 2, so these equations are matched with graph I. 


(c) a = È — 2t = ¢(t? — 2) = t(t+ V2) (t v2), y = t? — t = t(t — 1). The equation z = 0 has three solutions and the 


equation y = 0 has two solutions. Thus, the curve has three y-intercepts and two x-intercepts, which matches graph II. 


Alternate method: x = t? — 2t, y = ? -t = (P —t 1) -  — (t 17 + so y > —ionthis curve, whereas z is 
unbounded. These equations are matched with graph II. 

(d) x = cos 5t has period 27/5 and y = sin 2t has period 7, so x will take on the values —1 to 1, and then 1 to — 1, before y 
takes on the values —1 to 1. Note that when t = 0, (x, y) = (1, 0). These equations are matched with graph VI. 

(e) x =t+sin4t, y = t? 4- cos3t. As t becomes large, t and t? become the dominant terms in the expressions for x and 
y, So the graph will look like the graph of y = x”, but with oscillations. These equations are matched with graph IV. 

(f) x = t + sin 2t, y = t + sin 3t. As t becomes large, t becomes the dominant term in the expressions for both x and y, so 
the graph will look like the graph of y = x, but with oscillations. These equations are matched with graph III. 


35. Use y = t and x = t — 2sin zt with a t-interval of [—7, 7]. zm 


36. Use xı = t, yı = t? — 4t and x» = t? — 4t, ya = t with a t-interval of 
[—3, 3]. There are 9 points of intersection; (0, 0) is fairly obvious. The point 


in quadrant I is approximately (2.2, 2.2), and by symmetry, the point in 


quadrant III is approximately (—2.2, —2.2). The other six points are 


approximately (¥1.9, £0.5), (1.7, +1.7), and (0.5, 1.9). 


37. (a) x = xı + (a2 — z1)6 y = yı + (y2 — y1)6, 0 € t € 1. Clearly the curve passes through Pi (21, yi) when t = 0 and 
through P2(x2, y2) when t = 1. For 0 < t < 1, x is strictly between zı and x2 and y is strictly between yı and y2. For 


y2 — yı 
ak 


x — £1), which is the equation of the line through 
X32 — X31 


every value of t, x and y satisfy the relation y — yı = 


P; (21, yi) and P»(x2, y2). 


— r—Zi. ; 
E s SML if we call that common value t, then the given 


Finally, any point (x, y) on that line satisfies 
y2 — yı T2 — Tı 


parametric equations yield the point (x, y); and any (x, y) on the line between P; (x1, y1) and P2(£2, y2) yields a value of 


t in [0, 1]. So the given parametric equations exactly specify the line segment from P; (x1, y1) to P2(x2, y2). 
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38. 


39. 


40. 


M. 


42. 
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(b) z = —2 + [3 — (-2)]t = —2 + Bt and y = 7--(-1— 7) =7—8t for0<t <1. 


For the side of the triangle from A to B, use (#1, y1) = (1,1) and (x2, y2) = (4, 2). 6 


Hence, the equations are 


z= z1 + (z2 — x1)t = 1+ (A— 1)t 5 1 4 3t, 


y=y + (y2 —-y)t=1+(2-1)t=1+t. 
Graphing x = 1 + 3t and y = 1 + t with 0 < t < 1 gives us the side ofthe 
triangle from A to B. Similarly, for the side BC we use x = 4 — 3t and y = 2 + 3t, and for the side AC we use x = 1 
and y = 1 + At. 
The result in Example 4 indicates the parametric equations have the form x = h + r sin bt and y = k + r cos bt where (h, k) 


is the center of the circle with radius r and b = 27 /period. (The use of positive sine in the x-equation and positive cosine in 


the y-equation results in a clockwise motion.) With h = 0, k = 0 and b = 2r /4r = 1/2, we have x = 5 sin(1t) 5 
y = 5cos ( st) ; 


As in Example 4, we use parametric equations of the form z = h + r cos bt and y = k + r sin bt where (h, k) = (1,3) is the 


center of the circle with radius r = 1 and b = 2r /period = 27/3. (The use of positive cosine in the z-equation and positive 


sine in the y-equation results in a counterclockwise motion.) Thus, x = 1 + cos(2#t), y = 3 + sin(22 t). 


The circle x? + (y — 1)? = 4 has center (0, 1) and radius 2, so by Example 4 it can be represented by x = 2 cost, 
y =1+2sint, 0 < t € 2m. This representation gives us the circle with a counterclockwise orientation starting at (2, 1). 
(a) To get a clockwise orientation, we could change the equations to x = 2cost, y = 1 — 2sint, 0 € t < 2m. 
(b) To get three times around in the counterclockwise direction, we use the original equations x = 2 cost, y = 1+ 2sint with 
the domain expanded to 0 < t < 67. 
(c) To start at (0, 3) using the original equations, we must have xı = 0; that is, 2cost = 0. Hence, t = 5. So we use 
x= 2cost,y=1+2sint,$ <t< 3z, 
Alternatively, if we want t to start at 0, we could change the equations of the curve. For example, we could use 
x = —2sint, y —1-4-2cost,0 X t € m. 
(a) Let z?/a? = sin? t and y? /b? = cos? t to obtain x = a sint and 
y = bcost with 0 < t < 2m as possible parametric equations for the ellipse 


z?/a? ty) =1. 


(b) The equations are x = 3sint and y = b cost for b € {1, 2, 4, 8}. 


(c) As b increases, the ellipse stretches vertically. 
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43. Big circle: It's centered at (2, 2) with a radius of 2, so by Example 4, parametric equations are 
x = 2 + 2cost, y =2 + 2sint, O0<t< 27 
Small circles: They are centered at (1, 3) and (3, 3) with a radius of 0.1. By Example 4, parametric equations are 


(left) x = 1 + 0.1 cost, y =3+0.lsint, 0ztz2m 
and (right) x = 3 + 0.1 cost, y = 3+ 0.lsint, 0ztz2m 


Semicircle: It’s the lower half of a circle centered at (2, 2) with radius 1. By Example 4, parametric equations are 

x —24 1cost, y=2+1sint, t<t<27r 
To get all four graphs on the same screen with a typical graphing calculator, we need to change the last t-interval to[0, 27] in 
order to match the others. We can do this by changing t to 0.5t. This change gives us the upper half. There are several ways to 


(6 0» 


get the lower half—one is to change the “+” to a in the y-assignment, giving us 


x = 2 + 1cos(0.5t), y = 2 — 1sin(0.5t), O0<t< 2r 
44. If you are using a calculator or computer that can overlay graphs (using multiple t-intervals), the following is appropriate. 

Left side: x = 1 and y goes from 1.5 to 4, so use 

qc, y=t, 15<t<4 
Right side: x = 10 and y goes from 1.5 to 4, so use 

x = 10, y=t, 15<t<4 
Bottom: x goes from 1 to 10 and y = 1.5, so use 

qo, y — 1.5, 1<t<10 
Handle: lt starts at (10, 4) and ends at (13, 7), so use 

z —10- t, y=4+t, 0<t<3 

Left wheel: It’s centered at (3, 1), has a radius of 1, and appears to go about 30° above the horizontal, so use 


x=3+1cost, y=1+1sint, 5z <t 


Right wheel: Similar to the left wheel with center (8, 1), so use 
x = 8 + l cost, y=1+1sint, 5T <4 < Dm 
If you are using a calculator or computer that cannot overlay graphs (using one t-interval), the following is appropriate. 
We’ll start by picking the t-interval [0, 2.5] since it easily matches the t-values for the two sides. We now need to find 
parametric equations for all graphs with O < t < 2.5. 
Left side: x = 1 and y goes from 1.5 to 4, so use 
v= 1; y —1.5- t, 0<t<2.5 


[continued] 
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Right side: x — 10 and y goes from 1.5 to 4, so use 

x = 10, y=1.5+t, 0<t<25 
Bottom: x goes from 1 to 10 and y = 1.5, so use 

x = 1+ 3.6t, y = 1.5, 0<t<2.5 


To get the x-assignment, think of creating a linear function such that when t = 0, x = 1 and when t = 2.5, 
x = 10. We can use the point-slope form of a line with (t1, 21) = (0, 1) and (t2, x2) = (2.5, 10). 


10-1 


E 
2.5—0 


(t — 0) z — 14 3.6t. 


Handle: It starts at (10, 4) and ends at (13, 7), so use 


c=10412t, y=44+12t, O0K<t<25 


13-1 
(t1, 21) = (0, 10) and (t2, x2) = (2.5, 13) gives us x — 10 = a — XC 0) x = 10 + 1.2t. 
: 7-4 
(ti, y1) = (0,4) and (12, y2) = (2.5, 7) gives us y — 4 = 25 gÉ 0) y=4+1.2t. 


Left wheel: It’s centered at (3, 1), has a radius of 1, and appears to go about 30° above the horizontal, so use 


c=3+1cos(t+ 52), y=1+1sin($#t+ 32), 0<t<25 


(tı, 81) = (0, 3E) and (t2, 02) = (3, 4) giesus 0 — $ = Eo) => 0= 5 +4 it, 
Right wheel: Similar to the left wheel with center (8, 1), so use 
z —8--lcos(É£t.-9*), y=1+1sin(%t+ 3), 0<Ł<25 
45. (a) )c=t?,y=t yY =t =r (ii) x = t, y = Vt y =t=r 
(iii) « = cos?t, y = cost y? = cot = x (iv) z = 3%, y = 3* y? = (3°)? = 3” =z. 


Thus, the points on all four of the given parametric curves satisfy the Cartesian equation y? = zx. 


(b) The graph of y? = x is a right-opening parabola with vertex at the origin. For curve (i), z > 0 and y is unbounded so the 
graph contains the entire parabola. For (ii), y = v£ requires that t > 0, so that both x > 0 and y > 0, which captures the 
upper half of the parabola, including the origin. For (iii), —1 < cost < 1 so the graph is the portion of the parabola 
contained in the intervals 0 < x < land —1 < y < 1. For (iv), x > 0 and y > 0, which captures the upper half of the 
parabola excluding the origin. 


yA (i) y (iii) y (iv) 


© 
— 
x 
i=) 
— 
BY 
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46. (a x = t, so y —t ? =a. We get the entire curve y = 1/2? traversed in a 


left-to-right direction. 


1 
cos?t x 


(b) x = cost, y = sec?t 


of the curve y = 1/2? with y > 1. We get the first quadrant portion of the 
curve when x > 0, that is, cost > 0, and we get the second quadrant 


portion of the curve when x < 0, that is, cost « 0. 


(c) x = é, y = e7% = (ef)? =x”. Since e! and e^?' are both positive, 


we only get the first quadrant portion of the curve y — 1/z?. 


4. (aja =? = t = x3, soy =? = 27/3. 


2/3 


We get the entire curve y = x^? traversed in a left to 


right direction. curve y = x^ *. 


(c) x =e ?* = (e)? 


y e ?* (ety? 
Ift < 0, then x and y are both larger than 1. If t > 0, then x and y 
are between 0 and 1. Since x > 0 and y > 0, the curve never quite 


reaches the origin. 


48. The case $ < 0 < m is illustrated. C has coordinates (r0, r) as in Example 7, 
and Q has coordinates (r0, r + r cos(a — 0)) = (r0, r(1— cos @)) 
[since cos(z — a) = cos 7 cosa + sin 7 sina = — cos o], so P has 


coordinates (r0 — r sin(v — 0), r(1 — cos0)) = (r(0 — sin0), r(1 — cos 0)) 


[since sin(z — o) = sin z cosa — cos T sina = sina]. Again we have the 


parametric equations x = r(0 — sin 0), y = r(1— cos 0). 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


E. 
z- Since sect > 1, we only get the parts 


2/3 


best tog v55:3ycitclgt? 


y 
x-t$ 
y-n t>0 
Ze 
7 c 
0 


cq 


Since z — t? 7 0, we only get the right half of the 


945 


946 


49. 


50. 


51. 


52. 


53. 


54. 


CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


The first two diagrams depict the case 7 < 0 < 37, d < r. As in Example 7, C has coordinates (r0, r). Now Q (in the second 
diagram) has coordinates (r0, r + d cos(0 — 7)) = (r0,r — dcos 0), so a typical point P of the trochoid has coordinates 
(r0 + dsin(0 — 7),r — dcos 0). That is, P has coordinates (x, y), where x = r0 — dsin0 and y = r — d cos 0. When 


d — r, these equations agree with those of the cycloid. 


J 
d<r ZUM 
(f 
Ji ro >| x 


In polar coordinates, an equation for the circle is r = 2a sin 0. Thus, the coordinates of Q are x = r cos0 = 2a sin 0 cos0 
and y = rsin@ = 2a sin? 0. The coordinates of R are x = 2a cot 0 and y = 2a. Since P is the midpoint of QR, we use the 


midpoint formula to get x = a(sin 0 cos 0 + cot 0) and y = a(1 + sin? 0). 


It is apparent that x = |OQ| and y = |QP| = [ST]. From the diagram, 
x = |OQ| = acos0 and y = |ST| = bsin 0. Thus, the parametric equations are 


x = acos and y = bsin 0. To eliminate 0 we rearrange: sin 0 = y/b => 


sin? 0 = (y/b)? andcos@ =x/a = cos” 6 = (x/a)^. Adding the two 


equations: sin? 0 + cos? 0 = 1 = a?/a? + y? /U?. Thus, we have an ellipse. 


A has coordinates (a cos 0, a sin 0). Since OA is perpendicular to AB, AO AD is a right triangle and B has coordinates 


(a sec 6, 0). It follows that P has coordinates (a sec 0, bsin 0). Thus, the parametric equations are x = asec 0, y = bsin 8. 


C = (2a cot 0, 2a), so the z-coordinate of P is x = 2a cot 0. Let B = (0, 2a). 
Then ZO AB is a right angle and LOBA = 0, so |OA| = 2a sin 0 and 
A = ((2a sin 0) cos 0, (2a sin 0) sin 0). Thus, the y-coordinate of P 


is y = 2a sin? 0. 


2a 
cos 6" 


Let C = (2a, 0). Then by use of right triangle OAC we see that |OA| = 2a cos 0. 


(a) Let 0 be the angle of inclination of segment OP. Then |OB| = (b) 


Now 
|OP| = |AB| = |OB| — |OA| 


= zi 1 cos ) 2a 
cos Ü 


So P has coordinates x = 2a sin 0 tan 0 - cos0 = 2asin?0 and y = 2a sin tan 0 - 


+2 
ung = 2asin 0 tan 0 


cos 0 


sin Ó = 2asin?0 tan 6. 
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55. (a) Red particle: x = t + 5, y = t? + 4t + 6 
Blue particle: x = 2t + 1, y = 2t + 6 


Substituting x = 1 and y = 6 into the parametric equations for the red particle gives 1 = t + 5 and 6 = t? + At + 6, which 


are both satisfied when t = —4. Making the same substitution for the blue particle gives 1 = 2t + 1 and 6 = 2t + 6, which 


are both satisfied when t = 0. Repeating the process for x = 6 and y = 11, the red particle's equations become 6 = t + 5 
and 11 = ¢? + At + 6, which are both satisfied when t = 1. Similarly, the blue particle’s equations become 6 = 2t + 1 and 
11 = 2t + 6, which are both satisfied when t = 2.5. Thus, (1, 6) and (6, 11) are both intersection points, but they are not 


collision points, since the particles reach each of these points at different times. 


(b) Blue particle: x =2t+1 => t= i(x- 1). 


Substituting into the equation for y gives y — 2t 4-6 — 2 EC 1)] 16-2r45. 


Green particle. x =2t+4 = t= à(x— 4) 


Substituting into the equation for y gives y = 2t 4-9 = 2 [$s (a 4)] 19-2r45. 
Thus, the green and blue particles both move along the line y — x 4- 5. 
Now, the red and green particles will collide if there is a time t when both particles are at the same point. Equating the 
x parametric equations, we find t + 5 = 2t + 4, which is satisfied when t = 1, and gives x = 1+ 5 = 6. Substituting 
t = 1 into the red and green particles’ y equations gives y = (1)? + 4(1) + 6 = 11 and y = 2(1) + 9 = 11, respectively. 


Thus, the red and green particles collide at the point (6, 11) when t = 1. 


56. (a) x —3sint, y = 2cost, 0€ t < 27; 4 
x = —3 + cost, y = l-c sint, O < t < 27 


There are 2 points of intersection: 3 £ 
(—3, 0) and approximately (—2.1, 1.4). 
—4 
(b) A collision point occurs when xı = x2 and yı = y» for the same t. So solve the equations: 
3sint = —3 + cost (1) 


2cost = 1 + sint (2) 


From (2), sint = 2 cost — 1. Substituting into (1), we get 3(2 cost — 1) = —3 + cost => 5cost=0 (x) > 


cost = 0 t= $0r 3T. We check that t = 3m satisfies (1) and (2) but t = 7 does not. So the only collision point 


occurs when t = 3t and this gives the point (—3, 0). [We could check our work by graphing xı and x2 together as 
functions of t and, on another plot, yi and y» as functions of t. If we do so, we see that the only value of t for which both 
3T 


pairs of graphs intersect is t = 77-.] 


(c) The circle is centered at (3, 1) instead of (—3, 1). There are still 2 intersection points: (3, 0) and (2.1, 1.4), but there are 


no collision points, since (x) in part (b) becomes 5cost — 6 = cost — $ 1. 
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57. (a) x = 1 — t, y = t — t?. The curve intersects itself if there are two distinct times t = a and t = b (with a < b) such that 
z(a) = x(b) and y(a) = y(b). The equation x(a) = x(b) gives 1 — a? = 1 — b? so that a? = b?. Since a Æ b by 


assumption, we must have a = —b. Substituting into the equation for y gives y(—b) = y(b) => 


b — (—b)? =b — b? 2b? — 2b = 0 2b(b— 1)(b--1) 20 = b= —1,0, 1. Since a < b, the only valid 
solution is b = 1, which corresponds to a = —1 and results in the coordinates x = 0 and y = 0. Thus, the curve intersects 


itself at (0, 0) when t = —1 and t = 1. 


(b) « = 2t — t?, y = t — t?. Similar to part (a), we try to find the times t = a and t = b with a < b such that z(a) = x(b) and 


y(a) = y(b). The equation y(a) = y(b) gives a — a? = b — b? 0 = a? — a + (b — b°). Using the quadratic formula 


to solve for a, we get 


1+ /1— 4(b — b?) 1-45 —4b-1  147(2b-1)? _ 1+(2-1) 


(jm SSS Se p s 
2 2 2 2 


a = bora = 1 — b. Since 


a < b by assumption, we reject the first solution and substitute a = 1 — b into x(a) = x(b) x(1—b) = a(b) 


2(1 — b) — (1 — b)? = 2b — b?. Expanding and simplifying gives 2b? — 3b? — b + 1 = 0. By graphing the equation, we 
see that b = i is a zero, so 2b — 1 is a factor, and by long division b? — b — 1 is another factor. Hence, the solutions are 


b = $andb= 


MIO 


- 1/5 (found using the quadratic formula). Since a = 1 — b and we require a < b, the only valid 


solution is b = 5 + i5, which corresponds to a, — i — i 5 and results in the coordinates 


a= 2(4 $v5) (3 1/5)* = landy = 4—4V5 (à 1/8)" = —1. Thus, the curve intersects itself at 


(—1, —1) when t = 1 — į v5 and t = $ + 4v5. 


58. (a) If a = 30? and vo = 500 m/s, then the equations become x = (500 cos 30?)t = 250 v3t and 


y = (500 sin 30°)t — 2(9.8)t? = 250t — 4.9t?. y = 0 when t = 0 (when the gun is fired) and again when 


t = 250 


250 x 51s. Then z = (250 v3) (332) 7 22,092 m, so the bullet hits the ground about 22 km from the gun. 


The formula for y is quadratic in t. To find the maximum y-value, we will complete the square: 


2 250 2 250 12542 125? 12542 , 128? 125? 
Ur 4.9(t 45) sofe aott (75) |+ 4.9 4.9(t 229] tae © as 


y x " i : " 2 
with equality when t = 125 s, so the maximum height attained is Em = 3189 m. 


As a (0? < a < 90°) increases up to 45°, the projectile attains a 
greater height and a greater range. As o increases past 45^, the 


projectile attains a greater height, but its range decreases. 
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60. 


61. 
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x 
= ES t=; 
(c) z = (vo cosa) Vo COS Q 
x g x ^ g 
= ina)t—igt?? > y= i =e shaorma] 
y = (vosina)t — 39 y = (vosina) vocosa 2 \vocosa vanes 2vj cos? 


which is the equation of a parabola (quadratic in x). 


x = t?,y = t? — ct. We use a graphing device to produce the graphs for various values of c with —7 < t < v. Note that all 
the members of the family are symmetric about the x-axis. For c < 0, the graph does not cross itself, but for c = 0 it has a 


cusp at (0, 0) and for c 0 the graph crosses itself at x — c, so the loop grows larger as c increases. 


3 1 


—3 4 


x = 2ct — 4t?, y = —ct? + 3t*. We use a graphing device to produce the graphs for various values of c with —7 < t < m. 
Note that all the members of the family are symmetric about the y-axis. When c < 0, the graph resembles that of a polynomial 
of even degree, but when c = 0 there is a corner at the origin, and when c > 0, the graph crosses itself at the origin, and has 


two cusps below the x-axis. The size of the “swallowtail” increases as c increases. 


-1.5 c=4 


x=t+acost,y=t+asint,a > 0. From the first figure, we see that 
curves roughly follow the line y = x, and they start having loops when a 


is between 1.4 and 1.6. The loops increase in size as a increases. 


x 
While not required, the following is a solution to determine the exact values for which the curve has a loop, 
that is, we seek the values of a for which there exist parameter values t and u such that t < u and 
(t+ acost,t+asint) = (u +acosu,u + asinu). 
[continued] 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


950 CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


In the diagram at the left, T denotes the point (t, t), U the point (u, u), 
and P the point (t + a cost, t + asint) = (u+acosu,u+asinu). 
Since PT = PU = a, the triangle PTU is isosceles. Therefore its base 


angles, a = ZPTU and B = Z PUT are equal. Since a = t — $ and 


B — 2x — 3: — u = 37 — u, the relation a = f implies that 


u-t-3 (1) 


x 


Since TU = distance((t, t), (u, u)) = \/2(u — t)? = V2 (u — t), we see that 


ATU  (u-0//2 
PT a 


u—t=V2acos(t — 7) (2). Now cos(t z) sin[3 (t z)] sin (24 t), 


, so u — t = V2 a cosa, that is, 


COS Q = 


so we can rewrite (2) as u — t = v2 a sin(37 — t) (2^). Subtracting (2^) from (1) and 


I—— y2(u- 9) —— 


dividing by 2, we obtain t 3a V2 sin( 3a t) , Or 3r t Jz sin( 3a t) (3). 


Since a > 0 and t < u, it follows from (2^) that sin(37 — t) > 0. Thus from (3) we see that t < 27. [We have 

implicitly assumed that 0 < t « 7 by the way we drew our diagram, but we lost no generality by doing so since replacing t 

by t + 27 merely increases x and y by 27. The curve's basic shape repeats every time we change t by 27.] Solving for a in 
3n 

v2 ( 4 ) 

sn( —1) 


[As z — 0*, that is, as t > (22) ,a v2]. 


: 2 i 
(3), we get a = . Write z = 3x — t. Then a = Va herez > 0. Now sinz < z for z > 0, so a > V2. 
sinz 


62. Consider the curves x = sin t + sin nt, y = cost + cos nt, where n is a positive integer. For n = 1, we get a circle of 
radius 2 centered at the origin. For n > 1, we get a curve lying on or inside that circle that traces out n — 1 loops as t 
ranges from 0 to 27. 


? — (sint + sinnt)? + (cost + cos nt)? 


Note: r? +y 
= sin?t + 2 sint sinnt + sin? nt + cos?t + 2 cost cos nt + cos? nt 


= (sin? t + cos?t) + (sin? nt + cos? nt) + 2(cost cosnt + sint sinnt) 


=1+1+2cos(t— nt) = 2+ 2cos((1— n)t) < 4 = 2?, 
with equality for n = 1. This shows that each curve lies on or inside the curve for n = 1, which is a circle of radius 2 centered 


at the origin. 
2 2 2 2 
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63. Note that all the Lissajous figures are symmetric about the x-axis. The parameters a and b simply stretch the graph in the 
x- and y-directions respectively. For a = b = n = 1 the graph is simply a circle with radius 1. For n = 2 the graph crosses 
itself at the origin and there are loops above and below the x-axis. In general, the figures have n — 1 points of intersection, 


all of which are on the y-axis, and a total of n closed loops. 


1.1 2.1 
EZ D n=3 (a, b) = (3.2) (a, b) = (2, 3) 
n-2 (a, b) = (3,2) 
(d n=1 (a, b) = (2, 1) 
—1.1 1.1 E 2.1 —3.1 3.1 
=14 =2.1 
a=b=1 n=2 


64. x = cost, y = sint — sinct. Ifc=1,then y = 0, and the curve is simply the line segment from (—1, 0) to (1,0). The 


graphs are shown for c = 2,3, 4 and 5. 


2 c=2 2 c=3 

7^ 

| | PC 

~2 =2 
2 c=4 2 c=5 

7^ 

M 
E, =2 


It is easy to see that all the curves lie in the rectangle [—1, 1] by [—2, 2]. When c is an integer, x(t + 27) = x(t) and 
y(t + 27) = y(t), so the curve is closed. When c is a positive integer greater than 1, the curve intersects the x-axis c + 1 times 
and has c loops (one of which degenerates to a tangency at the origin when c is an odd integer of the form 4k + 1). 


As c increases, the curve's loops become thinner, but stay in the region bounded by the semicircles y — +(1 + y1l-z? ) 


and the line segments from (—1, —1) to (—1, 1) and from (1, —1) to (1, 1). This is true because 


|y] = |sint — sin ct| € [sin t| + |sinct| € V1 — x? + 1. This curve appears to fill the entire region when c is very large, as 
shown in the figure for c — 1000. 


—2.5 [continued] 
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When c is a fraction, we get a variety of shapes with multiple loops, but always within the same region. For some fractional 


values, such as c — 2.359, the curve again appears to fill the region. 


<7 


A RA RSS : 
XK H KT 
Por al 


WAIL 


Leeann: 
SAN 


d Qi, y 
ete: LEIR 


DISCOVERY PROJECT Running Circles Around Circles 


1. The center Q of the smaller circle has coordinates ((a — b)cos 0, (a — b)sin 0). yf 


Arc PS on circle C has length að since it is equal in length to arc AS 


S 
(the smaller circle rolls without slipping against the larger.) Coh T 
VA A 


Thus, Z PQS = z0 and ZPQT = x] — 0, so P has coordinates 


x = (a — b)cos0 + bcos(ZPQT) = (a — b)cos0 + beos ( 270) 


and y= (a — b)sin0 — bsin(ZPQT) = (a — b)sin0 — bsin( 0) l 


2. With b = 1 and a a positive integer greater than 2, we obtain a hypocycloid of a 


cusps. Shown in the figure is the graph for a = 4. Let a = 4 and b = 1. Using the 
sum identities to expand cos 30 and sin 30, we obtain 

x = 3 cos 0 + cos 30 = 3 cos 0 4 (4cos?0 — 3cos6) = 4cos?0 ax 
and y= 3sin0 — sin 30 = 3sin 0 (3 sin 6 — Asin?6) = 4sin?0. 


3. The graphs at the right are obtained with b — 1 and 


Foy d 7f l a4 
a= 3, 3, 3, and i with —2x < 0 < 2n. We 
conclude that as the denominator d increases, the graph é 
gets smaller, but maintains the basic shape shown. 


[continued] 
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Letting d = 2 and n = 3, 5, and 7 with —27 < 0 < 2r gives us the following: 


^X 


So if d is held constant and n varies, we get a graph with n cusps (assuming n/d is in lowest form). When n = d + 1, we 


953 


obtain a hypocycloid of n cusps. As n increases, we must expand the range of 0 in order to get a closed curve. The following 


m 
m 


graphs have a — 3, 5, and 


1 


[e] 


DOO 


4. If b — 1, the equations for the hypocycloid are 
x = (a — 1) cos0 + cos ((a — 1) 0) y = (a — 1)sin0 — sin ((a — 1) 0) 


which is a hypocycloid of a cusps (from Problem 2). In general, if a > 1, we get a figure with cusps on the “outside ring" and 


if a < 1, the cusps are on the “inside ring". In any case, as the values of 0 get larger, we get a figure that looks more and more 


like a washer. If we were to graph the hypocycloid for all values of 0, every point on the washer would eventually be arbitrarily 


close to a point on the curve. 


a=V2, —10r € 0 < 10x a—e—2, 0<0< 446 


5. The center Q of the smaller circle has coordinates ((a + b) cos, (a + b) sin 0). 


Arc PS has length aé (as in Problem 1), so that LPQS = as ZPQR=7- n, 


and /PQT = « a jesus (=H) osince RoT — o 


Thus, the coordinates of P are 


L= (a+) cost + beos( z- e) — (a 4- b) cos 0 beo ( 240) 


and y=(a+b)sin0 bsin(x to) = (a+ b)sind — bsin( 5*0). 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


954 


6. 


Let b = 1 and the equations become 


x = (a + 1)cos0 — cos((a + 1)0) 


If a — 1, we have a cardioid. If a is a positive 
integer greater than 1, we get the graph of an 
“a-leafed clover”, with cusps that are a units 
from the origin. (Some of the pairs of figures are 


not to scale.) 


If a — n/d with n — 1, we obtain a figure that 
does not increase in size and requires 
—dm < 0 < dm to bea closed curve traced 


exactly once. 


Next, we keep d constant and let n vary. As n 
increases, so does the size of the figure. There is 


an n-pointed star in the middle. 


Now if n = d+ 1 we obtain figures similar to the 
previous ones, but the size of the figure does not 


increase. 


If a is irrational, we get washers that increase in 


size as a increases. 
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y = (a+ 1)sin@ — sin((a + 1)0 


a = 3, —2r < 0 < 2n 


a = 2,0 < 0 < 200 


a = 10, -2r < 0 < 27 


a=e— 2,0 <0 < 446 
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10.2 Calculus with Parametric Curves 


dz dy dy dy/dt 4-—10t 
1. 2 = 2 + 3t, y = 4t — 5? — = 6t? — = 4 — 10t, and = = = . 
a Taty 9 dt Tt Uds ^ dx/dt 6843 
" da _, dy _ dy  dy/dt 2t-2t? t 20.42 
22—-t—lnty--1t7? — —1-t 1,77 = 2t + 2t7-3, and = = ae : 
z Pus di "ac MEL IET eae P Bor 
: da dy dy | dy/dt 1+ cost 
3 r-—te,y-t t — = té +e = e(t+1) = =1 t, and = = ——— = ————. 
z= te, y sin a e +e =e (t+1) d + cost, ani de ma^ SGD 
pred 2 2 dx _ 2 dy _ 2 (42 
4. x = t +sin(t +2), y = tan(t +2) = Ti = 1 + 2tcos(t^ + 2), Em = 2t sec" (t^ + 2), and 
dy  dy/dt . 2tsec'(t? + 2) 
dx dx/dt 1+ 2tcos(t? +2) 
dy dz dy dy/dt 2*In2-2 
5. x =t? + 2t, y = X — 2t; (15,2). = —2'1n2-2 2t +2 E = 
pv ed od. nk na^ t pe NT AF? 
At (15,2), x = t? + 2t = 15 P4+2t-15=0 => (t45)(t—3)20 t = —5 ort = 3. Only t = 3 gives 
dy 2?In2—-2  41n2-1 1 
= 2. With t = 3, — = ————— = ————— —]n2— —z 0-44. 
y ; 3 ds ^ 23)42 4 227 
: dy dx . 
6. x — t+ cosmt, y = —t + sinzt; (3, —2). qc aOR Re t 7 sin wt, and 
d dy/dti | —1 t 
T = y = LM When x = 3, we have t + cos rt = 3 cos’ rt = (3 — t)? (1). When y = —2, we 
have —t + sin rt = —2 sin?rt = (t — 2)? (2). Adding (1) and (2) gives sin?zt + cos’at = (t — 2) -(3— t)? = 
1-1? 4t -A4--9— 6t - 0? > 0 — 20? — 10t-- 12 0 = 2(t — 2)(t — 3) t = 20rt = 3. Only t = 2 gives 
pco) wd] M ISSUE ITI ERTA. 
dx 1—7sin27 1-0 
dy dx dy  dy/dt 45-1 
Tr—-Ü-L1y-ti-t t——1 — —4P-.1,— = 30, and -4 = = ——. When t = -1, = (0,0 
E eod Rr dt dt M de ^ dejdi ^ ^38 25 (2,4) = (0,0) 
and dy/dx = —3/3 = —1, so an equation of the tangent to the curve at the point corresponding to t = —1 is 
y— 0 = —1(x — 0), or y = —z. 
dy dx 1 dy | dy/dt 
8 x= Vt, y—t^—25; t=4. = = 2-2, — = —, and — = ——— = (2t — 2)2/t = A(t — 1) Vt. When t = 4, 
gsm dt Oe cac mE Cau 


(x,y) = (2,8) and dy/dx = 4(3)(2) = 24, so an equation of the tangent to the curve at the point corresponding to t = 4 is 


y — 8 = 24(x — 2), or y = 24x — 40. 


d d. 
9. x = sin 2t + cost, y = cos2t — sint; t = m. E es 2 sin 2t — cost, m 2 cos 2t — sint, and 


dt dt 


dy  dy/dt _ —2sin2t — cost 
dx — dx/dt 2cos2t — sint ` 


d 1 : 
When t = 7, (x,y) = (—1, 1), and z = gsoan equation of the tangent to the curve at 
z 


the point corresponding to t = wis y — 1 = iv (—1)], or y = ic 3. 
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10. 


11. 


12. 


13. 


M. 


15. 
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d d 
x=e'sinnt, y — c; t=0. = 267", = = e' (n cos nt) + (sin zt)e* = e'(m cos mt + sin rt), and 
dy — dy/dt — 2e” 2e 


dy 2 : 
x: . When t = — (0,1 -2 eee 
dx da/dt et(mcosnt+sinzat) — wcosmt 4- sin vt ent a eges Ds Land Ge c ME EE 


the tangent to the curve at the point corresponding to £ — 0isy — 1 — 2 (x 0), or y = 2g t 1. 


(a) x = sint, y = cos?t; (5, 2). w = 2cost(— sint), = = cost, and w = fe = imr — —2sint. 
At (i, 3), x — sint i t = $, so dy/dx = —2sin$ 2(1) 1, and an equation of the tangent is 
y- ł = -I(x -— į), ory = -r +Ë. 

(b) z = sint a” = sin?t = 1 — cos?t = 1 — y, so y = 1 — z?, and y = —2z. At (1, 3), y’ = 2: 1 = —1, so an 
equation of the tangent is y — i = —1(x — i) ory = =t + 5. 

(a) z = Vt+4, y = 1/ (t+ 4); (2,1). w = S < = ain 
dy = nar z TE = —2(t +4)™?/2. At (2,1), £ = VT F1 =2 t+4=4 t = 0 and 
dy/dx = —2(4)~3/? = —4, so an equation of the tangent is y — 2 = —4(a — 2), or y = — 4x + ł 

(b) z =vt+4 z?-—t-4 t=a?—4,soy — 5 l = Landy’ = ——.. At (2,1), 

+4 27-444 c x 
y' = —2/2? = —1/4, so an equation of the tangent is y + = —F(x — 2), ory = —Fa+ 3. 

c=t?—t y=? ttt]; (0,3). dy - hae = 27-1. To find the 5 

value of t corresponding to the point (0,3), solve xz =0 = (0, 3) 

?—t=0 t(t —1)—-0 t = Oort = 1. Only t = 1 gives 

y = 3. With t = 1, dy/dx = 3, and an equation of the tangent is 

y — 3 = 3(z — 0), or y —3z + 3. E g : 

x= sinnt, y — t? +t; (0,2). dy = M = a. To find the $ 

value of t corresponding to the point (0,2), solvey=2 => 

?4+4-2=0 (t +2)(t—1) 20 t=—2ort=1. (0-2) 

Either value gives dy/dx = —3/7r, so an equation of the tangent is E 1 

y-2—2-3(r—-0)ory— -2r 42. E 

ala) 
e=4+1,y=tit zt MN a 1+5 > S 


d? 
The curve is CU when E > 0, that is, when t < 0. 
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=t +1, y=ť-t I cu EE 
Frente ted dz dejt 32 — $0 3P 
: 5(#) 2 2 2-2 ’ 
d'y dt\dz« 3:2 36B 303 2(1 — t) ; d^y : 
MN E PUMP SED caus oh LN = ——— . Th hen — that h t «1. 
di a 38 38 On e curve is CU when di > 0, that is, when 0 < t < 
dy  dy/dt —te*+e™  e*(1-t) - 
t t t 2t 1 t 
WORSE dx dæ/dt et et ( psum 
nla) 
d'y — dt\ dx eto be. eS SO). iu 
d; dnd si m e ^ (2t — 3). The curve is CU when 
dy ; 3 
dia > 0, that is, when t > 5. 
d (dy 2te! — et. 2 
cd D desde dy  dy/dt _ e d'y  dtXdz/ | — (M? —  2e(t—1) E 
d dx | dx/dt 2t dx? da / dt 2t (2t)3 43 


d?y 


The curve is CU when di > 0, that is, when t < Oort > 1. 


dy _ dy/dt _1+1/t t+1 
dr dx/dt 1-1/t t-l 


r-—t-—lnt y=t+lInt [note that £ > 0] 


d (2) (t — 1)(1) — (t 4- D)(1) 

d'y — dt \ dx (t—1)? —2t dy i 
NN es TF hen —= that h t«1. 
d dedi (t1 ((— 19 e curve is CU when di > 0, that is, when 0 < t < 


d dy/dt | 2cos2t 
z-—cost,y-—sin2t, 0« t «m 2y ul = 


dr  da/dt | —sint 
d (dy (— sin t)(—4 sin 2t) — (2cos2t)(— cost) 
d'y  dt\dr) _ (— sin t)? _ (sint)(8sint cost) + [2(1 — 2sin?t)|(cost) 
dx? da/dt  — —sint 7 (— sin t) sin?t 
v9 A z 2 +. 2. 
= (cost)(8sin't + 2 — 4sin t) = ee j Asin t) = NM Lun LSA - ciun 2 [ (— cot t) - positive expression] 
(— sin t) sint sint sin? t 
dy 
The curve is CU when di > 0, that is, when — cott 2 0. & cott «0 & $«t«m. 
dy dy 
—qU-5gegq-— E t 
x 3t, y 3 dt , SO dt 0 0 
dx dx 
= . =3? —3=3(t+1)(t—1 =0 
(,y) 2(-3. 7 3-3( 1 — 1,5 7 


t=-lorl © (a,y) = (2,—2) or (—-2, —2). The curve has a horizontal 


tangent at (0, —3) and vertical tangents at (2, —2) and (—2, —2). 
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24. 
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n= —3t, y=. B Lap orc ato 2559 S =0 © 
d dt 
d 
t=Oor2 e (x,y) = (0,0) or (2, —4) © -38 -3-3( 41-1, 
dx 
erro t=-lorl (x,y) = (2, —4) or (—2, —2). The curve 


has horizontal tangents at (0, 0) and (2, —4), and vertical tangents at (2, —4) 
and (—2, —2). 


x = cosÓ, y = cos 30. The whole curve is traced out for 0 < 0 < m. —ÓÓÓ 
Gh) 
2? (1, 1) 

dY s 3 sin30,so sg = sin30—0 30 = 0, 7, 27, or 37 6= 27/3 0—0 
do do 
0—0,2, 27, orm (x,y) = (1,1), (2, 1), (—§,1), or (- 1 21). ; : 
& = sind, so Sz 0 sind = 0 0 —0orm 

3 d C1, -1) (3.3) 
(a, y) = (1, 1) or (—1, —1). Both dg and ^7 equal 0 when 0 = 0 and 7. Jd oE g 

-2 
To find the slope when 0 — 0, we find lim Lm lim = = 30 u im HOC. 9, which is the same slope when 0 — m. 
60dr 650 —sinO 60 —cosÜ 


Thus, the curve has horizontal tangents at (4, -1) and (- 4, 1), and there are no vertical tangents. 


sin 0 


e*95? The whole curve is traced out for 0 < 0 < 2. 


gemere y= 

U — — sind e? so SU 0 sinü = 0 0 —O0orm 

(x,y) = (1, e) or (1, 1/e). Z = cos 0 e™™?, so Z 0 cos = 0 
0—20r37 & (a,y) = (e, 1) or (1/e, 1). The curve has horizontal tangents 


at (1, e) and (1, 1/e), and vertical tangents at (e, 1) and (1/e, 1). 


From the graph, it appears that the rightmost point on the curve x = t — t9, y = et 
is about (0.6, 2). To find the exact coordinates, we find the value of t for which the 


t — 1/46. 


6tř 


graph has a vertical tangent, that is, 0 = dx /dt = 1 


Hence, the rightmost point is 
(1/6 - 1/ (6 /6) gei vm) 2 (5 eee) ~ (0.58, 2.01). 


From the graph, it appears that the lowest point and the leftmost point on the curve 
x = t^ —2t,y=t+t" are (1.5, —0.5) and (—1.2, 1.2), respectively. To find the 
exact coordinates, we solve dy/dt = 0 (horizontal tangents) and dx/dt = 0 


(vertical tangents). 


3 


[continued] 
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1 ae 
w =0 © 1442=0 6 Eg Taga eens DOS 
1 2 1 1 9 3 
== + ee eee + ee] FE I L zx (1.42, —0.47 
( V256 V4 VA 256 ) ( V256 y) ( ) 
dx 3 1 — 
dem 0 4t —2—0 t= Vo so the leftmost point is 


We graph the curve a = t* — 2t? — 2t?, y = t? — t in the viewing rectangle [—2, 1.1] by [—0.5, 0.5]. This rectangle 
corresponds approximately to t € [—1, 0.8]. 


0.5 T3 


8.5 | J? 


-0.5 -1 
We estimate that the curve has horizontal tangents at about (—1, —0.4) and (—0.17, 0.39) and vertical tangents at 


dy  dy/dt |^ 3P€-1 
dx da/dt 4t — 6t? — At 


about (0, 0) and (—0.19, 0.37). We calculate . The horizontal tangents occur when 


£ T , SO both horizontal tangents are shown in our graph. The vertical tangents occur when 


œ 
I 


dy/dt = 3t? -1=0 


dx /dt = 2t(2t? — 3t —2) = 0 2t(2t -1)(t—2) =0 t — 0, —4 or 2. It seems that we have missed one vertical 


tangent, and indeed if we plot the curve on the t-interval [—1.2, 2.2] we see that there is another vertical tangent at (—8, 6). 


We graph the curve x = t^ + 4t? — 87, y = 20? — t in the viewing rectangle [—3.7, 0.2] by [—0.2, 1.4]. It appears that there 


is a horizontal tangent at about (—0.4, —0.1), and vertical tangents at about (—3, 1) and (0, 0). 


14 55 
3.7 0.2 
J 130 130 
—0.2 0 
d dy/dt 4t—1 
We calculate y ed = , $0 there is a horizontal tangent where dy/dt — 4t — 1 — 0 t i. 


dx dx/dt 4t + 12t? — 16t 
This point (the lowest point) is shown in the first graph. There are vertical tangents where dx/dt = 4t? +12? 16-0 © 
4t(t? --3t— 4) 20 <= 4t(t+4)(t— 1) =0. We have missed one vertical tangent corresponding to t = —4, and if we 


plot the graph for t € [—5, 3], we see that the curve has another vertical tangent line at approximately (— 128, 36). 
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29. x = cost, y=sintcost. dax/dt = — sint, ES n 


dy/dt = — sin? t + cos? t = cos2t. (x,y) = (0,0) & cost=0 © tis 


an odd multiple of 2. When t = $, dx/dt = —1 and dy/dt = —1, so dy/dx = 1. 


When t = 37, dx/dt = 1 and dy/dt = —1. So dy/dx = —1. Thus, y = x and 


y = — are both tangent to the curve at (0, 0). 


30. x = —2 cost, y = sint + sin 2t. From the graph, it appears that the curve 2 
crosses itself at the point (1, 0). If this is true, then z — 1 <= 
2cost = 1 cost i t 2r or = for0 < t € 2m. 2.5 ; 2.5 
Substituting either value of t into y gives y = 0, confirming that (1, 0) is the 
point where the curve crosses itself. dy -dudt x gost ne SE 2t E 
dx dx/dt 2sint 
When t — zu Lai ucc aL L0) Mes: NN v3 so an equation of the tangent line is y — 0 = EC —1), 
3' dz 2(/3/2) V3 2 2 
or y = 33 + m Similarly, when t = T. an equation of the tangent line is y — vB, — n 


31. x = r0 — dsin 0, y = r — dcosQ. 


dy = d sin 6, so dy = asing 


dx 
nee ey BINA. 
(a) do” ids T dr  r-— dcos 


(b) If0 < d < r, then |dcos0| < d < r, so r — dcos0 > r — d > 0. This shows that dz /d0 never vanishes, 


so the trochoid can have no vertical tangent if d < r. 


32. r = acos? 0, y = asin? 0. 


dx — 290. dy _ ze dy — sin — 
(a) 39 — 3a cos" 0 sin 6, 70 = 3a sin“ 0 cos 0, so aui Mesa tan 0. 
(b) The tangent is horizontal <= dy/dx —0 € tan0—0 0—nmn (x,y) = (+a, 0). 


The tangent is vertical < cos0 —0 < @Oisanoddmultipleof$ <= (a,y) = (0, a). 


(c) dy/dx = +1 tang = +1 0 isan odd multiple of = (#,y) = (532a, +a) 


[All sign choices are valid.] 


33. £ = 3 +1, y-10-1 


dy  dy/dt 3 t , 1 t-A 
. The t t line has sl h = t = 1, so th 
ade da /dt 6t 2 e tangent line nas slope 2 when 2 2 » SO the 


point is (4, 0). 


dx dy dy 6? 
34. £ = 3? + 1, y = 2t? +1, — = 6t, = = 60,50 —— = — =t here t = 0]. 
v= 3t +1, y Ei ET 6t, di 6t*, so UT [even where 0] 


So at the point corresponding to parameter value t, an equation of the tangent line is y — (21? + 1) = ¢[a — (36? + 1)]. 


If this line is to pass through (4, 3), we must have 3 — (2t? + 1) = t[4 — (30 + 1)] 2t? — 2 = 30 — 3t 
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P-3t4-2—0 (t—1)?(t +2) 20 t = 1 or —2. Hence, the desired equations are y — 3 = x — 4, or 


y = x — 1, tangent to the curve at (4, 3), and y — (—15) = —2(a — 13), or y = —2z + 11, tangent to the curve at (13, — 15). 


YA 


The curve x = t? + 1, y = 2t — t? = t(2 — t) intersects the x-axis when y = 0, that 
it 


is, when t = 0 and t = 2. The corresponding values of x are 1 and 9. The shaded area 


is given by 


The curve x = sint, y = sin t cost, 0 < t < 7/2 intersects the x-axis when y = 0, that is, when t = 0 and t = 7/2. 
The corresponding values of x are 0 and 1, so the area enclosed by the curve and the x-axis is given by 


=l t=r/2 T/2 0 1 
f yde= | w02'0at- f sint cost (cost) at 5 — f u? du = [id], = i 
x t 0 


=0 =0 1 
The curve x = sin?t, y = cost intersects the y-axis when x = 0, that is, when t = 0 and t = 7. (Any integer multiple of 7 
will result in x = 0, though we choose two values of t over which the curve is traced out once.) The corresponding values of y 
are 1 and —1, so the area enclosed by the curve and the y-axis is given by 


y 2-0 / e Log T d 67 1 2 
I zdy- f «(yy (4t - f sin t(-sint)dt= f sin'tdt = EI t) cost 
y i 


=-1 = T 0) 


T 


0 


The curve x = t? — 2t = t(t — 2), y = vt intersects the y-axis when x = 0, that is, when 


t = O and t = 2. The corresponding values of y are 0 and /2. The shaded area is given by 


[ene [0-20 vat [e (za) 


2 
_ 2 (143/2 1/2 145/2  243/2 
=~ fo (4 zT )at = - |& — st | 


0 


x = acos, y = bsin 0, 0 < 0 < 27. By symmetry of the ellipse about the z- and y-axes, 


r—a 0—0 
A=af yao =4 | bsin 0 (—asin 0) d0 = 4ab (7? sin? 0 d0 = 4ab f7/? 4(1 — cos 26) d 
«z=0 0=7/2 


= 2ab|0 — 3 sin 26] De = 2ab(Z) = mab 


By symmetry, the area of the shaded region is twice the area of the shaded portion above the x-axis. The top half of the loop is 


described by x = 1 — t’, y = t — t? = t(1 — t)(1 + t), 0 € t € 1 with z-intercepts 0 and 1 corresponding to t = 1 and 


t — 0, respectively. Thus, the area of the shaded region is 


2 f) yde — 2 f? y(t)a'(t)dt = 2 fP- #8) (—2t) dt 2 4 f; (? — t4) dt = 4[ 409 — 125] = 4(4 - 2) = &. 
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41. x = r0 — dsin 0, y =r — dcosQ. 
A = f yde = f°" (r — dcos0)(r — dcos0) d0 = «7 (r? — 2dr cos 0 + d? cos?0) d6 


= [r?0 — 2dr sin 0 + id? (0 4 isin 20) |5" = 2g? + 1d? 


42. (a) By symmetry, the area of PR is twice the area inside R above the x-axis. The top half of the loop is described by 


c=t’, y= t? — 3t, —/3 « t € 0, so, using the Substitution Rule with y — t? — 3t and dx = 2t dt, we find that 


area — 2 f? yde — 2 f, (È — 3t2tdt = 2 f; "(2^ — 6?) dt = 2(265 — 206]. 7 


= 2[2(-3'/?)® - 2-3 y| = 2[2(—9 v3) -2(-3v3)] = 4 v3 


(b) Here we use the formula for disks and use the Substitution Rule as in part (a): 


volume = « f? y? dz = « fy ^ (£ — 3t)?2t dt = 2m fo I (E — 6t* + 947)t dt = 2n [306 — (6 Be4] 


= 2 |&( 31/2)8 ( 31/2)5 4 $(-3*y| ES 25 [8 27 + 81] m Pg 


(c) By symmetry, the y-coordinate of the centroid is 0. To find the x-coordinate, we note that it is the same as the x-coordinate 
of the centroid of the top half of R, the area of which is 3 - 22/3 = 12⁄3. So, using Formula 8.3.8 with A = 1243, 
we get 


7—5 f3 B5  [-V3,258 — 5 [147 3,5]-V3 
T= z7 h tude = gaz h t(t-302tdt— s [zt — 3t] 


14257 1/2\5 
s[i - c3y| = il-23 + 2v3] - 2 


So the coordinates of the centroid of 9t are (x, y) = (2,0). 


B. x = 3? — Ë, y — 1? — 2t. da/dt = 6t — 3t? and dy/dt = 2t — 2, so 


(da /dt)? + (dy/dt)? = (6t — 312)? + (2t — 2)? = 36t? — 36t? + 9t* + At? — 8t + 4 = 9t^ — 36t? + 40t? — 8t + 4. The 


endpoints of the curve both have y = 3, so the value of t at these points must satisfy t? — 2t = 3 t? —2t-3=0 


(¢+ 1)(t-— 3) 20 t = —1 or t = 3. Thus, 


b 3 
L= f y(dz/dt}? + (dy/dt)? dt = 7 914 — 3613 + 40t2 — 8t + A4 dt ~ 15.2092 
a —1 


42=tte*,y=t? +t. dx/dt = 1 -— e™ and dy/dt = 2t + 1, so 


(da /dt)? + (dy/dt)? = (1 — e 5)? + (2t -- 1)? = 1— 2e^* + e^?* + At? + At + 1. One endpoint of the curve has y = 2, so 


the value of t must satisfy à? +t=2 — #?4+t-2=0 => (t+2)(t-1)=0 t = —2. (The solution t = 1 


corresponds to x z 1.37, which is not an endpoint.) The other endointhas y — 6. => ?#?+t=6 > #?4+t-6=0 > 


(£4-3)(t—2) 20 t = 2. (The solution t = —3 corresponds to x ~ 17.1, which is not a point on the graph.) Thus, 


b 2 
L= f (dx/dt)? + (dy/dt)? dt = / V/2 — 2e-* + e-?* + At? + At dt ~ 11.2485 
a —2 
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45. x = t — 2sint, y = 1 — 2cost, 0 < t < 4r. dx/dt = 1 — 2cost and dy/dt = 2sint, so 
(da /dt)? + (dy/dt)? = (1 — 2 cost)? + (2sint)? = 1 — 4cost + 4cos?t + Asin?t = 5 — 4 cost. Thus, 


L= f? /(dx/dt)? + (dy/dt)? dt = f?" V5 — Tcost dt = 26.7298. 


46. x = tcost, y = t — 5sint. dx/dt = cost — tsint and dy/dt = 1 — 5 cost, so 


963 


(da /dt)? + (dy/dt)? = (cost — tsin t)? + (1 — 5cost)?. Observe that when t = —r, (x, y) = (m, —7) and when t = m, 


(x,y) = (—r, T). Thus, L = IM (dz /dt)? + (dy/dt)? dt = f7, y (cost — tsin t)? + (1 — 5 cost)? dt ~ 22.8546. 


47. x = 2P, y= -—2, 0<t<3. dz/dt = 2t? and dy/dt = 2t, so (dx /dt)? + (dy/dt)? = 4t* + 4t? = 4C (€? + 1). 


Thus, 


t= [ vasa s (dy/dt)? dt — ra 4t? (t? + 1) dt = f aver 1 dt 
0 


10 10 
=| Vudu [w=?41,du=2tdt] = EA = 2(107/? — 1) = 3 (10v 10 - 1) 


1 


48. z = é — t, y= det? 0 « t « 2. dx/dt = e — 1 and dy/dt = 2e'/2. so 


(dz/dt)? + (dy/dt)? = (e — 1)? + (2e/?)? = e% — 2e* +1 + 4e* = e” + 2e* -- 1 = (ef + 1)?. Thus, 
2 2 2 2 
L=f epa f ET a= [ (e 4- 1)dt = le +] = (e 42) 11 +0) Se? +1. 
0 0 0 0 
: dx . dy Í 
49. x = tsint, y = tcost, 0<t<1. aE =tcost + sint and ai —tsint + cost, so 


dz V? duy? 
(5) + (3) = t? cost + 2tsint cost + sin?t + t? sin?t — 2t sin t cost + cos?t 


= t? (cos?t + sin?t) + sin?t + cos?t = t? +1. 


Thus, L = f] Vi + 1dt > [Atv FI + i In(t + VP 31)]; = 12 $ m(1 + V2). 


50. x = 3cost — cos 3t, y = 3sint — sin3t, 0 € t «& m. d = —3sint+ 3sin3t and = 3cost — 3 cos 3t, so 


2 2 
(5) + (3) = 9sin?t — 18sint sin 3t + 9 sin? 3t + 9 cos?t — 18cost cos 3t + 9 cos? 3t 


= 9(cos*t + sin?t) — 18(cost cos3t + sint sin 3t) + 9(cos? 3t + sin? 3t) 


= 9(1) — 18cos(t — 3t) + 9(1) = 18 — 18cos(—2t) = 18(1 — cos 2t) 


= 18[1 - (1 — 2sin?t)] = 36sin?t 


Thus, L = f V36sin*t dt = 6 fy |sint| dt = 6 ff sint dt = —6[cost]) = —6(—1— 1) = 12. 
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51. 8 x — & cost, y = e'sint, OX t € m. 
(£F + (47? = [ef (cost — sin t)? + [e* (sin t + cost)]? 


= (e)? (cos?t — 2 cost sint + sin?t) 
+ (et)? (sin?t + 2sint cost + cos?t 
2.5 


—25 
0 = e” (2 cos?t + 2sin?t) = 2e?! 


Thus, L = f v2e?t dt = f* 2e! dt = V2 Gan = V2 (e" — 1). 


52. x = cost --In(tanit) y=sint, m/AXt X 3n/A. 


15:3 

x£ ] 5 sec’ (t/2) : 1 : 1 dy 
Z = -sint + 2 = = int + ——— = = sin t + — and = = t 
dt ALES tan(t/2) Eid 2sin(t/2) cos(t/2) eer sint A dt “> 

dz  (dyV 1 
(5) + (3) —sin?t —2 + ETE + cos? t = 1 — 2 + csc? t = cot? t. Thus, 

31/4 1/2 
L= [77/^ |cott| dt — 2 (7/7 cottdt ESL 


T Fag - 
=2 [m jsin || "n = (ii — ln =) (= -0.174, /2/2 E E (0.174, /2/2) 
m/4 V2 t=7 (<3 


4 
= 2(0-- In /2) = 2(31n2) = In2. 


0.3 0 0.3 
53. 14 The figure shows the curve x = sin t + sin 1.5t, y = cost for0 < t < 4m. 
dx /dt = cost + 1.5 cos 1.5t and dy/dt = — sint, so 
24 21  (da/dt)? + (dy/dt)? = cos? t + 3cost cos 1.5t + 2.25 cos? 1.5t + sin? t. 
Thus, L = fý" V1+ 3cost cos 1.5t + 2.25 cos? 1.5t dt ~ 16.7102. 
—1.4 


54. x = 3t—t?,y =3t?. da dt = 3 — 30? and dy/dt = 6t, so 


(2) + (2) = (3 — 37)? + (6t)? = (8+. 317)? 


and the length of the loop is given by 


V3 0 


= 2(3 V3 + 3/3) = 12/3 


V3 V3 V3 
b= f Grata a f (3-+3¢7) dt - 2 [st t] 
E 0 


55. p = sin?t, y= cos?t, 0<t< 3T. 


(da /dt)? + (dy/dt)? = (2sint cost)? + (—2costsint)? = 8sin?tcos?t = 2sin? 2t => 


1/2 
Distance — an V2 [sin 2t| dt = 62 fr? sin 2t dt [by symmetry] = —3 V2 [cos 2] = -3 V2 (—1 — 1) = 6 V2. 
0 


[continued] 
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The full curve is traversed as t goes from 0 to 7, because the curve is the segment of x + y = 1 that lies in the first quadrant 


(since x, y = 0), and this segment is completely traversed as ¢ goes from 0 to 7. Thus, L = JS Ria ? sin 2t dt = V2, as above. 


56. £ = cos?t, y = cost, 0 < t € 4m. [2 + (&y = (—2costsint)? + (— sint)? = sin?t (4cos*t + 1) 


Distance = Aa [sin t| 4 cos?t + 1dt = 4 fy sint V4 cos?t + 1 dt 
= —4 f V4u2 +1du [u= cost, du =-—sintdt] = afi v4u? + 1 du 


= 8f; V4u? + ldu = ors ? sec: 4 sec? d0 [2u = tan 0, 2du = sec?0 d6] 


tan-12 
=4 ? sec?0 do Z [2sec 0 tan 0 + 21n [sec + tan 6| = 4/5 + 2In(V5 + 2) 
0 


Thus, L = fj |sint| V4cos?t + 1dt = v5 + zln(V54 2). 


57. x = 2t—3, y = 20? —3t+6. da /dt — 2 and dy/dt = 4t — 3, so v(t = ,/2? + (4t — 3)?. Thus, the speed of 


the particle at t = 5 is v(5) = \/4 + (4-5 — 3)? = V293 ~ 17.12 m/s. 


58. z = 2 + 5cos(Zt), y = —2-- Tsin(£t). dx/dt = —37 sin(£t) and dy/dt = 77 cos(Zt), so 
v(t) — s'(t) [-37 sin(21)]? + [Z cos(t)]”. Thus, the speed of the particle at t = 3 is 
2 2 2 
v(3)— mE sin?g 4 a cos?7 = E = du = 7.33 m/s. 


59. x = e', y=te’. da/dt = e and dy/dt = te’ +e’, so v(t) = s'(t) = J/(e*)? + (tet + et)?. At (e,e), e! =e > 
t = 1. Thus, the speed of the particle at (e, e) is v(1) = \/e? + (e +e)? = V5e? = V5e zx 6.08 m/s. 


60. x =t +1, y — t* 4-20? +1. dz /dt = 2t and dy/dt = 4t? + 4t, so v(t) = s'(t) = \/4t? + (4t3 + 4t)?. At (2, 4), 


ge=t?+1=2 ?=1 t 1 or t = 1. Both values result in the same speed since the function v is even. 


Thus, the speed of the particle at (2, 4) is v(1) = \/4- 1? + (4- 13 + 4- 1)? = / 68 = 2/17 ~ 8.25 m/s. 
61. « = (vo coso)t, y = (vosina)t — 1gÜ. da/dt = vo cosa and dy/dt = vo sina — gt, so 


speed = v(t) = /(da/dt)? + (dy/dt)? = \/v2 cos?a + (vo sina — gt)?. 


(a) The projectile hits the ground when y — 0. = (vosina)t— igt? =0 > t(vo sina sgt) =0 t=0 
2vo sino : : . ; AST : Sum ful 
or t = ————.. The second solution gives the time at which the projectile hits the ground, and at this time it will have a 
g 
speed of 


diss 2v. si 2 
I) = 4| v2 cos?a + |» sina — (2092) = „vg cos2a + (—vo sina)? 
g g 


y v2 cos?a + và sin?a = v/v? (cos2a + sin?a) = y/u = vo m/s. 


Thus, the projectile hits the ground with the same speed at which it was fired. 
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(b) The projectile is at its highest point (maximum height) when dy/dt = 0. Thus, the speed of the projectile at this time is 


= \/(dx/dt)? + (dy/dt)? = 4/và cos?a + (0)? = vo cosa m/s. 


62. x =asind, y = bcos0, 0 < 0 < 2r. 


(= y + (2 y = (acos6)? + (—bsin 0)? = a? cos?0 + b? sin?0 = a?(1 — sin?0) + b? sin? 


dt dt 


2 
= a? — (a? — V?) sin?0 = a? — c? sin?6 = a? (1 = sin? ) = a?(1 — e? sin?0) 
a 


SoL= qp a2 (1 — e sin?0) dO [by symmetry] = 4a ie V/1 — e? sin?0 d0. 


63. (a) x = 11cost — 4cos(11t/2), y = 11sint — 4sin(11t/2). 
Notice that 0 < t < 27 does not give the complete curve because 
x(0) Z x(27). In fact, we must take t € [0, 47] in order to obtain the 


complete curve, since the first term in each of the parametric equations has 


period 27 and the second has period = TT Ws = =, and the least common 


integer multiple of these two numbers is 47. 

(b) We use the CAS to find the derivatives dx/dt and dy/dt, and then use Theorem 5 to find the arc length. Recent versions 
of Maple express the integral qe v/(dz/dt)? + (dy/dt)? dt as 88E (2 V2 i) , where E(x) is the elliptic integral 
[= vat 


dt and i is the imaginary number y — 


Some earlier versions of Maple (as well as Mathematica) cannot do the integral exactly, so we use the command 
evalf (Int (sqrt (diff (x, t)°2+diff(y,t)*2),t=0..4*Pi) ) ; to estimate the length, and find that the arc 


length is approximately 294.03. 


dle 
| 

ble 

SS 


64. (a) It appears that as t — oo, (x, y) > (5, i). andas t > —oo, (z, y) > (- 


(b) By the Fundamental Theorem of Calculus, x = C(t) = Is cos(ru?/2) du. => 


dx/dt = cos( $1?) and y = S(t) = ap sin(ru?/2) du = dy/dt = sin($t?), 1 1 
so by Theorem 5, the length of the curve from the origin to the point with 


parameter value t is 
L= f V (EY + (82) du = f; y cos? (39) + sim (gu?) du 


=fjldu=t [or -tift « 0] 


We have used u as the dummy variable so as not to confuse it with the upper limit of integration. 
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65. r = acos?0, y = asin?0. By symmetry, 


A=4f ydr = £a a sin?0(—3a cos?0 sin 0) d0 = 12a? Pe sin^0 cos?0 d0. Now 


J sin^8 cos? d0 = f sin?6(4 sin? 20) d0 = & f (1 — cos 20) sin? 20 d0 
= į [$(1 — cos 40) — sin? 20 cos20] dd = 1:0 — d: sin 40 — 3; sin? 20 + C 


n/2 
0 


so ae ? sin*0 cos?0 dO [ lg d sin 40 — + sin? 20] 


— T = 2(7\_ 3 2 
ió 18 = $5. Thus, A = 12a (5) = 37a’. 


66. By symmetry, the perimeter P of the astroid z = a cos?0, y = a sin?0 is given by 


2/2 7/2 
P= af y (dx /d0)? + (dy/d0)? d0 = af y Bacos 6(— sin 0)]2 + [3a sin^0(cos 0)]2 dé 


1/2 7/2 
= af V/ 9a? sin?0 cos0 + 9a? sin^6 cos?0 dO = af 3a |sin 0 cos 0| / cos?0 + sin?0 d0 
0 0 


/2 


7/2 T 2/2 
= 6a f 2sin 0 cosoV Tad = 6a | sin 20 d0 = 6a[—5 cos 26] > = —3a(—1 — 1) = 6a 
0 0 


67. x = tsint, y = tcost, 0€ t € 1/2. dx/dt — tcost + sint and dy/dt = —tsint + cost, so 


(dz/dt)? + (dy/dt)? = t? cos?t + 2tsint cost + sin?t + t? sin?t — 2tsint cost + cos?t 
= t? (cos?t + sin?t) + sin?t + cos?t = t? +1 


S = J 2nyds = f; ^ Int costVF + 1 dt z 4.7394. 


68. x = sint, y — sin2t, 0X t X 1/2. da/dt = cost and dy/dt = 2cos?2t, so (dx/dt)? + (dy/dt)? = cost + Acos? 2t. 


S—[2nyds = que 2m sin 2t4/cos?t + 4 cos? 2t dt ~ 8.0285. 


69. c=t+e, y=e™, 0<t<1. 


dx/dt = 1 + e* and dy/dt = —e~*, so (da/dt)? + (dy/dt)? = (1 + ef)? + (-e 5)? = 1 + 2e* +e” +e”. 


S = f 2ry ds = a 2ne * 1-4 2et +e% + e-?! dt = 10.6705. 


70. =t -— t’, y=t+t*,0<t<1. 


(da /dt)? + (dy/dt)? = (2t — 3)? + (1-- 49)? = 4? — 12t? + 9t* + 1+ 8t? + 1615, so 


S = f 2ny ds = f, 2n(t + t*) V16t5 +91 — At5 + 4 F 1dt ~ 12.7176. 


n. s=, y=, 0<t<1. (£y e (&y = (BPF + (28)? = ort + 407. 


1 1 1 
s- f oy (de) + (y ae = | ant? ITFA at = an | t? (92 +4) dt 
0 0 0 


13 13 
y u—4 1 u = 9t? +4, t? = (u — 4)/9, | 2m 3/2 1/2 
=2n | ( 9 ) va Gs hs cu 75918 J; (u^ —4u^)du 


13 


13 
—[2,5/2..8 va -& &p 5/2. 99 p] 
E 24^ du 81 15 |?" rd 


= 3 [(3 13* VIB — 20-13 VIB) — (3-32 — 20-8)] = Bt, (247 VIB + 64) 
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72. £ = 2 +1/t, y -8/t, 1<t<3. 


dx\?  (dy\? 13 4\? 2 8 1 16 8 1 KY 
ed not |i a) eee ce mc Sh Se 167 ES ee e. 
(5) + (3) c >) (=) i oP = ee eS (a 3) 
: da \2 dy \2 : Vt 1 2 3 1/2 —2 
S=) zw (EY +H a= j 25 (8Vt) 4/(4t+ =) dt = 167 , CP ate) at 


3 3 
me fat echa ase cac = el (BS 15) - i7 


= l6 (39 V3 + $) = 35s (103/313) 


73. x = acos?0, y = asin?0, 0 € 0 «€ &. (£F + (uy = (—3a cos?0 sin 0)? + (3asin?0 cos 0)? = 9a? sin?0 cos?0. 
S= r 21 - asin?0 - 3asin@ cos0 dO = 6ra? fer sin^ cos0 dd = ra? [sin"0] UR = na? 

74. x = 2cos0 — cos20, y= 2sin0 — sin20. => 
(zy + (47 = (—2sin 0 + 2sin 20)? + (2cos0 — 2 cos 20)? 


= 4[(sin?0 — 2sin 0 sin 20 + sin? 20) + (cos? — 2 cos 0 cos 20 + cos? 20)] 


= 4[1 + 1 — 2(cos 20 cos 0 + sin 26 sin 0)] = 8[1 — cos(20 — 0)] = 8(1 — cos 8) 


We plot the graph with parameter interval [0, 27], and see that we should only integrate 3 


between 0 and 7. (If the interval [0, 27] were taken, the surface of revolution would be 


generated twice.) Also note that y = 2sin 0 — sin 20 = 2sin0(1-— cos 0). So 


S= fs 2n - 2sin O(1 — cos 0) 2 /24/1 — cos6 d0 2 zs 
—8 v2n fr (1— cos 0)?/? sin 0 d = 8 2s le Vu? du at B med 
= 8 Vas [()u?]. = vasa?) = 287 a 
75. 2 = 3t, y -20,0«t«5 (8P + (28) = (6t)? + (6P? 23620 0) > 


S= f 2na y/(dx/dt)? + (dy/dt)? dt = f} 2n(3t?)6t VIF E dt = 187 fi) PVT +P 2t dt 


26 


26 —14£2, 26 
= 180 fj (u— 1) /udu E is | — 18m f, (u3/? — ut?) du = 187 EE — du 


1 


= 18r [(2 - 676 /26 — 2 - 26/26) — (2 — 2)] = 22m (949 V26 + 1) 
T6. z = e — t, y 4e, 0 <t <1. (BF + (BY = (e 1)? + (26/2)? = e” 26! +1 = (e +1). 


t 


S= fi 2n(e* — t) (et — 1)? + e72) dt = fo 2n(e* — t)(e* +1)d 


= 2n [de + e - (t- Le’ - 447], = r(e? + 2e — 6) 


77. If f’ is continuous and f" (t) Z 0 for a < t < b, then either f’(t) > 0 for all t in [a,b] or f’(t) < 0 for all tin [a,b]. Thus, f 
is monotonic (in fact, strictly increasing or strictly decreasing) on [a, 5]. It follows that f has an inverse. Set F — go f = 


that is, define F by F(x) = g(f (x). Then z = f(t) — f (x)= t, so y = g(t) = g(f |(x)) = F(a). 
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78. By Formula 8.2.5 with y = F(x), S = f 2n F(x) 1+ [F'(x)]? dx. But by Formula 10.2.1, 


dy V? dy/dt\? — (de/dt)? + (dy/dt) ._. IN. ; 
1 2. s - — 
1+ [F'(x)] 1+ (<4) 1+ (55 (dxdt? . Using the Substitution Rule with x = x(t), 


where a = x (a) and b = z(B), we have [ine dr = es a 


B 2 2 B 2 2 
s- f mre ESTER a f ary (5) + (3) dt, which is Formula 10.2.9. 


af dy dọ d _if dy 1 d ( dy dy  dy/dt y 
79. $ = ten-! Z e Li de ee E up Ag =Y 
Ped (+) 7 w-a Vide) T aya? | a ae ud dejd à 


d(dy\ d(9N. ü$—dj do 1 jb-4jN  tü-ëý Qe : 
=| =] = =| 4] = S1 > FT = — SS" J] = SS. Ua the Chain Rule, and the fact 
di (+) 3 (2) 3 di Lx GJ 3 rp sing the Chain Rule, and the fac 
t 
ES 2 es HU ne .2\ 1/2 

tus | VG) + rae > dn BP (D. = (Pe) we have that 
dó  dójdi (dij dj 1o dj-iy qo, |dé| | iü- | | leg ëil 
ds ds/dt £2 + y2 (2? +4 92)1/2 (a? + 92)3/2* ds (22 + 92)3/2 (22 + y2)3/2" 

80. x = x and f(x) ea 1,2 Oand ý = j- £v 

z — y > y m dr! y I daz2' 

S 7 E (d^y/da?) — 0- (dy/dz)| u [d^ y/da? | 
zd [1 + (dy da]? [I + (dy/dx) 

81. x = 0 — sind t —1-— cos0 & = sin 0, and y = 1 — cos0 y — sin ü = cos. Therefore, 
= [cos 0 — cos?0 — sin?6| B [cos 0 = (cos?0 + sin?6)| |... |eos0 — 1| Theon o£tliedsdiis 


[(1 — cos0)? + sin?6]3/2 — (1—2cos0 + cos?0 + sin?6)3/2 — (2—2cos0)9/' 
characterized by a horizontal tangent, and from Example 2(b) in Section 10.2, the tangent is horizontal when 0 = (2n — 1)z, 


: ; : —1 —1-1 1 
so take n = 1 and substitute 0 = 7 into the expression for k: K = aes: = ao = T 


dy dy |d*y/da?| 2 
82. s — —2 — = 2. S0 k = — um > and at (1,1), 
()y—zc P X di s [L3 (dy/dz)2]8/2 ^ (1-r 422)372 and at (1, 1) 
2 2 
k ==. 
53/2 545 
d 
(b) K = = = —3(1 + 4z?) 75/2? (8x) = 0 z=0 y = 0. This is a maximum since «’ > 0 for x < 0 and 


kK’ < 0 for x > 0. So the parabola y = x? has maximum curvature at the origin. 


83. (a) Every straight line has parametrizations of the form x = a + vt, y = b + wt, where a, b are arbitrary and v, w Æ 0. 


For example, a straight line passing through distinct points (a, b) and (c, d) can be described as the parametrized curve 


x =a + (c — a)t, y = b + (d — b)t. Starting with x = a + vt, y = b+ wt, we compute  — v, y = w, à = į = 0, 


ju-0O—w-O0| _ 


wee Gee S 
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(b) Parametric equations for a circle of radius r are x = r cos 0 and y = r sin 0. We can take the center to be the origin. 


Soi = —rsinü = d — —r cos and ý —rcosÜü => id = —rsinO. Therefore, 
|r? sin? 0 + r? cos? 6| r 1 Aided 6 (and th int 1 
k= = — = —. And so for any 0 (and thus any point), k = —. 
(r2 sin? 0 + r? cos? 0)3/2 r3 r y VE r 


84. If the cow walks with the rope taut, it traces out the portion of the 


0=7 
involute in Exercise 85 corresponding to the range 0 < 0 < 7, arriving at Cra) 


A 
the point (—r, zr) when 0 = m. With the rope now fully extended, the i 


cow walks in a semicircle of radius zr, arriving at (—r, —7r). Finally, (r= sr, 0) 


the cow traces out another portion of the involute, namely the reflection 


about the x-axis of the initial involute path. (This corresponds to the 


(7r, ^ur) 


range —7 < 0 < 0.) Referring to the figure, we see that the total grazing 


2 ix 
—4 


area is 2(Aı + As). Aa is one-quarter of the area of a circle of radius mr, so As = 4x(mr) 37? We will compute 
A; + A» and then subtract A2 = inr? to obtain Ay. 

To find A; + A2, first note that the rightmost point of the involute is (8r, r). [To see this, note that dx: /d0 = 0 when 
0 = 0 or $. 0 = 0 corresponds to the cusp at (r, 0) and 0 = 7 corresponds to (3r, r).] The leftmost point of the involute is 


(—r, mr). Thus, Ay + A2 = 2 y dz — qos ydr = des y da. 


Now y da: = r(sin0 — 0 cos0) r0 cos0 d0 = r?(0sin0 cos0 — 0? cos?0)d0. Integrate: 


(1/r?) f y dz = —0 cos” — $ (6? — 1) sin 0 cos0 — $0? + $0 + C. This enables us to compute 


3 3 
A; + Az = r° [—0 cos?0 — 1(0? — 1) sind cos0 - pe + 46]? = r° fo ( T 3 | 2) -"(s«5) 


Therefore, A1 = (A1 + A2) — A2 = ir, so the grazing area is 2(A1 + A3) = 2(4r°r? + iin) ES arr. 
85. The coordinates of T are (r cos6,rsin@). Since TP was unwound from ES 


arc TA, TP has length r0. Also ZPTQ = ZPTR— ZQTR = in — 6, 


so P has coordinates x = r cos 0 + r@ cos($7 — 0) = r(cos@ + 0 sin 0), 


y =rsin6 — rOsin($7 — 0) = r(sin — 0 cos). 


DISCOVERY PROJECT Bézier Curves 


1. The parametric equations for a cubic Bézier curve are 


x = to(1—t)? + 3a1t(1— t)? + 32302 (1 — t) + gt? 


y = yo(1 — t)? + 3yit(1 — t)? + 3y2t? (1 — t) + ya? 


where 0 < t < 1. We are given the points Po(xo, yo) = (4, 1), Pi(z1,y1) = (28,48), Po(x2, yo) = (50, 42), and 
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P3(x3, y3) = (40, 5). The curve is then given by 


x(t) = 4(1— t)? +3- 28t(1 — t)? 4 


y(t) 2 1(1 — t)? - 3- 48t(1 — t)? 4 


where 0 < t < 1. The line segments are of the form x = xo + (x1 — xo)t, 


y = yo + (ys — yo)t: 
PoP, = w=4424t, 
PiP, © = 284 22t, 
PP, — «= 50-108, 


-3- 50 (1— t) 4 


-3- 420 (1— t) 4 


y —14-4'"t 
y — 48 — 6t 
y = 42 — 37t 


We calculate the slope of the tangent to the Bézier curve: 


+ 408? 
H 50 


DISCOVERY PROJECT 


BEZIER CURVES 971 


. It suffices to show that the slope of the tangent at Po is the same as that of line segment Po P;, namely UE 
X31 — Xo 


, Which is also the slope 


dy/dt | —3yo(1 — t? + 3y1 [-2t(1 — t) + (1 — £)?] + 3ys [-£? + (2t) (1 — £)] + 3yst? 
dr/dt  —3x2(1 — t) + 3ai[-2t(1 — t) + (1 — t)?] + 3z2|-€? + (20) (1 — t)] + 3238? 
At point Po, t = 0, so the slope of the tangent is 390 + 3y1ı _ yi — Yo . So the tangent to the curve at Po passes 
—3%0 + 321 v1 — Xo 
through Pı. Similarly, the slope of the tangent at point P3 [where t = 1] is T3y2 + 3ys _ ee 
— 3x2 a ol 323 v3 — X2 


of line P» P5. 


. It seems that if P, were to the right of P2, a loop would appear. 


We try setting P, = (110, 30), and the resulting curve does indeed have a loop. 


. Based on the behavior of the Bézier curve in Problems 1—3, we suspect that the 


four control points should be in an exaggerated C shape. We try Po(10, 12), 


PA (4, 15), P»(4, 5), and P3(10, 8), and these produce a decent C. If you are using 


a CAS, it may be necessary to instruct it to make the x- and y-scales the same so as 


not to distort the figure (this is called a “constrained projection" in Maple.) 


. We use the same Po and P as in Problem 4, and use part of our C as the top of 


an S. To prevent the center line from slanting up too much, we move Pz up to 


(4, 6) and P3 down and to the left, to (8, 7). In order to have a smooth joint 


between the top and bottom halves of the S (and a symmetric S), we determine 


points P4, Ps, and Pe by rotating points P», P4, and Po about the center of the 
letter (point P3). The points are therefore P4(12, 8), P5(12, —1), and Ps(6, 2). 


75 
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10.3 Polar Coordinates 


1. (a) (1, 2) 
i (3) 
a 
b) (-2, $) lea, 37) 
ME 
G^ f 
(c) (3, 5) 
O z 7 
N 
(.-3) 
2. 2, = - 
a: E g 
ra 
i 
[0] 
(b) (1, 22) 4 . 
(2m 
3 
dcm 
RS CX) 
5m Pd 
Ae 
ye s 
3. (a) is 


CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


By adding 27 to 7, we obtain the point (1, on), which satisfies the 
. H H . H 5 5 . 
r > 0 requirement. The direction opposite 7 is 77, so (-1, 3t) isa 


point that satisfies the r < 0 requirement. 


r»0:(-(-2),22 - 7) = 


r< 0: (-2, 3 


r> 0: (3, 8 + 2x) = (3, 5) 
2 


r<0: (—3, -3 +7) = 


r> 0: (2, 5r + 27) = (2, Um) 


r« 0: (—2, Š — r) = (-2,- 2) 


r> 0:(1, 27 +27) = (1, ££) 


r< 0: ( 1, = +7) = 


x = 2cos 3a 


2(0) = 0 and y = 2sin 22 = 2(—1) = —2 give us the 


Cartesian coordinates (0, —2). 
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(b) 


(c) 


4. (a) 


(b) 


(c) 


A 

P. j 

S 3m 
MOT) 

» 
NIE: 

; 4m 

3 

y=4 r 


5. (a) x = —4 and 


(b) x 


3 and y 


3v3 
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z= v37 = V3( =>) = Landy = V3sin $ = V3( =) =1 


give us the Cartesian coordinates (1, 1). 


< 

Il 

| 

jat 

Uu 

- 

B 

| 
OIA 
— 

Il 

| 

mm 
fa 

| = 
ee, 

Il 

l 

n, 

4 

G 

=] 

un 

c 

l- 

[7] 

Q 

£5 

zi 

oO 

A. 

D 

3 


= cs =4(- — —2 and 


4m 
zisne 
y sin -z ( 


coordinates (-2, -23) ; 


2 
y 2sin T =-2 ( $) = — V2 give us the Cartesian 


coordinates (v2, — /2 ). 


= 3cos( Z) = (3) =- ma 


y= 3sin( =) = 3( S) = ns give us the Cartesian 


; 3 
coordinates (-3 


V/(74)? + 42 = 4/2andtan0 = -; — —1 [0 — —5 +nz]. Since (—4, 4) is in the 


second quadrant, the polar coordinates are (i) (4v/2, 3€) and (ii) (—4,/2, 7€). 


3 4 (8/8). = /8127 — Gand tang = 23 = 3 [0 = £ t nr]. 


3 
Since (3, 3/3) is in the first quadrant, the polar coordinates are (i) (6, 5) and (i1) (—6, at). 
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6 (a) £ = V3andy = -1 > r= (V35)? + C1? = 2and tang = = [0 = —£ + nr]. Since (v3, —1) is in the 


fourth quadrant, the polar coordinates are (1) (2, iz) and (ii) (-2, Sr). 


(b) x = —6andy = 0 r = J/(—6)? + 0? = 6 and tan0 = 2 —0 [0 = nr]. Since (—6, 0) is on the negative 
x-axis, the polar coordinates are (i) (6, m) and (ii) (—6, 0). 
T. 1« r € 3. Thecurves r = 1 andr = 3 represent circles centered at O with 


radius 1 and 3, respectively. So 1 « r < 3 represents the region outside the 


radius 1 circle and on or inside the radius 3 circle. Note that 0 can take on 


any value. 


8. r > 2, 0 <0< m. This is the region on or outside the circle r = 2 in the 


first and second quadrants. 


9. 0<r<1, —x/2 € 0 € 7/2. This is the region on or inside the circle 


r = 1 in the first and fourth quadrants. 


10.3«r«5, 21/3 € 0 € 4n/3 


11. 2< r <4, 37/4 € 0 € Tn/A 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


SECTION 10.3 POLAR COORDINATES 975 


r >0, m <0 < 57/2. This is the region in the third, fourth, and first 5m 
quadrants including the origin and points on the negative x-axis and positive 


y-axis. 


Converting the polar coordinates (4, 52) and (6, 22) to Cartesian coordinates gives us (4 cos 4, 4sin =) = (—2, 2/3) 


and (6 cos 3£, 6 sin 22) = (3, —3//3). Now use the distance formula 


d= Ja — si + (us — my? = [8 - (C2)? + [-3V3 - (-2/3)]* 
= y5? + (-/8)! = VÆF3 = VB = 2/7 


The points (71,61) and (r2, 02) in Cartesian coordinates are (r1 cos 01, rı sin 01) and (r2 cos 02, r2 sin 02), respectively. 
The square of the distance between them is 
(r2 cos 05 — r1 cos 01)” + (r2 sin 2 — rı sin 01)” 
= (r3 cos?05 — 2r4r2 cos 04 cos 62 + r? cos?6) + (r3 sin?05 — 2rırz sin 6; sin 02 + r? sin?) 


=r? (sin?8; + cos”) 4 r2 (sin?0. + cos”) — 2rir2(cos 01 cos 05 + sin 01 sin 02) 


=r? — 2rir2 cos(01 — 02) + r2, 


so the distance between them is \/r? — 2rır2 cos(01 — 02) + r3. 
r?—5 e z?-Fy? = 5, acircle of radius v5 centered at the origin. 


r-—4secÓÜ & 


r : : 
=4 & rcosÜ—4 & «x =4,a vertical line. 
sec 0 


r—5cos0 > r?—5rcosü & w+y?=5r e a? —5e+ By? = 39 (a 5)? py? = 35, 


a circle of radius 3 centered at (3, 0). The first two equations are actually equivalent since r? = 5rcos0 => 


r(r — 5cos0) =0 r = Qor r = 5cos 0. But r = 5cos gives the point r = 0 (the pole) when 0 = 0. Thus, the 


equation r = 5 cos is equivalent to the compound condition (r = 0 or r = 5cos6). 


0-— 3 => tanl = tan S 7 V3 y = v3 x, a line through the origin. 


r?cos20 —1 « r?(cos?0 —sin?0) 2 1 © (rcos0)? — (rsin)? =1 a? — y? = 1, a hyperbola centered at 


the origin with foci on the x-axis. 


r?sin20 —1 © r?(2sin0 cos0) — 1 © 2(rcosé)(rsin@) = 1 2xy —1 zy = 4, a hyperbola 


centered at the origin with foci on the line y = x. 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 
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r?’ +y? =7 => (rcosé)?+(rsind)? 2 7 => r?(cos?@+sin?0) =7 r=7 r=vV7. 


Note that r = —4/7 produces the same curve as r = V7. 


1 
z=-1l1 => rcos0—-1 r= = — sec 0 
cos 
y qe omes : 
y- v3r ^ V3 [rZ 0] => tand=V3 d= 3 9 3 [either incudes the pole] 
y =—2r? => rsin =-—2(rcos0)? = rsin0--2r?!cos0 — 0 =  r(sin0--2rcos?0) 20 > 
sin 0 1 e. . 1 ; 
r—Ü0orr—-— = —-tan60secO0. r =Ois included in r = — = tan 0 sec 0 when 0 = 0, so the curve is 
2 cos?0 2 2 
represented by the single equation r — — 5 tan sec 0. 
r? +y =4y > r?=4rsind > r?—4rsind =0 r(r — Asin0) = 0 r —Üorr = 4sinð. 


r = Ois included in r = 4sin 0 when 0 = 0, so the curve is represented by the single equation r = 4sin 0. 

z?—y?!-—4 & (rcos0) —(rsin0? =4 © r?cos0— r?sin?ü 24. & r?(cos0—sin?0) 2-4 © 

r? cos 20 = 4 

(a) The description leads immediately to the polar equation 0 = &, and the Cartesian equation y = tan(Z) z = -z Tis 
slightly more difficult to derive. 

(b) The easier description here is the Cartesian equation z = 3. 

(a) Because its center is not at the origin, it is more easily described by its Cartesian equation, (x — 2)? + (y — 3)? = 5?. 


(b) This circle is more easily given in polar coordinates: r = 4. The Cartesian equation is also simple: £? + y? = 16. 


For 6 = 0, z, and 27, r has its minimum value of about 0.5. For 0 = B and an r attains its maximum value of 2. We see that 


the graph has a similar shape for 0 < 0 < manda < 0 < 2m. 


TA 
21 
Ue tT 
+++ +> ——> 
0 T 2m 0 1 


For 0 = 0, 7, and 27, r has its maximum value of 2. For 0 = 7 and ar r has its minimum value of about —0.7. 


T 2" 4m 


Also, r = 0 for what appears to be 0 = 4, ^7, =, 


and 5r , so the curve passes through the pole at these angles. r is negative 


and [£&, 5z] , SO the curve will lie on the opposite side of the pole. The graph has a similar shape for 


in the intervals E 2z] 


3318. 
0<0< manda € 0 € 2r. 


3 
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31. r has a maximum value of approximately 1 slightly before 0 — 7 and slightly after 0 — m, r has a minimum value of —2 
when 0 = 7. The graph touches the pole (r = 0) when 0 = 0, 7, 3, and 27. Since r is positive in the 0-intervals (0, 5) and 


T 3a 


(32, 2n) , and negative in the interval (5, =) , the graph lies entirely in the first and fourth quadrants. 


14 
> > 
0 [^ 2 


32. r increases from 0 to 1 (local max) in the interval [0, z] . It then decreases slightly, after which r increases to a maximum of 2 


at 0 = m. The graph is symmetric about 0 = 7, so the polar curve is symmetric about the polar axis. 


33. r = —2sin0 d 
21 
[6] 
» 
> 
0 T 2g 0 
g (2, 37/2) 
34. r = 1 — cos 0 * 
2 
(2, 77) 
1 > 
(0) 
+ > 
0 T 2a 60 
35. r = 2(1 + cos 0) 
rA 
4 
(4, 0) 
> 
m> 
T 2r 0 
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36. r = 1-- 2cos0 


rA 22-7 
in 3 
K : 
F 
0 / 
“de 
= 3 


3.r=0, 020 


(277, 277) 
> 


38. r = 07, —2r < 0 < 2r 


39. r = 3 cos 30 

rA 
40. r = — sin 50 
41. r = 2 cos 40 rA 
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42. r — 2sin 60 


43. r = 1-- 3cos0 


44. r= 14- 5sinO 


D 
Sla 
Soe 


" 
0 
45. r? = 9sin20 ER 
3T 
(3, 77/4) 
H > o > 
0 T 24 0 
—3T 
46. r? = cos 40 2 
TUA 
| | | | 
0 T w? 
—]+ 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


980 CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


47. r = 2 + sin 30 


(3, 7/6) 


48.120—1 & r=+1/V0 forð > 0 


r 


Dy 


49. r = sin(0/2) 


50. r = cos(0/3) 


Nos O 
T 3m 0 


51. x = r cos 0 = (4+ 2sec 0) cos 0 = 4cos0 + 2. Now r > œ => 


(4+ 2sec0) — oo 0 — (Z) orð — (3z)* [since we need only 
consider 0 < 0 < 27], so lim x= lim (4cos0 + 2) = 2. Also, 
r= oo O17 /2- 
r— —oo => (4+2sec0@) — —oo 0 > (£)* orð > (2), so 
lim z= m Fe cos + 2) = 2. Therefore, lim x=2 => w= 2isa vertical asymptote. 
T—-—00 07/2 TEES, 
52. y = rsin 0 = (2 — csc 0) - sin 0 = 2sin0 — 1. r — oo (2 — csc 0) — oo csc 9 — —oo 0—mn* 
[since we need only consider 0 < 0 < 27] and so lim y = lim, 2sinĝ — 1 = —1. Also r > -œ => 
r—0o 0—7 
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(2 — csc0) — —oo csc 8 — oo 0m 
andso lim x= lim 2sin0— 1 = —1. Therefore 
Tr —oo 0—7— 
lim y—-1 = y= -lisa horizontal 
asymptote. 


53. To show that x = 1 is an asymptote, we must prove lim g= 1. 


T= TOO 


x = (r)cos@ = (sinf tan0) cos@ = sin?0. Now, r > oo = sinf tan >œ > 


0— (5). so lim z= lim sin?0 = 1. Also, r => —oo. = sinô tan > -œ = 
r= oo 0—7/2— 

0— (2)*, so lim x= lim sin?0 = 1. Therefore, lim z—1 > x=1is 
T—-0o 0—m/2t* r= too 


a vertical asymptote. Also notice that x = sin?0 > 0 for all 0, and x = sin?0 < 1 for all 0. And x Æ 1, since the curve is not 


defined at odd multiples of 2. Therefore, the curve lies entirely within the vertical strip 0 < x < 1. 


54. The equation is (x? + y?)? = 4z?4/?, but using polar coordinates we know that (Tom) 


£? +y? =r? and z = r cosÜ and y = rsin 0. Substituting into the given 


equation: rê = 4r? cos?0 r° sin? — r? = 4cos?0 sin?0 => 


r = +2cos0@ sin = +sin 20. r = +sin 20 is sketched at right. 


55. (a) We see that the curve r = 1+ csin crosses itself at the origin, where r = 0 (in fact the inner loop corresponds to 


negative r-values,) so we solve the equation of the limaçon for r — 0. < csin6 1 sin 0 1/c. Now if 


|c| < 1, then this equation has no solution and hence there is no inner loop. But if c < — 1, then on the interval (0, 27) 
the equation has the two solutions 0 = sin! (—1/c) and 0 = « — sin ! (—1/c), and if c > 1, the solutions are 
0 = v + sin! (1/c) and 0 = 2x — sin™ ! (1/c). In each case, r < 0 for 0 between the two solutions, indicating a loop. 


(b) For 0 < c « 1, the dimple (if it exists) is characterized by the fact that y has a local maximum at 0 = am. So we 


: d’y . ; : -— EMT ; 
determine for what c-values E is negative at 0 — A. since by the Second Derivative Test this indicates a maximum: 


2 
y-—rsin0 =sind+csin?@ > AY — cos + 2esin# cos = cos + csin 20 > TE = — sin + 2ecos26, 


At 0 = 32, this is equal to —(—1) + 2c(—1) = 1 — 2c, which is negative only for c > 4. A similar argument shows that 
for —1 < c < 0, y only has a local minimum at 0 = $ (indicating a dimple) for c < -£ 
56. (a) The graph of r = cos 30 is a three-leaved rose, which is graph II. 


(b) r—ln0, 1 € 0 € 6x. r increases as 0 increases and there are almost three full revolutions. The graph must be either 


III or VI. As 0 increases, r grows slowly in VI and quickly in III. Since r = In 0 grows slowly, its graph must be VI. 
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(c) r = cos(0/2). For 0 = 0, r = 1, and as Ó increases to m, r decreases to 0. Only graph V satisfies those values. 

(d) r = cos(0/3). For 0 = 0, r = 1 and as 0 increases to 37/2, 0/3 — 7/2, and r decreases to 0. Only graph IX satisfies 
those values. 

(e) r = sec(0/3). The secant function is never equal to zero, so this graph never intersects the pole. As 0 — 37/2, 

0/3 — 2/2, and r — oo. Only graph VII has these properties. 

(f) r 2-secü. = rcos0—]1 = « =1. This is the graph of a vertical line, so it must be graph VIII. 

(g) r = 0?, 0 < 0 < 8r. See part (b). This is graph III. 

(h) Since —1 € cos30 < 1,1 < 2 + cos30 < 3, so r = 2 + cos 30 is never 0; that is, the curve never intersects the pole. The 
graph must be I or IV. For 0 < 0 < 2, the graph assumes its minimum r-value of 1 three times, at 0 = 3> 7, and a, so it 
must be graph IV. 

(i) r = 2 + cos(30/2). As in part (h), this graph never intersects the pole, so it must be graph I. 


57.r=asin0+bcos6 > r? — arsinÜ --brcosü. > r? 4+y?=ay+br > 


z? — br 4 (40) - y? — ay 4 (Haf = (40) H (4a) (a: iby (y lay = i (a? +b”), and this is a circle 
with center (žb, ia) and radius į Va? + 6?. 


58. These curves are circles which intersect at the origin and at (= a, i) . At the origin, the first circle has a horizontal 


tangent and the second a vertical one, so the tangents are perpendicular here. For the first circle [r = a sin 6], 


dy/d0 = acos@ sin + asin0 cos = asin20 = aat 0 = 7 and dx/d0 = a cos?0 — asin?0 = acos20 = 0 


at 0 = 4, so the tangent here is vertical. Similarly, for the second circle [r = a cos 6], dy/d0 = a cos 20 = 0 and 


dz/d0 = —asin 20 = —a at 0 = 4, so the tangent is horizontal, and again the tangents are perpendicular. 
59. r = 1+ 2sin(0/2). The parameter interval is [0, 47]. 60. r = \/1 — 0.8sin? 0. The parameter interval is [0, 27]. 
2.6 06 


—3.4 1.8 


QD 


—2.6 
61. r = e)? — 2 cos(40). 3.5 


The parameter interval is [0, 27]. 


ERS 
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62. r = |tan 0|!°°* °l, The parameter interval [0, a] produces the heart-shaped valentine curve shown in the first window. 


1.5 1.5 
The complete curve, including the reflected heart, 
is produced by the parameter interval [0, 27], but 
perhaps you'll agree that the first curve is more 1.5 L5 L5 i t 1.5 
appropriate. 
P ———— 
ARS =15 
63. r = 1 + cos??? 0. The parameter interval is [0, 27]. 64. r = 2 + cos(90/4). The parameter interval is [0, 87]. 
1.1 3.1 
x 
= 2 
3.1 3.1 
—1.1 
J 
—34 
65. It appears that the graph of r — 1 4- sin(0 — 7) is the same shape as 2.1 
the graph of r = 1 + sin 0, but rotated counterclockwise about the " prep ena 
: r-1-*sin(9 -£) 
origin by %. Similarly, the graph of r = 1 + sin(0 — £) is rotated by | f = 
r=1+ sin(6 -2) 
3- In general, the graph of r = f(0 — a) is the same shape as that of =A id 
r = f (0), but rotated counterclockwise through a about the origin. 
That is, for any point (ro, 09) on the curve r = f(0), the point -0.9 


(ro, 0o + a) is on the curve r = f (0 — o), since ro = f(0o0) = f((0o + o) — a). 


66. 0.8 From the graph, the highest points seem to have y z 0.77. To find the exact 
value, we solve dy/d0 = 0. y = r sin =sin@ sin20 => 


dy/d0 = 2sin 0 cos 20 + cos0 sin 20 


5 0.8 
= = 2sin 0 (2 cos?0 — 1) + cos (2sin@ cos 6) 
= 2sin 0 (3cos?0 — 1) 
se 1 : 2 
Gm In the first quadrant, this is 0 when cos 0 v5 sind 7 


y = 2sin?0 cos 0 = 2. i . a = 8v 3 x 0.77. 


67. Consider curves with polar equation r = 1 + c cos 0, where c is a real number. If c = 0, we get a circle of radius 1 centered at 
the pole. For 0 < c < 0.5, the curve gets slightly larger, moves right, and flattens out a bit on the left side. For 0.5 < c < 1, 


the left side has a dimple shape. For c = 1, the dimple becomes a cusp. For c > 1, there is an internal loop. For c > 0, the 
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rightmost point on the curve is (1 + c, 0). For c < 0, the curves are reflections through the vertical axis of the curves 


with c > 0. 
125 1.5 1.5 2 
(—S =.= A 
1 2 1 2 1 2 1 
LLL J 
-1.5 —1.5 -1.5 uA 
c — 0.25 c= 0.75 c—] c=2 


68. Consider the polar curves r = 1 + cos”6, where n is a positive integer. First, let 


13 
n-2 
n be an even positive integer. The first figure shows that the curve has a peanut a dd NEN 


shape for n = 2, but as n increases, the ends are squeezed. As n becomes large, 2 


Kc [4 i 
the curves look more and more like the unit circle, but with spikes to the points eke P 


(2, 0) and (2,7). 


The second figure shows r as a function of 0 in Cartesian coordinates for the same ? 
values of n. We can see that for large n, the graph is similar to the graph of y — 1, N ANE 


but with spikes to y = 2 for x = 0, 7, and 27. (Note that when 0 < cos@ < 1, n= 1000 


1.3 


cos!99? @ is very small.) 


0 20 


Next, let n be an odd positive integer. The third figure shows that the curve is a 


cardioid for n = 1, but as n increases, the heart shape becomes more pronounced. 


As n becomes large, the curves again look more like the unit circle, but with an 


outward spike to (2, 0) and an inward spike to (0, 7). 


The fourth figure shows r as a function of 0 in Cartesian coordinates for the same 


values of n. We can see that for large n, the graph is similar to the graph of y = 1, 


but spikes to y = 2 for x = 0 and z, and to y = 0 for x = m. 
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DISCOVERY PROJECT Families of Polar Curves 


1. (a) r = sin nð. 


OS SX 


From the graphs, it seems that when n is even, the number of loops in the curve (called a rose) is 2n, and when n is odd, 
the number of loops is simply n. This is because in the case of n odd, every point on the graph is traversed twice, due to 


the fact that 


sin n if nis even 
r(0+7) = sin[n(0 + 1)] = sinn0 cosnm + cosné sin nr = 
—sinn if nis odd 


(b) The graph of r = |sin n0| has 2n loops whether n is odd or even, since r(0 + 1) = r( 


KR KR 


2. r= 1 + csin n0. We vary n while keeping c constant at 2. As n changes, the curves change in the same way as those in 
Exercise 1: the number of loops increases. Note that if n is even, the smaller loops are outside the larger ones; if n is odd, they 


are inside. 


B s 


n=2 n=3 n=A4 n=5 
Now we vary c while keeping n = 3. As c increases toward 0, the entire graph gets smaller (the graphs below are not to scale) 
and the smaller loops shrink in relation to the large ones. At c = —1, the small loops disappear entirely, and for —1 < c < 1, 
the graph is a simple, closed curve (at c = 0 it is a circle). As c continues to increase, the same changes are seen, but in reverse 


order, since 1 + (—c) sinn0 = 1 + csinn(0 + 7), so the graph for c = co is the same as that for c = —co, with a rotation 
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through 7. As c — oco, the smaller loops get relatively closer in size to the large ones. Note that the distance between the 
outermost points of corresponding inner and outer loops is always 2. Maple’s animate command (or Mathematica’s 


Animate) is very useful for seeing the changes that occur as c varies. 


n=3 


Jo & o es 
OOY Y 


| 1—acosé 


3. r = —————. 
h 1+acos0 


We start with a = 0, since in this case the curve is simply the circle r = 1. 


As a increases, the graph moves to the left, and its right side becomes flattened. As a increases through about 0.4, the right 
side seems to grow a dimple, which upon closer investigation (with narrower 6-ranges) seems to appear at a ~ 0.42 [the 
actual value is V2 — 1]. As a — 1, this dimple becomes more pronounced, and the curve begins to stretch out horizontally, 


until at a = 1 the denominator vanishes at 0 = 7, and the dimple becomes an actual cusp. For a > 1 we must choose our 


parameter interval carefully, since r —^ ooas1-- acosü —^ 0 < 6-—++cos~'(—1/a). As a increases from 1, the curve 


splits into two parts. The left part has a loop, which grows larger as a increases, and the right part grows broader vertically, 


and its left tip develops a dimple when a ~ 2.42 [actually, V2 + 1]. As a increases, the dimple grows more and more 
pronounced. If a « 0, we get the same graph as we do for the corresponding positive a-value, but with a rotation through 7 


about the pole, as happened when c was replaced with —c in Exercise 2. 


1.5 


1.1 
a 0.25 
E 2m 11 -2 1 0.413 " " " 0.419 
KEY —0.25 
-1.1 


a=0 a=0.3 a = 0.41, |0| < 0.5 


[continued] 
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02 


0.405 0.409 


—0.2 


a = 0.42,]0| < 0.5 


DISCOVERY PROJECT FAMILIES OF POLAR CURVES 987 
0.05 0.00025 
E < m i 
—0.05 — 0.00025 
a = 0.9, [0| < 0.5 a — 1,|0| € 0.1 


a = 2.42, |0 — «| < 0.2 


4. Most graphing devices cannot plot implicit polar equations, so we must first find an explicit expression (or expressions) for r 


in terms of 0, a, and c. We note that the given equation, r*^ — 2cr? cos 20 + c* — at = 0, isa quadratic in 1?, so we use the 


quadratic formula and find that 


2v. 2c? cos 20 4 


at — c^ sin? 20 


= c cos 20 + 


r 


sor = i 


V/Ac* cos? 20 — A(c* — a^) 
2 


t \/a4 — c* sin? 20. So for each graph, we must plot four curves to be sure of plotting all the points 


which satisfy the given equation. Note that all four functions have period 7. 


We start with the case a — c — 1, and the resulting curve resembles the symbol for infinity. If we let a decrease, the curve 


splits into two symmetric parts, and as a decreases further, the parts become smaller, further apart, and rounder. If instead we 


let a increase from 1, the two lobes of the curve join together, and as a increases further they continue to merge, until at 


a 7: 1.4, the graph no longer has dimples, and has an oval shape. As a — oo, the oval becomes larger and rounder, since the 


c? and c^ terms lose their significance. Note that the shape of the graph seems to depend only on the ratio c/a, while the size 


of the graph varies as c and a jointly increase. 


0.75 


(a, c) = (0.99, 1) 


[continued] 
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0.75 0.75 3 


-15 O O 15 -L5 L5 -6 6 


—0.75 —0.75 -3 
(a,c) = (0.6, 1) (a, c) = (1.01, 1) (a,c) = (4.04, 4) 


3 3 3 


10.4 Calculus in Polar Coordinates 


1 r = V20, 0 < 0 < 7/2. 


TZT d 7/24 2 1/2 L0 DTE r? 
A= rao = | 5(v20) ao = f oa = |30] -3(5) - 3 


2. r — e?, 3n /A € 0 € 37/2. 


32/2 32/2 32/2 32/2 
A= j ir? dé = f i(e^y d0 = f 1,7 dð = i [e] = i(eg?" mg 
32/4 30/4 


N 


3. r = sin + cos0, 0< 0 € m. 


T 


A= f a= | 1 dino. cos0)? da = 5 (sin®9 + 2sind cos0 cos*6) do = | 5 (1 + sin 26) dó 
0 0 0 


= 3[0— boss] -3(6- 2 -6- 91-8 
4 r = 1/0, 1/2 € 0 € 2n. 
2v Qn 2 2m Qn 
= [pare fala) @= fpa mi Cal 
A dé dé 0 * do 
Lo 2/2 2 N0 2/2 2 2| 0.5 
zu Pe) =o bz 


5. r? = sin20, 0 < 0 < 2/2. 


71/2 3 1/2 7/2 
A= f ir a - f $ sin 20 d9 = |-$ cos20|" = —4(cosm — cos 0) = —4(—1 — 1) = 


Ie 


6. r = 2 + cosh, «/2 € 0 € m. 


anf was f b@+ coso)? ao = f” B+ 4cos0+cosP0)do= f” Mr cost 0c cos20)] do 


-f (2 +2cos0 + 1 cos 26) dð = [30+ 2sin0 + gsin29]” | = (92 +0+0) (= 2+0) — 9*7 9 
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7r=4+3sin0, -5 <0< $. 


71/2 1/2 
A- f (4-4 3sin0)? d0 = af (16 + 24sin 0 + 9 sin?0) do 
—mn/2 —71/2 


1/2 
-4 f (16 --9sin?0)dÓ [by Theorem 5.5.7] 
—n1/2 


dle 


1/2 
=i af [16 +9- ¿(1 — cos20)| dð ^ [by Theorem 5.5.7] 
0 


7/2 
ji (4. — 2 cos26) do = [420 — 2 sin 26]7/? = (4 — 0) — (0-0) = 2 
0 


8.r— VIln0, 1 <0 € 2s. 
2n 2 2n Qn Qn ^ 
= 1 = 1 EN EI E 1 u — n6, dv = i d0 
A-[ + (vma) ao = [ iIn04d6 = [30nd] f 1 a9 Bem a 
2n 
= [r In(2r) — 0] — [39] =nln(2n)— r+} 
1 


2 


9. The area is bounded by r = 4cos0 for 0 = 0 to 0 = m. QN 2, 7/4) 


r—4cos0 


A= ir? ao = f $(40080)"d0 = f 8cos?^0 dé 
: $ : (0, 7/2) (4, 0) 
zr 3 (1 + cos 20) dé = 4[0 + $ sin 20]" = 4v i 
0 
Also, note that this is a circle with radius 2, so its area is (2)? = 4m. 
(2/2, 3717/4) 
2m 2m 
10. A= f ra= f 1 (2 + 2cos6)2d0 r=2+2cos9 
0 p (2, 7/2) 
2m " 
= f 4 (4+ 8cos0 + 4cos*0) dO (0, 7) (4, 0) 
2n 
=f 3 [4+ 8cosé +4- $(1+ cos20)] d0 
0 (2, 37/2) 
2n 
=f (3 + 4cos0 + cos 20) d0 = [30 + 4sin 0 + 4 sin 20)?" = 6r 
0 
2n 2m 
1t. A= f sr? do =| 4(3 — 2sin0)?d0 (1, 7/2) 
0 0 
Qn (3, 7) (3, 0) 
7 jd (9 — 12sin 0 + 4sin20) d8 
0 
2m 
=; f [9 — 12sin 0 + 4- $(1 — cos 20)] do 
0 
2n . i ! 2n (5, 37/2) r=3-2sin0 
=; f (11 — 12sin0 — 2cos 28) d9 = $ [116 + 12co50 — sin 26] 3 
0 0 


= i[(22s + 12) — 12] = 11« 
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12. The area is bounded by r = 2sin 30 for 0 = 0to 0 = m. 


A= 


CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


f ir? ao = f 4(2sin36)*d0 = | 2sin? 30 d0 
0 0 


0 


| 2- $(1— cos 60) dé = [0 — $ sin 60]^ =T 
0 


(72, 7/2) 


Qn 2T Qn 
f tr? do s 1(2 + sin 40)? dd = jd (4+ Asin 40 + sin? 40) d0 
0 0 0 


2T 
d [4 + 4sin 40 + (1 — cos 86)] dé E A 
0 
2T 
d (3 + 4sin40 — 5 cos 80) d0 = 3 (30 cos 40 i sin 80]^" 
0 
9 


14. A= 


2m 2n 
16. a= f Pao = f 3(1+5sin 60)? do 


EN 


2m 2n 2m 
f ir? ao = f 1(3— 2cos40)? d0 = sf (9 — 12 cos 40 + 4 cos? 40) d0 
0 0 0 


2m 
2 [9 — 12 cos 40 4- 4- 3(1 + cos 80)] d0 

git 5 5 
d (11 — 12cos 46 + 2cos80) dd = 1 [110 — 3sin 40 + 1 sin86]^" 


4 (22m) = 11r 


2 


3 
-3 
5 
5 
2v Qn 
if ra= f $ (V1 + cos? 50 ) dé 1.4 
0 0 
4 
6 
—6 


NIB 


20 2m 
2 =1 1 
i (1 + cos" 50) dü = 5 f [1 + 4 (1 + cos 100)] do 31 4 
1/394 $ sin106]?" = 4(3m) = 3a p 


-1 


Qn 
i | (1 + 10sin 60 + 25 sin? 60) d0 
0 
Qn —6 6 
i I [1 + 10sin 60 + 25 - $(1 — cos 120)] d0 
0 
i [= + 10sin 60 — 2 cos 126] d0 = 3 (40 — 8 cos 60 — 2 sin 120] 4 
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17. 


18. 


19. 


20. 


21. 


SECTION 10.4 


The curve passes through the pole when r =0 = 4cos30—0 = cos30 
0 = $ + $n. The part of the shaded loop above the polar axis is traced out for 


0 = 0to 0 = 7/6, so we'll use —7/6 and 7/6 as our limits of integration. 


7/6 7/6 
A- f NL 1(16 cos? 30) d0 


7/6 
- 16 f 1(1 + cos60) d0 = 8 [0 + 1 sin66]7/? — 8(2) = $r 
0 


The curve given by r? = 4 cos 20 passes through the pole whenr — 0 = 4cos20—0 => 


20— $ cmn 0 = = + $n. The part of the shaded loop above the polar axis is traced out for 0 = 0 to 0 = 7/4, 


so we'll use —7:/4 to 7/4 as our limits of integration. 


n/4 m/4 n/4 
A= f $(400820) d0 =2 | 20520 d0 = 2|sin 26] 
—7/4 0 0 


2sin 5 = 2(1) — 2 


n/4 n/4 n/4 
A= f i (sin 40)? d0 = d sin? 40 d0 = d 4 (1 — cos 80) d0 
0 0 0 


i n/4 T 
—3[0— $sin80]7" = 4(4) =a" 
r=0 => 2sin50—0  sin50—0 50 — mn 0 — £n. 


7/5 n/5 
A- f i(2sin50)? d0 = d Asin? 50 d0 
0 0 


7/5 
=2 f 1(1— cos 100) do = [0 — 4 sin 100]"/° = = 


[v 


r=1+2sin0 


r=1+2sin 6 (rect.) 


CALCULUS IN POLAR COORDINATES 


out between 0 = 4 


r —4cos 30 


cos20=0 => 


1° =4 cos 20 


r=sin 40 


r 


=2 sin 50 


TT 
6 


solving r = 0]. 


32/2 37/2 37/2 
asaf 10 25m 0 qo = | (1 + Asin 8 + Asin*o) ao = f 
77/6 71/6 77/6 
32/2 v3 v3 
= [8 — 400s + 20 — sin 26] ICE (4 +273- £) =r- 98 
71/6 


lc 
and E 


This is a limagon, with inner loop traced 


[found by 


[1 4- 4sin 6 + 4- 1(1— cos26)] d0 
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22. To determine when the strophoid r = 2 cos 0 — sec passes through the pole, we solve 
r=0 => 2cos8— — = 0 => 2cos*@-1=0 > cos = 5 => 
cos = te => 0=Fford= 37 for0 < 0 < xwithO# 2i 
A=2 (2cos0 — sec 0)? dO = 1/^ (4 cos? — 4 + sec?) d0 


= [7/4 |4. 4(1 + cos20) — 4 + sec?0| dd = [7/4(—2 + 2 cos20 + sec?0) dO 
0 3 0 


= [26 + sin 26 + tàn6|/^ = (-2 1-41) -022- 2 


23. Asin0 — 2 sin 0 i 0 Z or ŠE — 7 — Asin 6 
eq d sl t [(4sin 0)? — 2°] d0 = 2S 16 sin?0 — 4) d0 
= [7/5 [16 - $(1 — cos20) — 4| d0 = [7/2 (4 — 8cos20) d0 (2, 52) (2,2) 
1/2 2 
= [49 - 4sin20] ^. — (2r —0) - (3 - 23) = 4 2/8 
1/6 
/ r=2 
24. 1— sin0 — 1 sinü = 0 0 —0orm 
2n 
A= JZ £[(1—sin6)? — 1] dd = T (sin?0 — 2 sin 0) dO (7) SCAT. 
= 1 f?" (1— cos20 — 4sin0) dô = ile- 1 sin 20 + 4cos0]?" 
=4n+2 r=1—sin6 


25. To find the area inside the leminiscate r? = 8 cos 20 and outside the circle r = 2, 


we first note that the two curves intersect when r? = 8 cos 20 and r = 2, 


that is, when cos 20 = i. For —7 < 0 < 7, cos 20 = i 20 = +7/3 


or +57/3 <= 6 = +r/6 or +57/6. The figure shows that the desired area 


is 4 times the area between the curves from 0 to 7/6. Thus, 


A= pm [3( 8 cos 20) — 4(2 y?] de uM (2cos 20 — 1) d0 


=$ [sin 20 z 0 7/* Z&(V/8/2 — n/6) — 4/8 — An/8 
0 


26. 14-cos0 —2— cos0 => 2cos0—1 cos @ i r —2 —cos6 
MES d 5z 
pas. 


r—]l-cosÓQ 
A= 25’? [(1 + cosd)? — (2—cos0)?]dó — [by symmetry] 


= /3(1 + 2cos0 + cos?0 — 4 + 4cos6 — cos?0) d0 2 
_ [7/3 E 59 v3 T 

= fo (6cos0 — 3) do = [6sino se] =6(4) 3(=) 

—3/3—m 
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27. 3cos0 = 1 + cos0 cos Ü i 0—$0r—$2. 0-2 
A-2[7^? 21 [(3 cos 9)? — (1 + cos 0)?] d0 [edu eee i 
= 77? (8 cos?0 2cos0 — 1) d = 1/*4(1 + cos20) — 2cos6 — 1] d0 A i 
= JZP (3 + 4cos20 — 2cos0) d0 = [30 + 2sin 20 — 2sin0]7^ N 
=7+V3-V3=7 r=3cos 0 
28. 3sin0 = 2—sinÜ => 4sin@=2 sin 0 i 0 Z or ŠE, 
A=2 f iK 4 [(3sin 0)? — (2 — sin 0)°] do 
E (9sin?0 — 4 + Asin 0 — sin?6] d8 
=e (8sin?0 + 4sin 0 — 4) d0 
cupa [2- $(1 — cos 20) + sin 0 — 1] d8 
1/2 E E m edd s 7/2 
=4 [7s (sin @ — cos 20) d9 = 4[—cos0 3 sin 20] 
zo-o- (7 8)] -i(88) 008 
29. 3sinf = 3 cos 0 dee 1 tand —1 6=F r=3 sino 
3cos0 
r/4 n/4 n/4 4) 
a=2 4(3sin0)? do = f gsin*oaa = | 9- 1(1— cos 26) d0 
0 0 0 
AA d o 9 95 Qs 9 9 ° 
=f (3 — 3 c0526) dé = [30 — $ sin 20)" = (88 —-$)- (0-0) a 


9s 9 
8 4 
EI T/2 — 2 
30. A— 4f, — cos 0)? dO = 2 [^ (1 — 2cos0 + cos*6) d0 Baa eae Joes 
Soi [1 — 2cos 6 + $(1 + cos 26)] d0 o) 
=2 0P (3 — 2cos0 + 1 cos 20) dé = MG 4cos 0 + cos 20) d0 > 
= [30 — Asinó + 4 sin 20] 7°? = 3—4 V 


31. sin 20 — cos 20 =1 


0—$ > 


7/8 7/8 
A=8.2f ssn? 2040 =8 | $(1 — cos 40) d0 
0 0 


ù 1/8 » P 
- 4|e - siae] 4(3 3-1)=4 1 
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32. 3 + 2cos0 = 3 + 2sin0 cos ÓÜ = sin 0 0 =Z or Z. 


ux 1(3 + 2cos0) 2 ao pe 9 + 12 cos 0 + 4cos?0) d0 


= S77" [9 + 12056 +4: $(1 + cos20)] d 


2p (11 + 12cos0 + 2cos 20) d0 = [110 + 12sin + sin 20] 77^ 


(835 -6V2 +1) - (H£ 4+6V241) = 11s — 12 v2 


33. From the figure, we see that the shaded region is 4 times the shaded region 


from 0 = 0to0 — 1/4. r? =2sin20andr=1 > 


2sin20— 1] = sin20— i 20— 2 0— 5. 
A= 4 pre? 1 1 (2 sin 20) )d6 - 4 (7/5 $(1? 

7/12 n/4 

= Jo! ? 4 sin 20 do + [7/5240 = = a + [26] ; 

0 71/12 
-(9e3) «(8 D - ez 

34. asin = bcos? => ese => tan0 = S Let a = tan`! (b/a). 

cosÜ a a 


Then 
A = f? t (asin 0)? d0 + [7 1(bcos0)? do 


= io? [0 — 5 sin20]5 + +40 [0 + 1sin20]7? 
= ka(a? — b?) + inb? — F(a? + b?) (sina: cosa) 
= (a? — b?) tan! (b/a) + grb? — Fab 


r=3+2sin0 


r=asin0d 


35. The darker shaded region (from 0 = 0 to 0 = 27/3) represents i of the desired area plus i of the area of the inner loop. 


From this area, we'll subtract i of the area of the inner loop (the lighter shaded region from 0 = 27/3 to 0 = r), and then 


double that difference to obtain the desired area. 
A= 2] anys HE + cos 0)’ dé — Joys HE + cos 0)? do] 


_ 27/3 (1 +cos6 + cos?0) do — jos (3 + cos0 + cos?) dé 


0 4 
= pu [i +cos@ + $(1+ cos 20)] do 
— Jona Lā + 6089 + $(1 + cos20)] do 
= E mnn PT E amd wr 
1 "RS OM 4 E ET 
=(4+£+3-£)- (4+3) +(4+8+3-£) 
6127958 aT 3 67 2 13-8 


1 
r— 3 +cos6 
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36. 


37. 


38. 


39. 


SECTION 10.4 CALCULUS IN POLAR COORDINATES 


r=0 => 1-42cos30—0 = cos 30 = —4 


30 = 2m, 27 [for 0- ít 


0<30<2r] > 0- =, = . The darker shaded region (from 0 = 0 to 
0 = 27/9) represents i of the desired area plus 1 z Of the area of the inner 


loop. From this area, we'll subtract i of the area of the inner loop (the lighter 


shaded region from 0 = 27/9 to 0 = 7/3), and then double that difference to (4. 3) 


obtain the desired area. 


A= 2f 27/9 1(1-- 2cos30)? d 8— [755 I 1 +2cos36)? do] 
Now r? = (1 + 2cos30)? = 1+ 4cos30 + 4cos? 30 = 1+ 4cos30 + 4- $(1 + cos60) 


= 1 + 4cos 30 + 2 + 2cos 60 = 3+ 4cos 30 + 2cos 60 


and f r?d0 = 30 + $ sin 30 + + sin 60 + C, so 


n/3 
22/9 


(rm +040) - (35$ 38 8 £) 


A= [30 +3 4 sin 30 + 1 3 sin 60]" eat? — [36 + $ sin 30 4- i sin 66] 
lens uu) 


j 
=$ +4V3 -4V3 ono pe 


The pole is a point of intersection. sin? = 1 — sinf => 2sinü—1 > rS 


sing = i 0 = | or 5r . So the other points of intersection are 


r=1—sin0 
The pole is a point of intersection. 1 + cos? =1—sin0d => r=1+cos@ 
; cos @ ER 
cos = —sinü => —— 1 cot Ü 1 0=3 
sin Ü 


or ZZ. So the other points of intersection are (1- i2, 3z) and 


me 2, 1). 


r=1-sin@ 


: — $ c — am Sa 137 17a E! 
2sin20—1 > sin20—53 > 20=%, 4, =, or. / 
By symmetry, the eight points of intersection are given by 


(1,0), where 0 = 5, 2, i and im, and 


A — Tr lla 19- 23v 
(—1,0), where 0 = 3, 4x. =F, and 55. 


[There are many ways to describe these points.] 
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r=1+2cos30 


r —2sin20 
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40. The pole is a point of intersection. cos 0 = sin 20 = 2sin0cos0. => 


cos 0(1 — 2sin 0) = 0 cos =Oorsnd=4 => 


Sx. go am, so the two remaining intersection points are 


0 
(>, g) and (8. 4). 


41. r = land r? = 2cos20 => 1?—2cos20 => cos20 = 4 > r=1 
20 = $, 5E, m or xu 0= 5 2t TT or D. Thus, the four r? — 2 cos 20 


points of intersection are (1, z), (1, ot), (1, =), and (1, Ha), 


42. Clearly the pole is a point of intersection. sin 20 = cos20 = r? = sin 20 
tan20 = 1 20 = $+ 2nm [since sin 20 and cos 20 must be 
positive in the equations] 0 — $ nm 0— For om CX) > 
: 1 T 1 on = 
So the curves also intersect at (+ F) and (+: s). r? = cos 20 


43. The shaded region lies outside the rose r = sin 20 and inside the limaçon r = 3 + 2 cos, so its area is given by 
2v ] 2v 
A= / i [(3 + 2cos0)? — (sin 20»? do = i f (9 + 12cos0 + 4cos?0 — sin? 20) d0 
0 ` 0 
2n — 
=: f [9 +12cos0 + 4- $(1 + cos20) — 4(1 — cos40)] dO 


2T 
=; f [Z + 12.cos 6 + 2cos20 + 1 cos 46] dé 
an 


= 4 [20 + 12sin0 + sin 20 + 1sin40]?" = 4(21m) = 2 


44. r = V/2cos@ andr? = /3sin20 => (V2cos0) = V3sin 20 => 2cos?0—24/3sin0cos0 => 


2cos?0 — 2V/3sin@cos9=0 => 2cos 0 (cos0 — v/3sin0) = 0 => cosl = 0or V3sinÜ = cos. => 


1 ected : : 
tanü— — => 0-— or for0 X 0 € 4. The shaded region is comprised of the area swept out by the lemniscate 


V3 


r? = V/3sin 20 in the interval 0 € 0 < a/6 and the portion of the circle r = V2 cos 0 in the interval 7/6 <0 € 1/2. Thus, 


71/6 2 7/6 7/2 
A= f 5 (V3sin 20) d+ f 5 (V2cos0) d0 = v3 — 1 e0820 «f cos?0 d0 
0 2 T 2 2 T 


/6 2 0 /6 


71/2 1/2 
--F(3-1)+/ 50 + cos20) ap = X + [Z0 + inar] -f3 -(5+$)]-3 


/6 7/6 


1/2 
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1 +cos = 3cos0 => 1-—2cos0 cos 0 i 0 $. The area swept out by r = 1 + cos0, 1/3 < 0 < m, 


contains the shaded region plus the portion of the circle r = 3cos0, 7/3 < 0 < 1/2. Thus, the area of the shaded region is 


given by 


T 7/2 T 7/2 
Ac ateoa- f 4(3cos 0)” d0 = b f (1+ 2cos0 eco) do — 3 cos? 0 dé 


T 1/2 
=; f [1+ 2cos0 + 3(1 + cos 20)] a-s f 4(1 + cos 20) dO 
7/3 7/3 


T 7/2 
=; f (3 + 20080 + $cos20) d0 - $ f (1 + cos 20) do 


/3 /3 
= [30 + 2sin0 + 1 sin26|7 ,, — 2[0 + $sim20]72 
I ur E uL c E Ss 
The pole is reached when r = 1 — 2sin0 = 0 sin 0 i 0 ae 5r , or 197. The curve's inner loop is traced 


from 0 = 7/6 to 0 = 57/6 (corresponding to negative r-values), while the outer loop is traced from 0 = 57/6 to 0 = 137/6. 
From the figure, we see that the area of the outer loop minus the area of the inner loop gives the area of the shaded region. 


Thus, 


tole 


137/6 57/6 
A= (1—2sine)? do — f 1(1— 2sin0)? d0 
5 1/6 


NIB 


137/6 57/6 
a (1 = 4sin0 + 4sin®9) d0 — f 1(1 —4sin6 + 4sin?0) d0 
5 1/6 


137/6 57/6 
-f [5 — 2sin0 +2- &(1— cos 26)| a- f [5 — 2sin0 +2- 3(1 — cos 20)] do 
5 T 


137/6 57/6 


— [36 +2cos0 +0 — $ sin 26] 


| 57/6 


Um L a) x(& 85) + (3+2) =7+3V3 


7/6 


34 3 y= 2x 
=20 1 ; 
" y=1+sinx 
3 3 
r=1+sin0é 
1.4 1.4 
—0.3 —-3 


From the first graph, we see that the pole is one point of intersection. By zooming in or using the cursor, we find the 6-values 
of the intersection points to be a & 0.88786 ~ 0.89 and 7 — a ~ 2.25. (The first of these values may be more easily 


estimated by plotting y = 1 + sin x and y = 2x in rectangular coordinates; see the second graph.) By symmetry, the total 
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area contained is twice the area contained in the first quadrant, that is, 
a m/2 a 7/2 
A- T 1(20) d0 + if 4(1+sin)? d0 = if 46° do +f [1+ 2sin@ + $(1 — cos 20)] d0 
0 a 0 a 


= e] + [a — 2cos 6 + (i 0 — 1 sin 20)|*/? = $o? + (3 + 7) — (a — 2 cosa + ia- ; sin 2a)| x 3.4645 


We need to find the shaded area A in the figure. The horizontal line 
representing the front of the stage has equationy=4 <= 


rsinü —4 = r= 4/sinð. This line intersects the curve 


4 pcd Sneha Bea 
S 


r= sin 0 in 0 
microphone r= 8+8sin0 8sinÜ--8sin?0— 4 => 2sin?@+2sind—1—0 
audience 
sin = =a VATER a = pr [the other value is less than —1] = 0 = sin! (= 3! 


This angle is about 21.5? and is denoted by a in the figure. 


A= Ag 1(8--8sin0)? do — 2m i(4csc0)? dO = 64 [7/7 (1 + 2sin 0 + sin?8) d0 — 16 [7 csc?0 dO 


REA 


= 64 [P (1 (1+ 2sin0 + $ — 4cos20) do +16 f7“ (— csc?0) dó = 64|$0 — 2cos0 1 sin 20]"/ ? + 16[cot 0 7? 


4 


= 16 [60 — 8cos0 sin 20 + cot 6]"/* = 16[(3m 0 — 0 4- 0) — (6a — 8cosa — sin 2a + cot a)] 


= 487 — 96a + 128 cos a, + 16sin 2a — 16 cot o 


From the figure, x? 4 (v3 1) ED x? —4 (3 243 } 1) 2 
43-1 
x? —24/3 = V12, so x = V 24/3 = 1/12. Using the trigonometric relationships a 
z= a ahoa 
for a right triangle and the identity sin 2a = 2 sin a cosa, we continue: te NARA 
4 4 4/ 
A= 48x — 960+ 128. Y 4 16.2. yee aa ide Ea XE 
2 2 2 V3-1 V3+1 
—1 
= 48r — 960 + 64 7/12 + 8 12 (V3 — 1) — 8 712 (V3 + 1) = 48m + 48 V12 — 96sin^ (4 ) 


~ 204.16 m? 
b T 
49. L— Í Jr? + (dr/d0)? d0 = 1 V/ (2 cos 0)? + (—2 sin 0)? d0 
a 0 
S J 4/ 4(cos20 + sin?0) d0 = f V4d6 = [20] z 
0 0 


As a check, note that the curve is a circle of radius 1, so its circumference is 27 (1) = 27. 
1/2 1/2 2 7/2 
50. i= [ Jr? + (dr/d8)? a= f yy (e8/2)2 + (&e9/2) ao = f AJ (e8/2)2 (1+ i) d0 
0 0 
7/2 
E Af | e" dð = ape 8/2 qg = 2 [7] = V5 (en 1) 
0 0 
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b 2T 27 
51. L >i Jr? + (dr /d0)? do -f 4/ (02)? + (20)? d0 -f v/ 0^ + 46? do 
a 0 0 
2m 2m 
=| Ve +4)a0= | 0V 0? +4d0 
0 0 


Now let u = 0? +4, so that du = 20 d0 [0 d0 — i du] and 


Qn An? 44 A(n2-41) 
J ove cap = [ vadu =}. 2[u9/?] = iB (q? 1)? — 45/2] a + 1)9/? = J] 
4 4 


0 


b 2n 
52. pe ve x Gran ao = [ V/[2(1 + cos 0)]? + (—2sin 0)? d0 = E eer FAO er d0 
2m 
=f V8 4- 8cos 0 a - vs" V1+cos0 a - va^ 4/2 m 
0 
2n 
-vsf 4/2cos? = Sa = vaa f^ 


=s[2sing] = 8(2) = 16 


cos j|" —4.2 T cos dé [by symmetry] 
0 


53. The blue section of the curve r = 3 + 3sinÓ is traced from 0 = —7/2 to 0 = m. 


r? + (dr/d0)? = (3 + 3sin 6)? + (3 cos i — 9 + 18sin 0 + 9sin?0 + 9 cos?0 = 18 + 18sin 0 


b= f V18 + 18sin 0 dd = v18 VI X sinü do = VIS UE (1— sin8) y 
—n1/2 —2/2 


-7/2 1— sin0 


— sin?0 cos L [cos 0| 
= 718 {ae dd = V18 41| —— dé = V18 ——— d0 
—«/2 1— sind —a/2 1 — sin —r/2 4/1 — sin 


ies ze, pet 
e e) = (prao 20-004) 
= V18 (2V2 + 2) = 12 + 6/2 


=t l—u 


54. The blue section of the curve r = 0 + 2 is traced from 0 = 0 to 0 = 3s. 


r? + (dr/d0)? = (0 - 2? + (1)? = (0-2)? +1 


3T 
r= VOTATI do 
0 
tan—!(37+2) 042-1 1 1 
=f /tan2x + 1sec?z dx | | 
t 


V1 + (Gr + 2/7 3c 42 NES 2 


snc dé = sec*x dx 
tan (854-2) tan (874-2) 

2 Jan uec? = 2 
E sec?y sec x dr = [sec z| sec* x da: 

tan-12 tan™1 2 

1(3m.-2) - i tan 1 (874-2) 

= f sec rdr = 5 [seca tanz + In [sec x + tan z| | [by Example 7.2.8] 

tan-12 tan—! 2 


i T+ (5r € 2) (30 +2) +In( T+ Gr +27 3. 2) - $[V5(2) + m(v$ +2)] [= 64.12] 
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55. The curve r = cos*(0/4) is completely traced with 0 < 0 < 4r. 1 
r? + (dr/d0)? = [cos*(6/4)]? + [4 cos? (0/4) - (— sin(0/4)) - 4]? > 
= cos? (0/4) + cos? (0/4) sin?(0/4) -0.75 1.25 
= cos? (0 /4)[cos? (0/4) + sin?(0/4)] = cos? (0/4) | 


= pes v/cos$ (0/4) d0 = qs [cos? (6/4)| d0 


= a d cos*(0/4) d0 [since cos?(0/4) > Oforü0 < 0 < 27r] = BIS cosudu [u= 16] 


= 8 (7 (1— sin?u) cosudu = 8 f ( (1— a?) dx px | 


dx = cosudu 
=se- 52°], =8-3) =F 


56. The curve r = cos?(0/2) is completely traced with 0 < 0 < 27. sl 
r? + (dr/d0)? = [cos? (0/2))? + [2 cos(0/2) - (— sin(0/2)) - 4} 
s (0/2) + cos? (0/2) sin? (0/2) -0.15 102 
= cos? (0/2)[cos? (0/2) + sin?(0/2)] 
s^ (0/2) Tos; 


= Ta V/cos? (0/2) d0 = A [cos(0/2)| dO = 2 ff cos(0/2) dé [since cos(0/2) > 0 for 0 < 0 < «] 


T/2 . T 
7? =4(1-0)=4 


= afer cosudu [u= 40] =4{sinu] 
57. The graph is symmetric about the polar axis and touches the pole when r = cos(0/5) = 0, that is, when 0/5 = 7/2 


or 0 = 57/2. |r| is a maximum when 0 = 0, so the top half of the red section of the curve is traced starting from the polar 


axis 0 = 0 to 0 = s. Half of the blue section of the curve is then traced from 0 = v to 0 = 57/2 (the pole), and, by symmetry, 


the entire blue section is traced from 0 = s to 0 = 57/2 + (57/2 — x) = 4m. 
re ar n: cos $ nu -isnt ue 2 go nd i 
dd) — BJA T 5) 25 5 
An An 
Thus, L = Vr? + (dr/d0)? d0 = | ee ( 5; sin” ) a, 


sing, om Hek . : : 
58. r = 7 is positive and decreasing in the 0-interval (0, 7), so a portion of the red curve is traced out between 0 = 0 and 


0 = 1/2, followed by the blue section of the curve from 0 = 7/2 to 0 = 37/2. 


» dr V? sing V 0.cosÓ —sin0-1V^  sin?Ó | (0cos0 — sin0)? 
PERIA TAIN owe ewe dto s 


32/2 32/2 
Thus, L — dics = 


(0 cos 0 — sin 0)? 
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59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 
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One loop of the curve r = cos 20 is traced with —1/4 < 0 < 7/4. 


2 
r? + (55) = cos? 20 + (—2sin 20)? = cos? 20 + Asin? 20 = 1-- 3sin? 20 > 


m/4 
L= I V1+3sin? 20 d0 ~ 2.4221. 


—mn/4 


2 1/3 
re (5) = tan? + (sec?0)?> > L= f y tan?0 + sec*0 d0 ~ 1.2789 
7/6 


dé 


The curve r = sin(6 sin 0) is completely traced with 0 < 0 < m. r=sin(6sin0) => 


2 
T = cos(6 sin 0) - 6 cos 0, so r? + (55) = sin?(6sin 0) + 36cos?0 cos?(6sin0) => 


L- f sin? (6 sin 0) + 36 cos?0 cos? (6 sin 0) dO ~ 8.0091. 
0 


The curve r = sin(0/4) is completely traced with 0 < 0 < 8r. r = sin(0/4) => m E É cos(0/4), so 


2 8n 
r? + (55) = sin?(0/4) + i:cos?(0/4) > L= i) sin? (6/4) + ds cos? (0/4) dO ~ 17.1568. 
0 


r—2cosÜ = mr-—rcosÜ —2cos?0,y = rsin0 = 2sinf cos =sin20 => 


dy  dy/dð — 2 cos 20 || cos20 — "m 
dr  dz/dÓ  2.2cos0(—sin0)  —sin20 — 


When 0 — 3 dy = — cot (2 . =) =cot = : . [Another method: Use Equation 3.] 


dx 3 3 


r=2+sin30 = x=rcosé=(2+4+sin30)cosé, y = rsin 0 = (24-sin30)sinü. => 


dy _ dy/d@ _— (2+ sin 30) cos@ + sin 0(3 cos 38) 
dx da/d@ (2+sin36)(—sin@) + cos 0(3cos 36) 


d dy — (2 + sin 3£) cos Ẹ + sin £ (3cos 37) s (2-38): 3 3(—2) 
e EN cM 2) ( 2) + 2 .3( x) 


2 
dodi S = 
B Aa = E or, equivalently, 2 — = v2. 


v2-4-2 -v2 


r=1/0 x —rcos0 = (cos0)/0, y = rsin = (sin0)/0 => 


dy  dy/dÓ _ sin@(—1/07) + (1/0) cos0 0?  —sin6 + 0 cos 
dx  dx/d0 ~~ cos@(—1/0?) — (1/0)sind 60? + —cos0 — 0sin 


_ dy —O0+7(-1)  -- |. 
When 0 = 7, ds. 1) 20) 1 T. 


r —sinÜ--2cosÜ = x -—rcosÓ = sin cos + 2cos?0, y = rsin = sin?0 + 2sinf cosð => 


dy  dy/dÓ _ 2sin cos — 2sin?0 + 2cos?0 


dx dx/d0 — sin? + cos?0 — Asin 0 cos 0 
0 dy  2(1)(0)—2(1)+2(0) -2 | 
A oh de pesd0Dy- 1 
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67. r = cos20 => r-—rcos0 = cos20 cos0, y = rsin0 = cos20 sind => 


dy _dy/d@  cos20 cos@ + sin0 (—2sin 20) 

dx dx/d0 | cos20(—sin0) + cos (—2 sin 20) 
m dy _ 0(v2/2) + (V2/2)(-2) _ -v2 _ 
4' dr — 0(—V2/2) + (v2/2)(-2) -v2 


When 0 = 


1. 


68. r —1--2cosÜü = mr-—rcos0 = (1-4-2cos0)cos0, y = rsin =(1+2cos@)sind => 


dy  dy/d0 . (1-F2cos0) cos0 + sin0 (—2sin 0) 


dr  dz/dÓ | (1--2cos0)(— sin 0) + cos0 (—2sin0) 


when = Z ay — 2(3) + (V3/2)(-V3) 2 _ 2-3  -1 v3 
3'dv 2(-/3/22-$(-/3) 2 -2V3-v3 -3/3 9 
69. r = sind x —rcosÓ = sinÜ cos 9, y = rsin 0 = sin? 0 zu 2sin cos —sin20—0 => 
20 —0o0rm 0=00r 5 horizontal tangent at (0,0), and (1, 3). 
dz = — sin?0 + cos?0 cos 20 = 0 20 Z or 3 => 9 — £ or 3z = vertical tangent at (45.2) 
1 3- 
and (=. z) 
70. r = 1 — sin x —rcosÜ = cos (1 — sin 0), y = rsin 0 = sin 0 (1 — sin 0) => 


4 = sin (— cos0) + (1 — sinf) cos = cos (1 — 2sin0)=0 = cos@=Oorsnd=4 => 


6=%.>> on or un horizontal tangent at (5, $) (5, 57), and (2, 32). 


42 = cos0 (— cos0) + (1 — sin0)(— sin0) = — cos? 0 — sin 0 + sin?0 = 2sin?0 — sin — 1 


= (2sinf + 1)(sin0 — 1)=0 = 


sing = dor = 2,44 oz => vertical tangent at (3, 4) , (3, 4), and (0, 2). 


Note that the tangent is vertical, not horizontal, when 0 = 5, since 


dy/d0 ] cos 6 (1 — 2sin0) : dy/d0 
im  ——— — lm  ——————————— —ooand lim  —— — 
6(x/2)- dz/[d0 ^ e—(x/23)- (2sinO + 1)(sin0 — 1) 0—(x/2)* dx/d0 


71. r=1+cos9@ => x=rcosé=cosé(1+cosé), y — rsinó = sinf (1 + cos) => 


ZU = (1 + cos 0) cos0 — sin? 0 = 2 cos? 0 + cos 0 — 1 = (2cos0 — 1)(cos0 + 1) = 0 cos0 = 4 or —1 
0 = 3, T, or 5z = horizontal tangent at (3, $) (0,7), and (3, 3r). 
d = —(1- cos0) sinÓ — cosÓ sin = —sin0(14-2cos0) 20 = sinü—0orcosó—- —-; > 
0—0,7, =, or = = vertical tangent at (2, 0), (5, 2), and (4, =). 

a : . : .. dy/d8 
Note that the tangent is horizontal, not vertical when 0 = ~, since lim = 

0-0 da /d0 
72. r = e? x =rcos@ = e? cos0, y = rsinü = e? sinf > 

W = e^ sinf + e? cos0 = e’ (sin 0 + cos 0) = 0 sin 0 = — cos 0 tan 6 1 
0- —im +n [n any integer] = horizontal tangents at (eer al — 3) 


[continued] 
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dz — e^ cos0 — e° sinf = e^ (cos0 sing) = 0 sin ð = cos0 tand=1 => 


d= in +n [n any integer] = vertical tangents at cence), 7 (n + 1). 


dy dy/d0 
E —- — tan 0 — tan 
73. tany = tan(¢ — 0) = D e == dy z -e 
1+ —tan6 
+ an B r id 
dy dz dr i 0 0 | — tan dr 0 —rsinO sin?0 
E d$ p (sim -- Tr cos an jp °° rsin , rcosÓ-Er. = 
dx | dy dr dr dr dr sin” 
— + — tan pond = i — si as E rs 
d6 T dé an ($ cos Ü rsind) +an0($ sind + ros) d$ cos Ü d6 cos 
_ r cos?0 + r sin?0 - LP 
= dr dr . -~ dr/d0 
ard 20 -L — 2 
d$ cos?0 d$ sin^0 


74 (a) r— e? => dr/d0 — e, so by Exercise 73, tan y = r/e? =] > 
i) = arctan 1 = 4. 
(b) The Cartesian equation of the tangent line at (1,0) is y = x — 1, and that of 

the tangent line at (0, e7/?) is y = e7/? — z. 


(c) Let a be the tangent of the angle between the tangent and radial lines, that 


T ax dr 1. z 
dr / d0 dd a 


is, a = tan y. Then, by Exercise 73, a = 
r = Ce?/^ (by Theorem 9.4.2). 


75. (a) From (10.2.9), 


S = J; 2ny v (dr[d0y: + (dy [dB dà 
= f? 2ry/r? + (dr/d0)? do [from the derivation of Equation 10.4.6] 


= f? Qnr sin 04 / r? + (dr/d0)? dO 


(b) The curve r? = cos 20 goes through the pole when cos20 =0 => 


(o A r’=cos20 
20=5 = 0 = t. We'll rotate the curve from 0 = 0 to 0 = 7 and double 
(1,0) 
this value to obtain the total surface area generated. O 7 
dr dr\? sin?20 — sin? 20 
2 = cos20 > 2r— = —2sin20 > (—) -———--——. 
n ed E do RUE dO r2 cos 20 


n/A 7/4 2 :- 2 
s=2f 2r V/cos 2H sind /os 20 + (sin? 20) [cos 2040 = 4n | Veos 2 sing | £89 72 9m 20 ag 
0 0 


n/4 1 n/4 
E : EC NN = : = A. n/4 V2 
= anf V cos 20 sin 0 Umm ar | sin 0 d0 An | cos 6]^ 4n( 5 1) 2n (2 v2) 


76. (a) Rotation around 0 = $ is the same as rotation around the y-axis, that is, S = f i 27x ds where 


ds = ,/(dx/dt)? + (dy/dt)? dt for a parametric equation, and for the special case of a polar equation, x = r cos 0 and 
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ds = 4/(dx/d0)? + (dy/d0)? d0 = 4/r? + (dr/d0)? d0 [see the derivation of Equation 10.4.6]. Therefore, for a polar 


equation rotated around 0 = $, S = s 2nr cos 04/r? + (dr/d0)? d0. 


(b) As in the solution for Exercise 75(b), we can double the surface area generated by rotating the curve from 0 = Oto 0 = 7 


to obtain the total surface area. 


n/4 
S= 2f 2r v cos 20 cos 0 4/ cos 20 + (sin? 20)/cos 20 dé 
0 
7/4 2 a) 
=4n | Veeco cont) ee ee 
0 cos 20 


n/4 m/4 
=4n | Ve0836 cos 0 ——— d0 = 4r f cos 0 dO 
0 0 


cos 2 


0 


= An [sin 0] 7” (X -0) =2V20 


10.5 Conic Sections 


1. £? = 8y and x? = 4py 4p = 8 p = 2. The vertex is “al 
4.5 
(0,0), the focus is (0, 2), and the directrix is y = —2. 
$ (0, 2) 
0 67 
y=-2 


2. 9x = y’, so 4p=9 < p= 4. The vertex is (0,0), the focus is 
($, 0) , and the directrix is x = —%. 
3. 5a +3% =0 6 y^ = — $z, so 4p $ p i. 


The vertex is (0, 0), the focus is (-3 0), and the directrix is x = i. 


12? 
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2 


4. x? --12y 20 € x’ =—12y,so4p = —12 p--3. » 


The vertex is (0, 0), the focus is (0, —3), and the directrix is y — 3. 


5. (y--1)? = 16(z—3),so4p — 16 < p= 4. The vertex is (3, —1), " 
the focus is (3 + 4, —1) = (7, —1), and the directrix is n 
a=3-4=-1. x 
0 (7, -1) X 
x--l 
6. (x — 3)? —8(y--1)so4p—8 & p=2. The vertex is (3, — 1), : 
(3,1) 
the focus is (3, —1 4- 2) = (3, 1), and the directrix is " E 
0 7 X 
y—--1-2--3. 
y=-3 


7. Y +6y+2r+1=0 e y+b6y=-227-1 © 


Y 


yY? +6y+9=-—2r+8 e (y43)-2-2(r—4),s04p-2-2 © 


p= —3. The vertex is (4, —3), the focus is (3, —3), and the directrix is 


8 
| 
NIO 


8. 2x? — 16x — 3y + 38 = 0 2x? — 16x = 3y — 38 


2(z? — 8x + 16) = 3y — 38 + 32 2(z — 4)? = 3y — 6 
(x — 4)? = ł(y — 2), so 4p= ł < p= 2. The vertex is (4, 2), the 
3 


focus is (4, 22), and the directrix is y = 2. 


9. The equation has the form y? = 4px, where p < 0. Since the parabola passes through (—1, 1), we have 1? = 4p(—1), so 


4p = —1 and an equation is y? = —r or x = —y?. 4p = —1, so p = i and the focus is (-i 0) while the directrix 
is £ = i 


10. The vertex is (2, —2), so the equation is of the form (a — 2)? = 4p(y + 2), where p > 0. The point (0, 0) is on the parabola, 
so 4 = 4p(2) = 4p — 2. Thus, an equation is (x — 2)? = 2(y+2). 4p = 2, so p = 3 and the focus is (2, — 3) while 


the directrix is y — -£. 
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z? y 
“n. += V2 b= V6 —4 
16 * 95 E 9m Qt 


c= Va? — i? = 4/25 — 16 = V9 = 3. The ellipse is centered at (0, 0) 


with vertices (0, +5). The foci are (0, +3). 


12. + =1 a= v1 =?2, b= v3, 


c= va? — b? = y4 = V1 = 1. The ellipse is centered at (0, 0) with 
vertices (+2, 0). The foci are (+1, 0). 


13. 22 + 3y? =9 ta MNT ao 928 b= V3, 


c — Va? — b? = y9 = V6. The ellipse is centered at (0, 0) with 


vertices (+3, 0). The foci are (+6, 0). 


14. 2? = 4 — 2y? 2? +2? —4 aera aes 


a=V4=2,b=V2,c=Ve—-P=V4 = V2. The ellipse is 


centered at (0, 0) with vertices (+2, 0). The foci are (4-2, 0). 


15. Az? + 25y? — 50y = 75 4r? + 25(y? — 2y+1)=754+25 6 


z?  (y-1? 
25 4 


4x? + 25(y — 1)? = 100 


1 a = 25 = 5, 


b = V4 = 2, c = V25 = y 21. The ellipse is centered at (0, 1) with 


vertices (+5, 1). The foci are (+/21, 1). 
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16. 9x? — 54r +y? +2y +46=0 © 4 
O(a? — 6x +9) +y? + 2y + 1 = —46 +81 +1 | 
eurori ea ug Ey OTD a = 5, 
4 36 -14 x 
a = V36 = 6, b = V4 = 2, c = V36 — 4 = V32 = 4 V2. The ellipse is 
centered at (3, — 1) with vertices (3, 5) and (3, —7). The foci are E 
(3, —1 + 4v2). 
17. The center is (0, 0), a = 3, and b = 2, so an equation is x: z = 1. c = ya? — b? = y5, so the foci are (0, +v5). 


ED 21» 
18. The ellipse is centered at (2, 1), with a — 3 and b — 2. An equation is eua) + Qe 1. c = Va? — b? = V5, so 


the foci are (2 Æ V5, 1). 


2 
19. L - 1 a=5,b=3,c= va 4b? = v35 }9= 3 > 


center (0, 0), vertices (0, +5), foci (0, X34), asymptotes y = tix. 


Note: It is helpful to draw a 2a-by-2b rectangle whose center is the center of 


the hyperbola. The asymptotes are the extended diagonals of the rectangle. 


2 2 


{re EIE a=6,b=8,c = Va 13 = v36 F61=10 > M pad 


36 64 


we 
8 


center (0, 0), vertices (+6, 0), foci (+10, 0), asymptotes y = tir =+ 


2 2 


2 2 Tz y 
£ — — =— =1 a=b=10 
a y 100 100 100 ; 


c = y100 + 100 = 10/2 = center (0,0), vertices (+10, 0), 


foci (+10 V2, 0), asymptotes y — zi = Æg 


yore, 
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23. 


24. 


25. 


26. 


27. 
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y? — 1622 = 16 eee | (ad b 


c=V164+1=vV17 = center (0,0), vertices (0, +4), 


foci (0, tV 17), asymptotes y = rir = +47 


center (0, 1), vertices (1, 1), foci (+V2, 1), 


asymptotes y — 1 = tir — Lm. 


9y? — 4a? — 36y — 8r = 4 


9(y? — 4y + 4) — 4(a? -2z +1) 2436-4 © SS ci, N 

edi 1)? i 
9(y — 2)? — 4(z + 1)? = 36 (sara NC Jc 2 NUT 

4 9 
a = 2, b = 3, c = V4 + 9 = v13 center (—1, 2), vertices 7 7 

C1, 0) è 
(—1,2 2), foci (—1,2 + v13), asymptotes y — 2 = +2 (x + 1). 4 2 
(71.2 - 13) |»-2 Ec 1) 


2 2 


The hyperbola has vertices (+3, 0), which lie on the x-axis, so the equation has the form = — i — 1 with a — 3. The point 
5 4? 25 16 16 16 " 
(5, 4) is on the hyperbola, so z p” 1 dig 1 9^5 b^ =9 b — 3. Thus, an 
2 2 
equation is 7 — E = 1. Now, e =a? +b? =9+9=18 c=vy18 3V2, so the foci are (+372, 0), while the 
a 3 
asymptotes are y = E+% = zz = TT. 
b 3 
yog? 
The hyperbola has vertices (0, +2), which lie on the y-axis, so the equation has the form z gp“ 1 with a = 2. The point 
; b | 6e sg 64 64 j b = 2/2. Th 
(8,6) is on the yperbola, so 7; pol 9 p 1 8 PB 8 24/2. Thus, an 
ye r 
equation is u vg = 1. Now, e =a? +b =44+8=12 c= 12 24/3, so the foci are (0, 2v3), while the 
as totes are 242.2 : t=: l x 
DER d b 2/2 | X42. 
a? 
4a? = y? +4 4x? — y? —4 A 1. This is an equation of a hyperbola with vertices (+1, 0). 


The foci are at (+v 14-4, 0) = (+V5, 0). 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 
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4x? =y+4 € a? = L(y +4). This is an equation of a parabola with 4p = 4, so p = 7q- The vertex is (0, —4) and the 


focus is (0, 4+ i) = (Urso 


2 242 

Z + ur = 1. This is an equation of an ellipse with vertices at (:5/2, 1). The foci are at (x2 —]1, 1) = (41,41): 
a -1? A 

yY? —2 =r — 2r yY — r? +2r=2 y? — (a? —2r+1)=2-—1 £ CE A 


equation of a hyperbola with vertices (1, +1). The foci are at (1, tV1+4+1 ) a (1, +/2 ). 


32? — 6r — 2y = 1 3x? — 6a = 2y + 1 3(a@? — 2z +1) = 2 +1+3 3(r — 1) =2y+4 


(2 —1)? = (y + 2). This is an equation of a parabola with 4p = 2, so p = i. The vertex is (1, —2) and the focus is 


(1,-2+ 8) = (5 5). 


x? — 2x + 2y? —8y - 1 — 0 (x? — 2s +1) +2(y? — 4y +4) =-7+1+8 & (x—1)?-42(y-2? 22 © 


(z-1? 492) 


(1+ /2—1,2) = (11,2). 


= 1. This is an equation of an ellipse with vertices at (1 + V2, 2): The foci are at 


The parabola with vertex (0, 0) and focus (1, 0) opens to the right and has p = 1, so its equation is y? = Apz, or y? = 4a. 
The parabola with focus (0, 0) and directrix y = 6 has vertex (0, 3) and opens downward, so p = —3 and its equation is 

(x — 0)? = 4p(y — 3), ora? = —12(y — 3). 

The distance from the focus (—4, 0) to the directrix x = 2 is 2 — (—4) = 6, so the distance from the focus to the vertex is 
(6) = 3 and the vertex is (—1, 0). Since the focus is to the left of the vertex, p = —3. An equation is y? = 4p(a+1) => 
y? = —12(x + 1). 

The parabola with vertex (2, 3) and focus (2, — 1) opens downward and has p = —1 — 3 = —4, so its equation is 


(x — 2)? = 4p(y — 3), or (x — 2)? = —16(y — 3). 


The parabola with vertex (3, —1) having a horizontal axis has equation [y — (—1)]? = 4p(a — 3). Since it passes through 


(—15, 2), (2+ 1? = 4p(—15 — 3) 9 = 4p(—18) 4p = —4. An equation is (y + 1)? = —3(x — 3). 


The parabola with vertical axis and passing through (0, 4) has equation y = ax? + bz + 4. It also passes through (1,3) and 


3=a+b+4 —-l=a+b —1-a-4b 
> > 
—6 = 4a — 2b + 4 —10 = 4a — 2b —5 = 2a — b 


Adding the last two equations gives us 3a = —6, or a = —2. Since a + b = —1, we have b = 1, and an equation is 


(—2, —6), so 


y = —2z? +2 + 4. 
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39. The ellipse with foci (+2, 0) and vertices (4:5, 0) has center (0, 0) and a horizontal major axis, with a = 5 and c = 2, 


2 2 


c? = 25 — 4 = 21. An equation is — + 2 


2 EI 
25 21 


sob? =a 


40. The ellipse with foci (0, +v2) and vertices (0, +2) has center (0, 0) and a vertical major axis, with a = 2 and c = V2, 


2 2 
sob? a? c —4 2 — 2, An equation is 7 + 4 — 1. 


41. Since the vertices are (0, 0) and (0, 8), the ellipse has center (0, 4) with a vertical axis and a = 4. The foci at (0, 2) and (0, 6) 


z-0* (y-4* | 


are 2 units from the center, so c = 2 and b = Va? — c? = 4? — 2? = J/12. An equation is ( m z 
a 


=> 


2 EV. 
z (y—-4 La 
12 16 


42. Since the foci are (0, —1) and (8, —1), the ellipse has center (4, —1) with a horizontal axis and c = 4. 
The vertex (9, —1) is 5 units from the center, so a = 5 and b = Va? = c? = y5? — Æ = V/9. An equation is 
EV 2 4 2 
Gre d) oue) s (z-45 | (yt _y 


a p : 25 9 
1 2 —4 2 f f 
43. An equation of an ellipse with center (—1, 4) and vertex (—1, 0) is UE " + (y p Ez 1. The focus (—1, 6) is 2 units 
; Dy — 4)? 
from the center, so c = 2. Thus, b? + 22 = 4? = b? = 12, and the equation is ry + wy =1. 
ey? 
44. Foci F1(—4,0) and F2(4,0) = c= 4and an equation is a + p^ 1. The ellipse passes through P(—4, 1.8), so 
2a = |PF,| +|PF| > 2a-184 4/8 4 (1.8)? 2a = 1.8 + 82 a — 5. 
Soy 
b? = a? — c? = 25 — 16 = 9 and the equation is 25 + me 1. 
soy 
45. An equation of a hyperbola with vertices (3, 0) is 3 g^ 1. Foci (+5,0) = c=5and3?+b?=5? = 
2 y 
b? = 25 — 9 = 16, so th tionis — — = —1 
5-9 so the equation is 9 16 
yw 
46. An equation of a hyperbola with vertices (0, +2) is ao p” 1. Foci (0,+5) => c=5and? +b =5 = 
2 2 
b? = 25 — 4 = 21, so the equation is 4 — — = 1. 
5 , So the equation is 1 21 


47. The center of a hyperbola with vertices (—3, —4) and (—3,6) is (—3, 1), so a = 5 and an equation is 
(y-1? (+3? 


m pg — = L Foci (-3, —7) and (—3, 9) c= 8, s0 5? +b? = 8? b? = 64 — 25 = 39 and the 
. (y- 1)? a 
equation is wy = er =el, 


(x 3)? (y 2)? 
42 b2 
Foci (—2, 2) and (8, 2) > c= 5, SO 4? + b? = 5? b? — 25 16 — 9 and the equation is 


(x= 3? w- 


16 9 


48. The center of a hyperbola with vertices (—1, 2) and (7, 2) is (3, 2), so a = 4 and an equation is 
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2 2 
The center of a hyperbola with vertices (+3, 0) is (0,0), so a = 3 and an equation is 5 — a =1. 

b oO P gy! 
Asymptotes y = +2x 2 b = 2(3) = 6 and the equation is — — =~ = 1. 

a 9 36 

a chic Pe as) on 

The center of a hyperbola with foci (2, 0) and (2, 8) is (2, 4), so c = 4 and an equation is ce uu iem 1. 
The asymptote y = 3 + 4x has slope 4, so z = E => b-2aanda?- b? =? a? + (2a)? = 4? 


=T. 


(y-47?  (r-2Y 
1 


5a? — 16 S 16 and so b? = 16 — 16 = 2 Thus, an equation is 6/5 64/5 


In Figure 8, we see that the point on the ellipse closest to a focus is the closer vertex (which is a distance 
a — c from it) while the farthest point is the other vertex (at a distance of a + c). So for this lunar orbit, 
(a—c)+(a+c) = 2a = (1728 + 110) + (1728 + 314), or a = 1940; and (a + c) — (a — c) = 2c = 314 — 110, 
€ 2 


y = 
3,763,600 4 3,753,196 1 


or c = 102. Thus, b? = a? — c? = 3,753,196, and the equation is 


(a) Choose V to be the origin, with x-axis through V and F. Then F is (p, 0), A is (p, 5), so substituting A into the 
equation y? = 4pz gives 25 = 4p? so p = 3 and y? = 10z. 

b)c=11 > y-VIH0 = |OD|-2JV110 

(a) Set up the coordinate system so that A is (—200, 0) and B is (200, 0). 


|PA| — |PB| = (1200)(980) = 1,176,000 ft = 2539 mi = 2a => a= +25, and c = 200 so 


1 T1 -* 


2. 2 5 3,339,375 1212? 1215? 
b Sit ig IB RIEN er 
121 1,500,625 — 3,339,375 
(121)(200)? 121y? 133,575 
b) Due north of B — 200 =1 2 ez 248 
(b): Due tiorth'o E 1,500,025 ^ 3,339,375 Y= 539 m 


|PFi| — |PF2| = +2a V/ (z +6)? 4 y? — (x — c)? + y? = 2a 


v(a +e) +y = y(r- c) +y2a e (xtc? +y? = (x -—c)? +y? +40 t4a/(a—cP?+y? e 


dea — 4a? = +4a /(r—c)) +y e Ca? —2a?cx tat = a? (a? —2ez +e? +y?) S 
soy 

(e a?)a? a^? = a? (c? a?) br? — a?4? = ab? [where b? = c? — a?] map 1 
a 


The function whose graph is the upper branch of this hyperbola is concave upward. The function is 


2 


y = f(x) 2a 1+ 55 = z VP Y a7, so y' = Feb? + a?) and 


y" = z G Ta?) 1 — 9 (b? + 22558] = ab(b? + x?)-9/? > 0 for all x, and so f is concave upward. 


We can follow exactly the same sequence of steps as in the derivation of Formula 4, except we use the points (1, 1) and 


(—1, —1) in the distance formula (first equation of that derivation) so \/(a — 1)? + (y — 1)? + J/(z +1)? + (y 4-1? = 
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57. 


58. 


59. 


60. 
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will lead (after moving the second term to the right, squaring, and simplifying) to 2 ,/(a + 1)? + (y + 1)? = xz + y + 4, 


which, after squaring and simplifying again, leads to 3a? — 2zy + 3y? = 8. 


2 2 


(a) Ifk > 16, then k — 16 > 0, and = + ET = 1 is an ellipse since it is the sum of two squares on the left side. 
ae? y? 
(b) If 0 < k < 16, then k — 16 < 0, and T + PET 1 is a hyperbola since it is the difference of two squares on the 


left side. 


(c) If k < 0, then k — 16 < 0, and there is no curve since the left side is the sum of two negative terms, which cannot equal 1. 


(d) In case (a), a? = k, b? = k — 16, and ? = a? — b? = 16, so the foci are at (+4,0). In case (b), k — 16 < 0, so a? = k, 


b? = 16 — k, and c? = a? + b? = 16, and so again the foci are at (+4, 0). 


2 ME. 
(a) y? = 4px 2yy' = 4p y ZP. so the tangent line is 
y 
2p 2 
uw (x — vo) Vyo — yo = 2p(x — vo) 
yyo — Apzo = 2px — 2pxo yyo = 2p(x + x0). 
(b) The x-intercept is — xo. 
2 1 1 Tz ` : E To IN 
x^ = Apy 2x = Apy y’ = —,s0 the tangent line at (xo, yo) is y — — = — (x — xo). This line passes 
2p 4p 2p 
2 
through the point (a, —p) on the directrix, so —p — a = = (a — xo) Ap? — zà = 2axo — 222 
p p 
zà— 2aro — 4p? = 0 x —2azo--a? =a? +4p? & 7A 


(zo — a)? —a?--Ap? & xo = ac fa? + 4p?. The slopes of the tangent 


aa? 4 4p? 
lines atx = at \/a? + 4p? are res Sa so the product of the two 


2p 


slopes is 


(a, —p) yp 
act ya? +4p? a- a? +4p? a? — (a? + Ap?) SA icd 
2p 2p B dir 


4p? 4p? 


showing that the tangent lines are perpendicular. 


Without a loss of generality, let the ellipse, hyperbola, and foci be as shown in the figure. 


The curves intersect (eliminate y?) => 


2 2 2 2 
af x y 2[ F V) p2 2 
P(5-5E)e (545)-5 +0 => 


2,2 2,2 2 2 
EOS PU S CS = P(E) => 
a 


A2 A? a 
2- B? +° oo A?a?(B? +07) 
= aB? +bA?  a?B2+bA2 7 
A?a? 


B? (a? he A?) 


Similarly, y? = —7—7——ÁÁ —7. 
TET 02A? + a? B? [continued] 
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2 2 1 1 
2 2 
Next we find the slopes of the tangent lines of the curves: — 4 z =1 = a 0 3 
Dr x 2 2x  2yy : z 2 
UE Bi and AR D 1 A2 a 0 pz A UH Ads . The product of the slopes 
pp Aa (p? +?) 
pP B22 a2 B? + b2A2 B? +b? 
t (mr Br) a aac a rnc eee pe EL ? p) = and A? + B? =e, 
at (%0, yo) iS yg Un a Arye zi BW a, m. 4: Since a c* an + c 
b2A2 + a2 B2 
we have a? — b? = A? + B? a? — A? = b? + B?, so the product of the slopes is —1, and hence, the tangent lines at 
each point of intersection are perpendicular. 
ay? 
9z? + Ay? = 36 3E | 3^ 1. We use the parametrization x = 2cost, y = 3sint, 0 < t < 27. The circumference 
is given by 
peg v/(dz/dt)? + (dy/dt)? dt = fee /(—2sint)? + (3cost)? dt 
e Asin? t + 9cos? t 2" //4 4- 5 cos? t dt 
i 5 2r—-0 7 
Now use Simpson’s Rule with n = 8, At = Ec I and f(t) = v4 + 5 cos? t to get 


Le Sg = HE [f(0) - Af (2) +24 (3) + AF (32) + 2f (m) + AF (Sz) +25 (32) +4f (72) + f(2)] ~ 15.9. 


The length of the major axis is 2a, so a = 2(1.18 x 1019) = 5.9 x 10°. The length of the minor axis is 2b, so 


rz? 2 


b= i(l. 14 x 10'°) = = 5.7 x 10°. An equation of the ellipse is — Te a= 1, or converting into parametric equations, 


x = acos and y = bsin0. So 


A pu (da: /d0)? + (dy/d6)? dg —4[7? Va? sin? 0 + b? cos? 0 d0 


Using Simpson's Rule with n — 10, A0 PET zo and /'(0 = V'a? sin? 0 + b? cos? 0, we get 


& 4: Sio =4- 545 [f(0) - 4f (45) + 2/(22) +--+ 2f(S) - AF(S8) + F(3)] & 3.64 x 107? km 


2 2 2 2. 2 
i d 1 4 SrA did x? — a? 
a? b b2 a2 à 
c 2 c 
A=2f $$ P de 2 2 ua a? Sleeve 
b 
= [eve - a? - a’ n |e - Ve? - a? | + a” In|al 


Since a? +b? = c?, c? — a? = V, and Ve? — a? = b. 


2 [eb a? In(c +b) +a? Ina] = P [cb + a^ (Ima — n(b +0) 


= D?c/a + abln[a/(b + c), where c? = a? + b°. 
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x y = y | —cr cp 
e ata cl > mi a2 => yd 


a b 2 b2 a 
V= «( a? 5) da = 20 f (a? — x?) da oW 
—a a a 0 9 


yA 
@— zi. y 


2 2 2 2 2 b 
a 


a? 0 a? 3 3 2 y 
2 2 2 2 2 
x y x b —y a yA 
b =l > ~= = = +- \/b? — y2. 
DET a? b2 ae d m 
b 2 2 pb 
V= uc wy) dy — 2s = | (P — y?) dy 
b NO b 
0 x 
| 2na? 5 wi 2ra? (CO 4 ay 
b2 3" Jo b2 3 3 ey 
2 2 
65. 927 + 4y? = 36 © > + L 1 a = 3, b = 2. By symmetry, z = 0. By Example 2 in Section 7.3, the area of the 


top half of the ellipse is (rab) = 3r. Solve 9x? + 4y? = 36 for y to get an equation for the top half of the ellipse: 


9x? + 4y? = 36 4y? = 36 — 9x? y^ = 34 z?) y = $V/A — a?. Now 
Wo J 1 [21/3 : 3 P 3 

y-—]z dr=— | =(2V/4—22) dr=> | (4—a?)d 

y- Af seas f i39) ws f aee 


so the centroid is (0, 4/7). 


2 2 


66. (a) Consider the ellipse 5 + 5 = 1 with a > b, so that the major axis is the x-axis. Let the ellipse be parametrized by 


x = acost, y = bsint, 0 < t < 2r. Then 


dz V | (dyV 
(5) +(#) = a? sin? t + b? cos? t = a? (1 — cos? t) + b? cos? t = a? + (b? — a?) cos? t = a? — c? cos? t, 


where c? = a? — b°. Using symmetry and rotating the ellipse about the major axis gives us surface area 


1/2 0 = 
s= [yas -2 | 2n (bsint) a Feo tdt = arb | va? — u? (-i«) po | 
0 c 


du — —csintdt 
c 2 I 
-=/ Jaza == z Va =u? + T sin (+) = le a? — 2 +a’ sin (£)] 
C Jo c 2 2 a7 |o e i 
2 27b [bc + a? sin! (<)| 
C Q 


(b) As in part (a), 


2 2 
(5) + (3) = a? sin? t + 0? cos? t = a? sin? t + 0? (1 — sin? t) = b? + (a? — b?) sin? t = b? +c? sin? t. 
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Rotating about the minor axis gives us 


1/2 c ced. 

S= [12a -2 f 2n (a cost) P esm Idi = 4ra | y b? + u? (i D Fere 
21 4ra | u b? ^ 27a 2 2 
ai 5 VP Fw? + g In(ut VP +0?) = L [e Vb F Z + b? n(c + vV +e) — 0? Ind] 

c 5 c 


= ana Jac+ 0 in(**)] 
c b 


2 2 / 2 
2 2 b 
67. Differentiating implicitly, = + a =1 = - 0 y d [y Æ 0]. Thus, the slope of the tangent 
: 20 0m 2045 20 ; 
line at P is -—,—. The slope of F P is and of FoP is . By the formula in Problem 21 in Problems Plus 
ary zı +C 21—c 
following Chapter 3, we have 
n bai 
iau i Ee ayı aytt+bai(aite) _ a von using 223 + a7 yj = a7b?, 
B b xui a?yı (zı +c) — briyı — x1yi + a? 64A anda? — b? = c? 
a?yi(zi +c) 
p? (7 + a?) b? 
cy1(cx1 + a?) cy 
E bri Yı 
ud. tanpo 4i tie -eyb- mmc) _ ab? ber — (en a) 
^ bay a?yı (xı — c) — Bay. xiyi— a?cyı cyilczı — a?) cy 
a?yi(zi — c) 
Thus, a = B. 


68. The slopes of the line segments F; P and F5 P are SL. and = 


, Where P is (#1, y1). Differentiating implicitly, 


zı +c zı — c 
2x  2yy p Mee 
2 yy 0 y 22 the slope of the tangent at P is = , So by the formula in Problem 21 in 
a b a?y a^yi 
Problems Plus following Chapter 3, 
bx, y 
ERE ay ate — bailei +c) ay? _ (cai +a’) using £? /a? y2/ —1,] _ or 
Pays a2yi (xı + c) + Bayi cy1 (cx + a?) anda? +b? = c? cyi 
a?yi(z1 +c) 
EN bz T. yi 
and tings ayı  zi—c _ —b’ai(ai1—c)t+a’yp — U(exi— a?) _ Ld 
1 buy a^yi(xi— c) + b2a1y1 — cyi(exi— a?) | cgi 


a?yi(zi — c) 


So a = B. 


69. Let C be the center of a circle (gray) with radius r that is tangent to both black circles (see the figure). We wish to show that 


AC + BC is constant for all values of r, that is, for any circle drawn tangent to both black circles. The smaller black circle has 
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radius 3, so AC = 3 + r, and the larger black circle has radius 5, yA 
so BC = 5 — r. Hence, AC + BC = 3 +r +5-— r = 8, which 
is a constant. Since the sum of the distances from C to (—1, 0) 


and (1, 0) is constant, the centers of all the circles lie on an 


ellipse with foci (+1, 0) [c = 1]. The sum of the distances from 


XY 


the foci to any point on the ellipse is 2a, so 2a — 8 => a=4. 


Now, c? =a? — b? 1? = 4-3 b? = 15. Thus, 
the ellipse has equation a + y =1 
E * 16 15 — 


10.6 Conic Sections in Polar Coordinates 


. The directrix x = 2 is to the right of the focus at the origin, so we use the form with “+e cos 0" in the denominator. 


ed o TIRE" 
l1+ecosð  1--1cosÜ0  1--cos0' 


(See Theorem 6 and Figure 2.) e — 1 for a parabola, so an equation is r — 


. The directrix y = 6 is above the focus at the origin, so we use the form with “+e sin 0" in the denominator. An equation of the 


ed i6 X) 6 


lipse is r = DE = — 2 =- 
ricus 1+esin0 1+ 4sin0 3 4- sinO 


. The directrix y — —4 is below the focus at the origin, so we use the form with *—e sin 0" in the denominator. An equation of 
ed 2.4 8 
theh laisr — = = . 
ir c Ae er rude coU miU 
. The directrix x = —3 is to the left of the focus at the origin, so we use the form with “—e cos 0" in the denominator. An 
ed 2.3 15 


ti ftheh bola is r = ——— = = j 
PUMP ap Nn monde dud opas d 1—2cos0  2—5cos0 


. The vertex (2, 7) is to the left of the focus at the origin, so we use the form with *—e cos 0" in the denominator. An equation 


ed 


: 2x 2. 
Tc Using eccentricity e — 3 with 0 = c and r = 2, we get 2 = 


of the ellipse is r — => 


wiry] Oly 


d 
1-3501) 


2(5) 10 


jaa = d=5,so we have r = —>5 ~ = ————7. 
5 1— $ cos0 3 — 2cos0 


. The directrix r = 4 csc 0 (equivalent to r sin 0 = 4 or y = 4) is above the focus at the origin, so we will use the form with 


“+e sin 0" in the denominator. The distance from the focus to the directrix is d = 4, so an equation of the ellipse is 


12 
5 --3sin6' 


ed ... (0.6)(4) 


5 
C=" pes). 1+06sin0 5 
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7. The vertex (3, 5) is 3 units above the focus at the origin, so the directrix is 6 units above the focus (d = 6), and we use the 
i : , fro d 1(6 6 
form “+e sin 0" in the denominator. e = 1 for a parabola, so an equation is r = Tm = DB = pear 

8. The directrix r = —2 sec 0 (equivalent to r cos 0 = —2 or x = —2) is left of the focus at the origin, so we will use the form 
with *—e cos 0" in the denominator. The distance from the focus to the directrix is d — 2, so an equation of the hyperbola 
: ed 2(2) 4 
isr = = = 
j 1—ecosü 1—2cos0 1-—2cos0 

Se DI where e = 1, so the conic is a parabola. If sin 0 appears in the denominator, use 0 and 7 for 0. If cos 0 appears 

— sin 
in the denominator, use 7 and az for 0. Thus, when 0 = 0 or z, r = 3. Hence, the equation is matched with graph VI. 
9 les AN 
10. r = EXTA where e = 2 > 1, so the conic is a hyperbola. When 0 = § or 37, r — 9. Hence, the equation is matched 
cos 
with graph III. 
12 1/8 3/2 7 AP . 

11. r = a 7cosg ` Ds = i- Yo where e — 8 < 1, so the conic is an ellipse. When 0 = 7 or an T 2. Hence, the 
equation is matched with graph II. 

12 1/4 3 3 pm : 

12. r— . = h =- < 1, so th llipse. When 0 = =H th 
p 4i3snó 1/4 13 2aing’™ ere e 7< , so the conic is an ellipse en O or 7, r = =. Hence, the 
equation is matched with graph V. 

5 1/2 5/2 3 aes 

13. r = 213sn6 E = Seo where e = 5 > 1, so the conic is a hyperbola. When 0 = 0 or 7, r = 3. Hence, the 
equation is matched with graph IV. 

1/2 2 SN ; 

14. r — = —_ E P5 =i ae where e = 1, so the conic is a parabola. When 0 = 5 or an r= 3. Hence, the equation 
is matched with graph I. 

4 1/5 4/5 d " yA 
15. r = 54sm ` 1/5 iE soni ees g;anded— $5 > d=1. (4, 7/2) 
(a) Eccentricity — e — 4 
(b) Since e = $ < 1, the conic is an ellipse. 
(c) Since *— esin 0" appears in the denominator, the directrix is below the focus (4, z) (4, 0) 
> 
at the origin, d = |FI| = 1, so an equation of the directrix is y = —1. Lite "A A Gere z 
43T zm 
i T T ($. 2; ) y 
(d) The vertices are (4, $) and (4, 3t). 
1 1/2 1/2 1 1 yA 
16. r= m here e — d= d — 1. ue} 
"= dyed 1/2 Te dsing MEH gM et pF 0 gsonfersenie 
d 1 
(a) Eccentricity = e = = (4. £) 
; (37) (3.0) 
; 1 2 : 2x 2: 
(b) Since e — 3 < 1, the conic is an ellipse. > 
x 


(c) Since “+e sin 0" appears in the denominator, the directrix is above the focus at 


the origin, d = |F'l| = 1, so an equation of the directrix is y = 1. 


3m) 
(d) The vertices are (4, £) and (i 3t). i $ | 
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2 — 1/3 2/3 
3-4-3sinÜ 1/3 1-4 1sin0* 


(a) Eccentricity = e = 1 


17. r = where e = 1 and ed = 2 — d= 3. 


(b) Since e = 1, the conic is a parabola. 


(c) Since “+ esin 0" appears in the denominator, the directrix is above the focus 


at the origin. d = |FI| = 2, so an equation of the directrix is y = 2. 


(d) The vertex is at (5, $), midway between the focus and directrix. 


5 Sp os 25/2 


18. r = ————— =" 
"= 9—4cosó 1/2 1-2cos0 


hece baida => Ge: 
2 4 
(a) Eccentricity = e = 2 


(b) Since e = 2 > 1, the conic is a hyperbola. 


(c) Since *—e cos 0" appears in the denominator, the directrix is to the left the 


focus at the origin. d = |F'I| = 2, so an equation of the directrix is x = -$. 


(d) The vertices are (- 3, 0) and (2, T), so the center is midway between them, 
that is, (3, T). 


9 1/6 3/2 


19. r — . 
T — EF 2cos0 1/6 1+ icos0 


,wheree = ianded- $ > d=}. 


(a) Eccentricity = e = i 

(b) Since e — i « 1, the conic is an ellipse. 

(c) Since “+e cos 0" appears in the denominator, the directrix is to the right 
of the focus at the origin. d = | F'l| = 3, so an equation of the directrix 
is £ = 3. 


(d) The vertices are (2, 0) and ($, T) , so the center is midway between them, 


that 1s, (3.7). 


1 1/3_ 1⁄3 


Mc i ee E 
"= 3-3sn0 1/3  1—I1sind’ 


1 1 
h —1 d d = — — d = =, 
where e and e 3 3 
(a) Eccentricity = e = 1 
(b) Since e = 1, the conic is a parabola. 


(c) Since *—e sin 0" appears in the denominator, the directrix is below the focus 


at the origin, d = |F'l| = 4, so an equation of the directrix is y = — 2. 


(d) The vertex is at (4, an) , midway between the focus and the directrix. 
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3 1/4 . 3/4 


24.rT.———É——. ES u 
"= 4—8cos0 1/4 1-—2cosé 


, Where e — 2 and ed — i => d= 3. 
(a) Eccentricity = e = 2 


(b) Since e = 2 > 1, the conic is a hyperbola. 


(c) Since *—e cos 0" appears in the denominator, the directrix is to the left of 


the focus at the origin. d = |Fl| = & so an equation of the directrix is 


zl 
$-—-—&. 


(d) The vertices are (- 3 0) and (i, T) , So the center is midway between them, 


that is, (5,7). 


4 1/2 2 3 4 
22. r= — -HÉ T, where e = = and ed = 2 d- =. 
soap 1/ —Mrsoxp 60e ee 5 : 


(a) Eccentricity — e — 5 


: 3 se 
(b) Since e = 5 > 1, the conic is a hyperbola. 


(c) Since “+e cos 0" appears in the denominator, the directrix is to the right of 


the focus at the origin. d = | Fl| = $ so an equation of the directrix is 


A em 


Cope 


(d) The vertices are (2, 0) and (—4, 7), so the center is midway between them, 


that is, (2,0). 


23. (a) r = ,wheree=2anded=1 > d= i. The eccentricity 


1 
1— 2sin0 
e = 2 > 1, so the conic is a hyperbola. Since “—e sin 0" appears in the 
1 


denominator, the directrix is below the focus at the origin. d = |F'I| = 5 


so an equation of the directrix is y = —3. The vertices are (-1, $) and 
(4, 3), so the center is midway between them, that is, (2, 37). 


(b) By the discussion that precedes Example 4, the equation 2 
isr = l 
1— 2sin(0 — 22) 
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4 4/5 
24. r = —————À = —_+—__, = $anded— é > d=2. 
" 5 + 6cos0 1+ 2 cos0 Wade oes 5 3 
An equation of the directrix isa = 2 => rcos@= 2 pc : 
3 3 3cos0* 


If the hyperbola is rotated about its focus (the origin) through an angle 7/3, 


its equation is the same as that of the original, with 0 replaced by 0 — 3 


4 
see Example 4), so r — : 
( pem 5+ 6cos(0 — £) 
25. r= —— 5. Fore « 1 the curve is an ellipse. It is nearly circular when e is 
1 — e cos 0 


close to 0. As e increases, the graph is stretched out to the right, and grows 


larger (that is, its right-hand focus moves to the right while its left-hand focus 
remains at the origin.) At e = 1, the curve becomes a parabola with focus at the 
origin. 


ed 


26. E 
ar 1+esin0 


. The value of d does not seem to affect the shape of the 


conic (a parabola) at all, just its size, position, and orientation (for d < 0 it 


opens upward, for d > 0 it opens downward). 


(b) We consider only positive values of e. When 0 < e < 1, the conic is an 
ellipse. As e — 0°, the graph approaches perfect roundness and zero size. 
As e increases, the ellipse becomes more elongated, until at e = 1 it turns 


into a parabola. For e > 1, the conic is a hyperbola, which moves 


downward and gets broader as e continues to increase. 


0.5 1 


-2.5 2.5 
—0.8 0.8 
-12 -10 
e — 0.5 e — 0.9 
20 15 
46 T -10 10 
Zio -10 
e=1.1 e=1.5 
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r = eld —rcos(x —0)| = e(d-rcos0) => 
ed 
1— 0) — ed = — 
r(l—ecos0)—ed > r ceo 


1021 
27. |PF| = e|Pl| 


x 
28. |PF| = e|Pl| r=eld—rsiné] => r(l+esin0)=ed = l yA — 
r= ed 
~ l-esin6 
x 
29. |PF| = e|Pl| r=eld—rsin(@—7)|=e(d+rsiné) => yA 
ed 
1 in 0 d > 
r(1l—esin0) =e fete A x 
L yard 
; : G d c—d c+d 
; = d= : 
30. The parabolas intersect at the two points where PURSSSWC oe cos "par T 5 
For the first parabola, gn = EB = so 
dð  (1--cos) 
dy _ (dr/d0)sin0+rcos@ ^ csin?0--ccos0(1--cos0) ^ 1-cos0 
dr — (dr/d0)cos0 —rsinO0 csin cos0 — csin0(1-- cos 0) — sin Ó 
- dy  1-—cos0 sin 0 : : : 
and similarly for the second, = - = . Since the product of these slopes is — 1, the parabolas intersect 
d. sind 1 + cos0 
at right angles. 
31. We are given e = 0.093 and a = 2.28 x 108. By (7), we have 
p= a(l—e?) _ 2.28 x 108[1 — (0.093)?] | 2.26 x 108 
~ l+ecosð — 1 + 0.093 cos 0 ~ 1+ 0.093 cos 0 


32. We are given e = 0.048 and 2a = 1.56 x 10° 


=> a=7.8 x 10°. By (7), we have 


| a(l—e?) _ 7.8 x 10°[1—(0.048)?] _ 7.78 x 10 
^ l-cecosÜ - 1 4- 0.048 cos 0 ^ 14 0.048 cos 0 


33. Here 2a = length of major axis = 36.18 AU = a — 18.09 AU and e = 0.97. By (7), the equation of the orbit is 
. 18.091 — (0.97)?] _ 1.07 


— —— — xy ——— B th i ist fi th t to th i 
14 0.97 cos 13 0.97 cosÓ y (8), the maximum distance from the comet to the sun is 
18.09(1 + 0.97) ~ 35.64 AU or about 3.314 billion miles. 
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34. Here 2a = length of major axis = 356.5 AU = a= 178.25 AU and e = 0.9951. By (7), the equation of the orbit 


35. 


. 178.25[1 — (0.9951)?] — 1.7426 


x . By (8), the minimum distance from the comet to the sun is 
1 4- 0.9951 cos 0 1 + 0.9951 cos 0 


178.25(1 — 0.9951) ~ 0.8734 AU or about 81 million miles. 


The minimum distance is at perihelion, where 4.6 x 10° = r = a(1— e) = a(1 — 0.206) = a(0.794) => 
a = 4.6 x 107/0.794. So the maximum distance, which is at aphelion, is 


r = a(1 + e) = (4.6 x 107/0.794) (1.206) ~ 7.0 x 10" km. 


36. At perihelion, r = a(1 — e) = 4.43 x 10?, and at aphelion, r = a(1 + e) = 7.37 x 10°. Adding, we get 2a = 11.80 x 10?, 


37. 


10 


1. 


2. 


3. 


so a = 5.90 x 10? km. Therefore 1 + e = a(1-- e)/a = £3 & 1.249 and e ~ 0.249. 


From Exercise 35, we have e = 0.206 and a(1 — e) = 4.6 x 10” km. Thus, a = 4.6 x 10°/0.794. From (7), we can write the 


1-e? 
ti fM ’s orbit = a———.. So si 
equation of Mercury's orbit as r = a7 5. So since 
dr  a(1— e?)esin0 
do (1 + ecos 6)? 


(1 + 2ecos6 + e?) 


mu dr V || (e)? a(1—e?y e sm?0  a'(1—6e 
dé (1 + ecos6)? (1 + ecos6)4 (1 + ecos6)4 


the length of the orbit is 


2n 2n V 14 e2 + 2ec080 
=f SPE Be oe aa = 8) | Ere E dest sd 10" en 
0 


d (1 + ecos 0)? 
This seems reasonable, since Mercury's orbit is nearly circular, and the circumference of a circle of radius a 


is 27a ~ 3.6 x 10? km. 


Review 
TRUE-FALSE QUIZ 


False. Consider the curve defined by x = f(t) = (t — 1)? and y = g(t) = (t — 1)?. Then g'(t) = 2(t — 1), so g'(1) = 0, 


but its graph has a vertical tangent when t = 1. Note: The statement is true if f’(1) 4 0 when g'(1) = 0. 


False. Ifa = f(t) and y = g(t) are twice differentiable, then 


d ( dy 

dy d(dy 5 (2) 

dx? da (2) = dz C 
dt 


False. For example, if f (t) = cost and g(t) = sint for 0 < t € 4r, then the curve is a circle of radius 1, hence its length 


is 27, but jo VU OER + (g'(0 dt = 2 v/(— sint)? + (cost)? dt = "a 1 dt = 4m, since as t increases 


from 0 to 47, the circle is traversed twice. 
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4. False. 


5. False. 


6. True. 


T. True. 


8. False. 


9. True. 


10. True. 


11. True. 


1.0=04+4t,y=2-t,-4<t<1. 

Since y = 2 — t and —4 < t < 1, we have 1 < y < 6. t = 2 — y, so 
x= (2— y) +4(2— y) = 4— 4y +y? +8- 4y =y? -8y +12 © 
z +4 = y? — 8y + 16 = (y — 4)?. This is part of a parabola with vertex 


(—4, 4), opening to the right. 


CHAPTER 10 REVIEW 1023 


The speed of the particle with parametric equations « = 3t + 1, y = 2t? + Lis 


v/ (dx /dt)? + (dy/dt)? = 4/3? + (4t)?. When t = 3, the speed = 4/9 + 16(3)? = v 153. However, 
4.3 


dy — dy/dt — At dy —44 VI 


dx  dz/dt  3'" dx 3 


If (r, 0) = (1,7), then (a, y) = (—1,0), so tan ! (y/z) = tan! 0 = 0 Æ 0. The statement is true for points in 


quadrants I and IV. 


The curve r — 1 — sin 20 is unchanged if we rotate it through 180? about O because 


1— sin2(0 + 1) = 1 — sin(20 + 27) = 1 — sin 20. So it's unchanged if we replace r by —r. (See the discussion 


after Example 8 in Section 10.3.) In other words, it's the same curve as r — —(1 — sin 20) — sin 20 — 1. 


The polar equation r = 2, the Cartesian equation x” + y? = 4, and the parametric equations x = 2 sin 3t, 


y — 2cos3t [0 € t € 27] all describe the circle of radius 2 centered at the origin. 


The first pair of equations, x = t? and y = t^, gives the portion of the parabola y = x? with x > 0, whereas the 


second pair of equations, x = t? and y = t$, traces out the whole parabola y = z?. 


y? = 2y + 3x (y — 1) = 3r +1 = 3(a + i) ES 4(3) (a + i) which is the equation of a parabola with 


vertex (— i 1) and focus (- i + i. 1) , opening to the right. 


By rotating and translating the parabola, we can assume it has an equation of the form y = cx”, where c > 0. 


The tangent at the point (a, ca?) is the line y — ca? = 2ca(x — a); i.e., y = 2cax — ca”. This tangent meets 


the parabola at the points (z, cz?) where cz? = 2cax — ca?. This equation is equivalent to x? = 2ax — a? 


[since c > 0]. But z? = 2ax — a? z? — 2az +a? =0 (r—a) =0 r=a 


(z, cz?) = (a, ca?). This shows that each tangent meets the parabola at exactly one point. 


; . Ti ; j m ed 
Consider a hyperbola with focus at the origin, oriented so that its polar equation is r — Epec where e > 1. 
ecos 


1 +ecos0 


1+ecos0 m 


d cos 0 0 
The directrix is x = d, but along the hyperbola we have z = r cos 9 = dn d ( TEN ) d. 


EXERCISES 


Y 
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2. 


.c=Intt>0 > t-e. 


. © = 2cos0, y = 1 + sin 0, cos? + sin?à 21 => yA 


—2 
. £ = 2 + 4cosrt, y = —3--Asinzt => cosmt = "1 , Sint = 


CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


z=lt+e",y=e’. 


ge=lte"=14(e)?=14+y,y>0. 


y= t = (e)? = e, 


rA. 2 x? 2 cds " 
(2) +(y-1) =1 > qT (y — 1)* = 1. This is an ellipse, 


centered at (0, 1), with semimajor axis of length 2 and semiminor axis of 


length 1. 


y = sec 0 = l = L Since0 <0 < 7/20 < x< landy > 1. yA 
cosÓÜ x 


This is part of the hyperbola y = 1/z. 


(1,1), 6—0 


y +3 


. cos? zt + sin? rt = 1 


2 2 
(: 3 *) + (=) = 1, so the motion of the particle takes place on the circle centered at (2, —3) with radius 4. As t 


goes from 0 to 4, the particle starts at (6, —3) and moves counterclockwise along the circle (x — 2)? + (y + 3)? = 16, tracing 


the circle twice. 


. Three different sets of parametric equations for the curve y = Vx are 


@a=t y=vet 
(i) c=t*, y="? 
(iii) x = tan? t, y — tant, 0x t « «/2 


There are many other sets of equations that also give this curve. 
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8. 


10. 


11. 


12. 
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Fort < —1, x > 0 and y < 0 with x decreasing and y increasing. When 
t = —1, (x,y) = (0,0). When —1 < t < 0, we have —1 < x < 0 and 


0 < y < 1/2. When t = 0, (x,y) = (—1,0). When 0 < t < 1, 


—1« zx «O0 and —i < y < 0. When t = 1, (x,y) = (0,0) again. 


When t > 1, both x and y are positive and increasing. 


. (a) (4,22) The Cartesian coordinates are x = 4cos 2x = 4(-1) = —2 and 
DE y =4sin = a( £) = 2 V3, that is, the point (—2, 2 V/3). 
3 
O > 


(b) Given z = —3 and y = 3, we have r = \/(—3)? +3? = v18 = 32. Also, tand = ? => tand= and since 


(—3,3) is in the second quadrant, 0 = 37. Thus, one set of polar coordinates for (—3, 3) is (3 V2, 3€), and two others are 


(3 2, 332) and (-3 V3, 7). 


5 
1<r<2, 3 <0< 5z 


T = 1 + sin 8. This cardioid is pi 

fi (2.5) 
symmetric about the 0 = 7/2 
axis. 2| 

0 M 2g 8 (L m) 1.0 


r = sin 40. This is an 


eight-leaved rose. 


(1.3) 


SY 
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13. 


M. 


15. 


16. 


17. 


18. 


CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


r = cos 30. This isa 
three-leaved rose. The curve is 


traced twice. 


r = 3 + cos 30. The curve is 
symmetric about the horizontal 


axis. 


r = 1 + cos 20. The curve is 
symmetric about the pole and 


both the horizontal and vertical 


axes. 


r — 2cos(0/2). The curve is 
symmetric about the pole and 


both the horizontal and vertical 
axes. 


3 


P ESO 


=> e—27»1,sotheconicisahyperbola. de = 3 => 


d= 3 and the form “+2 sin 0" imply that the directrix is above the focus at 


the origin and has equation y = 3. The vertices are (1, $) and (-3, 3t). 


pum 3 e s ue e = 1, so the conic is a 
2—2cos0 1/2 1-—1cos0 : 

parabola. de — 3 => d= 3 and the form *—2 cos 0" imply that the 

directrix is to the left of the focus at the origin and has equation z = -$. 


The vertex is (3, T). 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 
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2 
=2 & 0 ind=2 e 0 4- sin6) = 2 = 
uty r cos0 -- rsin r(cos0 + sin 0) disi e EET 
r? +y =2 y^ 9 r = V2. [r = — 2 gives the same curve.] 
r = (sin0)/0. As 0 — oo, r — 0. 
As 0 — 0, r — 1. In the first figure, 
there are an infinite number of 
x-intercepts at x = TN, n a nonzero 
integer. These correspond to pole 
points in the second figure. 
—0.25 
—0.75 
r = 2 when 0 = 0 and when 0 = 27. r has a maximum value of ; 
approximately 2.6 at about 0 = $ and a minimum value of approximately 
—2.6 at about 0 — 5r, The graph touches the pole (r = 0) when 0 = 7 and 
az. Since r is positive in the 0-intervals (0, £) and (35, 2n) and negative O a 
in the interval (3, =), the graph lies entirely in the first and fourth 
quadrants. 
dy dr 1 dy  dy/dt 2t 2 
=Int,y=14+0;t=1. —-—2tand — = =, so = = —— = — = 
gu eta dt dt p? de dejd if 


When t = 1, (x,y) = (0,2) and dy/dx = 2. 


dy | dy/dt 2 —2t dy 4 
_ 43 2. tot _ " 
e=t+6t4+1, y-—2t—15;1 1. d Tu 32 46° "hent- 1, (a, y) = (—6, 3) and 7" 9° 
r= e? y = rsinü = e sin and x = rcosó = e ^cos0. => 
dy  dy/dó  S5sin0--rcos0 _ —e-?sin0--e-*cos0 —e? _ sin — cos0 
dx dx/dð “cos@—rsind | —e-*cos0 — e-?sinÜ —e? ^ cos0-rsinO 
OS Dh 
When 0 = 7, ds IFO a 1. 
yn pess dy  dy/d0 — sin9+rcos@ — —3sin30sin0 + (3 + cos30) cos 0 
E dx dx/dð | $5cos0 —rsin6 .. —3 sin 30 cos 0 — (3 + cos 30) sin 0° 
When ouo OUT ESSI CDD Oe Eo og 
dv  (-3)(-1(0—-(3-0).1 —-3 
= ; dy  dy/dt  l-sint 
sign (eu eet On dx dx/dt 1+cost 
d (dy (1+ cost) cost — (1 + sint)(— sint) 
d'y — dt \da (1 + cost)? . cost+cos*t+sint+sin?t 1+cost+sint 
dx? da/dt- —— 1+ cost E (1+ cost)? = (14 cost)? 
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28. 


29. 


30. 


31. 


32. 


dy da dy  dy/dt 1—30? = 

—140,y2t— 0, = —1— 38 and — = 2t, so 4 = = =i 1_ 3 
nem oe dt and at ° dr de/d 2t 2 2 

2 —14-2.. 8 2 
d'y  d(dy/dx)/dt |—3 5 14-3 _ 3471 1 arja +1 
dx? da [dt 2t 4 4 At3 At3 
We graph the curve x = t? — 3t, y = t? +t + 1 for —2.2 < t < 1.2. 4 
By zooming in or using a cursor, we find that the lowest point is about 
(1.4, 0.75). To find the exact values, we find the t-value at which 
dy/dt = 2t+1=0 t i (x,y) = (#, 1). 

4 2.2 
0 

We estimate the coordinates of the point of intersection to be (—2, 3). In fact this is exact, since both t = —2 and t = 1 give 


the point (—2, 3). So the area enclosed by the loop is 


wt yde = f^, (+t 1)(32 — 3) dt = f^, (3t* + 305 — 3t — 3) dt 


-[iü-ij-iü-s3]-(i-8-9-[-$42-e-C9]-& 


x= 2a cost — a cos2t > q ^ 2asint + 2asin2t = 2a sin t(2 cost — 1) = 0 e 
sint = 0 or cost i t 0, $, 7, or ŠE, 
d 
y —2asint — asin2t => = = 2a cost — 2a cos2t = 2a(1 + cost — 2cos?t) = 2a(1 — cost)(1 + 2cost) = 0 => 


t — 0, 22, or =. 


Thus the graph has vertical tangents where t = 3, 7 and 2, and horizontal tangents where t — 2s and =. To determine 


dy/dt . : 
what the slope is where t = 0, we use l'Hospital's Rule to evaluate lim he m 0, so there is a horizontal tangent there. 
0 dx 
yA 
(-3a, 0) (a, 0) 


From Exercise 31, x = 2a cost — a cos 2t, y = 2asint—asin2t => 


A=2 Je (2a sint — asin 2t)(—2asint + 2a sin 2t) dt = 4a? ff (2sin?t + sin? 2t — 3sintsin 2t) dt 


= 4a? fS |(1 — cos2t) + $(1 — cos4t) — 6sin?t cost] dt = 4a? [t — 3 sin2t + 3t — $sin4t — 2sin?t|* 


= 4a? (3) = 6ra? 
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33. The curve r? = 9 cos 50 has 10 “petals.” For instance, for — wsl there are two petals, one with r > 0 and one 


aL 
10? 


with r < 0. 


1/10 7/10 2/10 /10 
A=10 f 4? d9=5 | 9cos50d0 — 5-9-2 | cos 50 d0 = 18[ sin 56] ^ = 18 
—7/10 —7/10 0 


34. r = 1— 3sinO. The inner loop is traced out as Ó goes from a = sin! (3) to 7 — a, so 
A= {i “irap = [PA — 3sin 0)? dd = ei — 6sin 0 + $ (1 — cos20)] d0 


= [0 + 6cos 0 — 2 sin20|7/? = 114 — H in^ !(3)-3y2 


35. The curves intersect when 4 cos 0 = 2 cos Ü i 


D> 
H 
col 


r=2 r=4cos 0 


for —r < 0 < m. The points of intersection are (2, £) and (2, -t) 


36. The two curves clearly both contain the pole. For other points of intersection, cot 0 = 2cos(0 + 2n7r) or 


—2 cos(0 + 7 + 2nz), both of which reduce to cot 0 = 2cos0 <= cos0 —2sin0cos0 <= cos0(1—2sin0)—0 => 


cos 0 = 0 or sin 0 = i 0= 5 > 5r or 3r intersection points are (0, 5), (V3, t) and (V3, ur). 


37. The curves intersect where 2 sin 0 = sin 0 + cos => 


sin 0 = cos 0 0 = 4, and also at the origin (at which 0 = 3x 


on the second curve). 


putat 2sin 0) ? do + forl* &( 1 (sin 0 + cos 0)? d0 


e (1 — cos 20) d0 + à I (1 + sin 260) d0 


—2sin 0 r= sin 0 + cos 0 
3r/4 1 Is 
= 3(7—- 1) 


BAD 


= [0 — 5 sin 26]? Tl 0 — 7.008 26] 77, 


38. A = 2 (7/5. &[(2 + cos 20)? — (2 + sin6)?] d0 (1.2) VEERELL 
= ee [4 cos 20 + cos? 20 — Asin 0 — sin?0] dO 


= [2 sin 20 + i00 i sin 40 + 4cos 0 — 104 i sin20]7/5,. 


EE 
^. 16 3 


^r=2+cos20 


39. x = 307, y = 2. 
L= f? /(dz/dt)? + (dy/dt)? dt = f? /(6t)2 + (6)? dt = f? /36€2 F36 dt = f? V36 VIF dt 
=f ide E 6f? nn [u = 1 + 2, du = 2t dt] 
=6- 4g j] = 207 1)=2(5 v5- 1) 
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40.  —2--3t, y=cosh3t => (dx/dt)? + (dy/dt)? = 3? + (3sinh 3t)? = 9(1 + sinh? 3t) = 9 cosh? 3t, so 


E V9 cosh” 3t dt = fo [3 cosh 3t| dt = Js 3cosh3t dt = [sinh 3t]; = sinh 3 — sinh 0 = sinh 3. 


2T 2 
41. L= [?* Jr? + (dr dO)? do = (?" /(1/60)2 + (-1/02? do = Vw 


T 


Ig 


[X eei - 


a 


Vr? +1 van? +1 in Qn + V An? + 
T 2T THVT? + 


_ 2yr? + AE in 24 at | 


2m 7m? +1 


42. L = [7 \/7? + (dr/d0)? do = f7 4/ [sin* (30) |? + [sin? (20) cos(40)]? a0 
= [c «/sin® (36) + sint (36) cos? (36) a9 
= * \/sin*(46) [sin? (20) + cos? (10)] dd = [7 sin? (40) do 
= fo 3[1 — cos($6)] d = [5 (9 — 3 sin(39))]) = 27- & V3 
43. (a) x = £(0 +3), y = 5 — 10. dx/dt = t and dy/dt = —t?, so the speed at time t is the function 


u(t) = s'(t) = /t? + (—12)?. At the point (6, 4), y = 5 — 44° 4 9= ie = 27 t= 3. 


Thus, the speed of the particle at the point (6, —4) is v(3) = V3? + 34 = v90 z 9.49 m/s. 


(b) To find the average speed of the particle for 0 < t < 8, we find the total distance L traveled in this time, and divide it by 


the length of the interval. By Theorem 10.2.5, 


8 
exsa-[f: 14 t? dt 
0 


=1 [Vudu  [u-icf,dw-2tat] 


65 
= 3[2u°/?] = i5 1) 


1 
. L 1 
Thus, the average speed is a os (65/65 — 1) & 21.79 m/s. 
44. (a) We see from the figure in the text that the blue section of the curve r = 2 cos? (0/2) is traced from 0 = 7/2 to 0 = 7. 
Thus, its length is given by 


i= [ 3 vr ray do = [^ VB EO 0 ao 


1/2 


= s y4 cos4(0/2) + 4sin? (0/2) cos? (0/2) d0 = TUR [2 cos(0/2)| (cos? (0/2) + sin? (0/2) d0 


=4— 2V2 


= i 2cos(0/2) - 1 d9 = [ásin(0/2)] D: ub 45 
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(b) A- f sa f gest d0 = 5 f (1 + cos)? do = J (1 + 2cos0 + cos?) d0 
/2 


1/2 1/2 


T 


=; fi + 2c0s0 + (1 + cosa) do = 50+ 2sin0 +5 (0+ star) 
7/2 


1 1 T l/m 1/37 30 
[reo gie) 7-2 3(F+0)| 1e 2) yl 


7/2 


S = ff 2ny/(de]dty?  (dyJdt? dt = fé 2n (39 + 37?) y (2/ Vt)" + (t2 — t8)? dt 


= 2r fi (E+ Le) EET dt = 2 f (H+ E+ Le) d = eke + Be uc] = gs 


.2=24+3t, y=cosh3t => (dx/dt)* + (dy/dt)? = 3? + (3sinh3t)? = 9(1 + sinh? 3t) = 9 cosh? 3t, so 


S= Jo 2ny ds = ie 2r cosh 3tV 9 cosh? 3t dt = fe 2m cosh 3t |3 cosh 3t| dt = do 2r cosh 3t - 3 cosh 3t dt 


= 6r fo cosh? 3t dt = 6r f» 1( 1 (1-4- cosh 6t) dt = 3st i sinh er] = 3n(1+ $ sinh 6) = 37+ $ sinh 6 
0 


. Forall c except —1, the curve is asymptotic 


to the line x = 1. Forc < —1, the curve bulges to the right near y = 0. 


As c increases, the bulge becomes smaller, until at c = —1 the curve is the 


straight line x = 1. As c continues to increase, the curve bulges to the left, 
until at c = 0 there is a cusp at the origin. For c > 0, there is a loop to the 


left of the origin, whose size and roundness increase as c increases. Note 


that the x-intercept of the curve is always —c. 


. For a close to 0, the graph of r^ = |sin 20| consists of four thin petals. As a increases, the petals get wider, until as a — oo, 


each petal occupies almost its entire quarter-circle. 


X X X 
P p 


a = 0.01 


$ 
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49. 


51. 


53. 


55. 


56. 


oy? 2 y? 
m + rm 1 is an ellipse with center (0, 0). 50. 4a” — y? = 16 ag = lis a hyperbola 
a=3,b=2V2,c=1 with center (0,0), vertices (+2,0),a — 2,b=4, 
foci (+1, 0), vertices (+3, 0). c= V16 F4 = 2 V5, foci (+2 V5, 0) and 
asymptotes y = +2zx. 
6y? +z —36y+55=0 © 52. 253? + 4y? +502 — 16y =59 © 
6(y? — 6y +9) = -(z +1) © 25(x +1)? + 4(y — 2}? = 100 © 
(y — 3)? = —4 (x + 1), a parabola with vertex (—1, 3), i(x +1)? + (y — 2)? = 1 is an ellipse centered at 
opening to the left, p= —3; = focus (- 29, 3) and (—1,2) with foci on the line x = —1, vertices (—1, 7) 
directrix x = — 33. and (—1, —3);a = 5,b = 2 c= v21 
yA foci (—1,2 + v21). 
yA 
ie us 
: C12) 
0 x 
x 
The ellipse with foci (+4, 0) and vertices (+5, 0) has center (0, 0) and a horizontal major axis, with a = 5 and c = 4, 


2 2 
so b? = a? — c? = 5? — 4? = 9. An equation is — + 4 =1. 
25 9 
. The distance from the focus (2, 1) to the directrix x = —4 is 2 — (—4) = 6, so the distance from the focus to the vertex 


is (6) = 3 and the vertex is (—1, 1). Since the focus is to the right of the vertex, p = 3. An equation is 


(y — 1)? — 4. 3[r — (—1)], or (y — 1)? = 12(x + 1). 


2 2 
The center of a hyperbola with foci (0, +4) is (0,0), so c = 4 and an equation is 5 — a =T; 
The asymptote y = 3x has slope 3, so : = => a=3banda? +b =P > (30)? +=} > 
2 2 2 2 
10) =16 > b= 3 and so a? = 16 — 3 = 2. Thus, an equation is 25 — B5 = l,or a — A E 
The ellipse with foci (3, +2) has center (3,0). a = $ =4,c=2 b = Va? — e = y£ — 2? = 12 an 
: a) eee = 
equation of the ellipse is 12 + 16 ^ 1 
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57. z? + y = 100 z? = —(y — 100) has its vertex at (0, 100), so one of the vertices of the ellipse is (0, 100). Another 
form of the equation of a parabola is z? = 4p(y — 100) so 4p(y — 100) = —(y — 100) Ap 1 p i. 
Therefore the shared focus is found at (0, 322) so 2c = 399 — 0 c = 32? and the center of the ellipse is (0, 329). So 
401? — 2 "m .. 8992 
a = 100 — 322 = and b? = a? — 2 = T = 25. So the equation of the ellipse is z + C- dE ENS 
BE gd UE Sern p oed CUE OND) de 
25 (215. " 17:28 160,801 —— 
8 
rL y? 2r 2y dy dy b? x dy b? x = ; 
58. gtp” 1 z2 H T2 de 0 ES im: Therefore T dL yeIÍ y Combining this 
za pet lg? a?m 
condition with ad + z7 1, we find that x = ONSE In other words, the two points on the ellipse where the 
a?m b? 
tangent has slope m are ( mE F ——3] . The tangent lines at these points have the equations 
Vam? +b? Va2m? +b? 
b? a° m a?m? p 
£ =m| rF ory — mz T = mz F Vam? + b. 
Vem +o ( Famer) " Vem te | Jam F 
ed 4 
59. Directri 4 d=4 i = ; 
irectrix x ,S06— 5 l-RevHU 34 cos0 
2 1/2 
60. r = ————— = — 2 =3 d= 2. Th tion of 2.1 
r Fasc Ici e = 4 and 3 e equation o 
the directrix is c = —2 r = —2/ (3 cos 0). To obtain the equation 
of the rotated ellipse, we replace 0 in the original equation with 0 — 2r, 
2 1.75 ai 2.1 
and get r = : i 
2 4—3 cos( E E N 
=) 
ed’ 
61. See the end of the proof of Theorem 10.6.1. Ife > 1, then 1 — e? < 0 and Equations 10.6.4 become a? = CESE and 
3: ed? De. es b b 
b = ZT so — = e^ — 1. The asymptotes y = +—z have slopes +— = +v e? — 1, so the angles they make with the 
e? — a a a 


polar axis are + tan ![ ge cos”! (+1/e). 


62. (a) If (a, b) lies on the curve, then there is some parameter value £4 such that 


l-ct 


3t2 


1+t 


3t1 


z = aand 
1 


3 
1 


b. If t4 = 0, 


1 
the point is (0, 0), which lies on the line y = x. If t1 Æ 0, then the point corresponding to t = a is given by 
1 


3(1/t1) 3t? 3(1/t1)? 3ty 


T= IFA BFI ^" icü/H) BFI 


this is to do part (e) first; the result is immediate.] The curve intersects the line y = x when 


t=t? = t=0orl,so the points are (0,0) and (3, 3). 


3t 


=a. So (b, a) also lies on the curve. [Another way to see 


30? 


14-8 —— 


14 t3 
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3 9427942 Em 
o o CE = gy O when st 3t = 3t(2 — 00) =0 t = Oor t = 4/2, so there are 


horizontal tangents at (0, 0) and ( V2, VA » Using the symmetry from part (a), we see that there are vertical tangents at 


(0,0) and (W/4, V2). 


(c) Notice that as t — —1*, we have x — —oo and y — oo. Ast > —17, we have x — oo and y — —oo. Also 


3t +3 + (+t? t1» t+1) 
y—(-@-1)=yt+ae41= + ++) _ 41" _ (ttl) 


> Oas t — —1. So y = —x — l isa 


1+t3 1+8 ~ 2-t+1 
slant asymptote. 
dr — (1+#°)(3) — 3t(3t?) | 3-688 dy | 6t—3t* dy  dy/dt | t(2— 0) 
= = fi t hi = é = = 
OD a (14 8)2 (rp iiom part NES espina da C 198 
d (2 
d'y | dt\dx Dp 1 
Also — = —~—4 = L 50 © t< 
$9 47 dejdt 30-289 ^ ^ yg 


So the curve is concave upward there and has a minimum point at (0, 0) 


and a maximum point at (V2, vA). Using this together with the 


information from parts (a), (b), and (c), we sketch the curve. 


Ge y [LS 3 ( 30 V 2004270. 2T8(0 48) — 278 y --x-1 
y 1-4 t3 IE (1+ t3)3 (14 13)3 (+8) 
3t 3t 278 a she 
and 3xy (S) (se) Cae Tay)? = 3ay. 


(£) We start with the equation from part (e) and substitute x = rcos@, y =rsin@. Then z? +y? —3ry => 


3cos 0 sin 0 
cos? + sin?” 


r? cos?0 + r? sin?0 = 3r? cos@ sin@. For r Æ 0, this gives r = Dividing numerator and denominator 


x 1 = 

cos@} cos? _ 3sec@ tand 
sin?6 |  1l-tan?0 ` 
cos30 


by cos?0, we obtain r = 


(g) The loop corresponds to 0 € (0, £) so its area is 


7/2 2 7/2 2 7/2 2 2 oo 2 
A- f z9-5[ SESSA w= 5 f sec aa w= f ur du [iet u = tan 8] 
" 2 2 Jo l-tan?0 2Jo (1+ tan?0)? 2Jo (+u?) 
= jim ?[-10 +. a8) 1]? = 


0 2 


(h) By symmetry, the area between the folium and the line y = —x — 1 is equal to the enclosed area in the third quadrant, 


plus twice the enclosed area in the fourth quadrant. The area in the third quadrant is i and since y = —7—1 => 
d 1 : ; 
rsinü = —r cos — 1 T - , the area in the fourth quadrant is 
sin 0 + cos 0 


Lf 1 i 3sec@ tand V? cas 1 m 1 3 
ae (Cats) — E dd = 5: Therefore, the total area is 3 +2(3) = 5. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


[] PROBLEMS PLUS 


1. See the figure. The circle with center (—1, 0) and radius /2 has equation » 
(x +1)? + y? = 2 and describes the circular arc from (0, —1) to (0, 1). B ey (x1 y!-2 
Converting the equation to polar coordinates gives us (i) 
(rcos0 +1)? -F(rsin9)? 22 => (71, 0) x 
r? cos?0 + 2rcos0 -- 1-- r?sin?d 2. => 
r?(cos*0 + sin?0) --2rcos0 — 1 = r?+2rcos@ = 1. Using the PS 


quadratic formula to solve for r gives us 


—2 0c 2 
r= PAR v Aoi TS = cos + coU FT forr > 0. 


n/4 7/4 
The darkest shaded region is i of the entire shaded region A, so iA = / ir? dü—i " (1— 2rcos0)d0 => 

0 0 

n/4 m/4 

i4- f [1 — 2050 (— cost + v/cos?8 +1) | ao = f (1 + 2cos*# — 200s V/cosü +1 ) dé 
0 0 
n/4 
si | +2-2(1 +cos20) — 2cos04/ (1 — sin?) + 1 do 
0 


n/4 7/4 
=| (2 + cos 20) a —2[ cos 04/2 — sin?0 d0 
0 0 


= [20 + 1sin26]7/* —2 a 2 — u2 du beet 
5 u = cos 
i (5 + 5) - (04-0) - 2 ETE sin! =| = pea 
SERICO ERE SERE 
Thus, A=4(F + 5 5v3) T42 24/3. 


2. (a) The curve z^ + y^ = x? + y? is symmetric about both axes and about the line y = x (since interchanging x 
and y does not change the equation) so we need only consider y > x > 0 to begin with. Implicit differentiation gives 


,  &(1— 22?) 


Az? + Ay? y! = 2x + 2yy ———— = y —Ó0whenz- hen z = +. If x = 0, th 
x? + 4y”y x + Qyy y yy — 1) y = 0 when z = 0 and when x v dfc 0, then 
yt =y? yq? — 1) =0 y = O or +1. The point (0, 0) can't be a highest or lowest point because it is 


isolated. [If —1 < x < 1and—1« y < 1, then zf < z? and y! < y? — «4 c y* < x? +y’, except for (0,0).] 


Ife = Jz, then z? =3,2*=j,s0¢+yt=5+y 4y* — dy? — 1-0 y? = HA 129 
But y? > 0, so y? = 4 +v2 yor i( + v2). Near the point (0, 1), the denominator of y’ is positive and the 


numerator changes from negative to positive as x increases through 0, so (0, 1) is a local minimum point. At 
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( L 4j 1+ v2 ) , y' changes from positive to negative, so that point gives a maximum. By symmetry, the highest points 


V2 E 
on the curve are Ga l L2 ) and the lowest points are (435 —4/ itv ) ; 
(b) We use the information from part (a), together with symmetry with respect to the x y h 
axes and the lines y = +2, to sketch the curve. 


c) In polar coordinates, z^ + y* = x? + y? becomes r* cos*0 + r^ sin*0 = r? or 
p y y 


1 : 
r= —7—1,: By the symmetry shown in part (b), the area enclosed by 
cos*@ + sin*0 


m/4 n/4 
the curveis A= 8 f sr dg =a f ... dO oœ Je 
o o 


cos40 + sin* 


3. In terms of x and y, we have x = rcos@ = (1 + csin 0) cos@ = cos0 + csin 0 cos = cos@ + 3csin 20 and 


y —rsinÓ = (1 + csin0) sin0 = sin 0 + csin?0. Now —1 < sin < 1 => -1*Xsin0-csin?0 <1+c< 2, so 


—1 < y € 2. Furthermore, y = 2 when c = 1 and 0 = $, while y = —1 for c = 0 and 0 = am. Therefore, we need a viewing 
rectangle with —1 < y < 2. 

To find the x-values, look at the equation x = cos 0 + ic sin 20 and use the fact that sin 20 > 0 for 0 < 0 < 5 and 
sin20 < 0 for —5 x 0 < 0. [Because r = 1 + csin 0 is symmetric about the y-axis, we only need to consider 


-$ <0 < §.] So for —F < 0 € 0, x has a maximum value when c = 0 and then x = cos 0 has a maximum value 


of 1 at 0 = 0. Thus, the maximum value of x must occur on [0, £] with c = 1. Then x = cos 0 + i sin20 > 


& — —sin0 + cos20 = — sin0 + 1 — 2sin?0 dz — —(2sin@ — 1)(sin@ + 1) = 0 when sin 0 = —1 or $ 


[but sin 0 A —1 for 0 < 0 € 5]. If sinü = i then 0 = = and 
x= cos § + i sin 5 = 3/3. Thus, the maximum value of x is 23, and, 


by symmetry, the minimum value is -i V3. Therefore, the smallest 


viewing rectangle that contains every member of the family of polar curves 


r—1-csin0, where 0 < c € 1, is [-$/3, 2 3] x [-1,2]. 


4. (a) Let us find the polar equation of the path of the bug that starts in the upper 
right corner ofthe square. Ifthe polar coordinates of this bug, at a 
particular moment, are (r, 0), then the polar coordinates of the bug that it is 
crawling toward must be (r, 0+ £). (The next bug must be the same 


distance from the origin and the angle between the lines joining the bugs to 


the pole must be 7.) The Cartesian coordinates of the first bug are 


(r cos, r sin 0) and for the second bug we have 


x = r cos (0 + 2) = —r sin 0, y = rsin (0 + 2) = r cosl. So the slope of the line joining the bugs is 
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0 — rsin inĝ — cos0 ,.. : 
ee = oe This must be equal to the slope of the tangent line at (r, 0), so by 
—rsinÜ —rcosÜ  sin@+cos@ 


(dr/d0)sin0 --rcosÜ ^ sin0 — cos0 


Solving for ar we get 
(dr/d8)cos0 —rsinO sin + cos0' E dg s 


Equation 10.4.7 we have 


sin? 0+ T sing cos + rsin 0 cos0 + rcos'ü = T sing cos T cos? 0 — r sin? 0 + r sin 8 cos0 > 


dr 


m (sin? 0 4- cog? 0) + r(cos?0 + sin? 0) =0 => ao Solving this differential equation as a separable equation 


(as in Section 9.3), or using Theorem 9.4.2 with k = —1, we get r = Ce~°. To determine C we use the fact that, at its 


starting position, 0 = 4 and r = Zo so vga —Qe 7^ = C= ae". Therefore, a polar equation of the bug's 


al 


path is r = Jae ^e"? orr = aeoe, 


(b) The distance traveled by this bug is L = Sa a/r? + (dr/d6)?d0, where m = e™/4(—e~°) and so 


r? + (dr/d0)? = lae e? + lael e”? = a2e7/26-29 Thus 


t 


= js ae? /4e-? dé = Pull Jim. jo e? d0 = ae? /^4 Jim [-e ?] n/4 


=ae™/* lim [eset — e] — aee Tt =a 


t—oo 


2 2 


5. Without loss of generality, assume the hyperbola has equation Z — iz = 1. Use implicit differentiation to get 
a 
1 2 2 
LE 0, so y’ 4 T The tangent line at the point (c, d) on the hyperbola has equation y — d = re (a — c). 
a? b2 a?y a?d 
T b b Uc 22 2 2.2 
The tangent line intersects the asymptote y = —x when -x — d = aj c) abda — a*d^ = b*cx — b^c 
a a a 
2,2. 72,2 
abdx — b? cx = a?d? — c? a=" ds Sone cc Der pe and the y-value is b gaibe cada be: 
b(ad — bc) b a b a 
Similarly, the tangent line intersects y = — B: at (= z âd. ad <) . The midpoint of these intersection points is 
a 


( 


2 


b b J 2\ a a 2d 94. 


i + =) (= Be + ae )) = (5 2p d ax) = (c, d), the point of tangency. 


Note: If y = 0, then at (+a, 0), the tangent line is x = +a, and the points of intersection are clearly equidistant from the point 


of tangency. 


6. (a) Since the smaller circle rolls without slipping around C, the amount of arc yA 


traversed on C (2r8 in the figure) must equal the amount of arc of the smaller 4 
circle that has been in contact with C'. Since the smaller circle has radius r, e) 


it must have turned through an angle of 2r0/r = 20. In addition to turning G 


through an angle 20, the little circle has rolled through an angle 0 against C. 


Thus, P has turned through an angle of 30 as shown in the figure. (If the little C 


circle had turned through an angle of 20 with its center pinned to the x-axis, 
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(b) 
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then P would have turned only 20 instead of 30. The movement of the little circle around C adds 0 to the angle.) From the 
figure, we see that the center of the small circle has coordinates (3r cos 0, 3r sin 0). Thus, P has coordinates (x, y), where 


x = bcos 30 + 3r cos 0 and y = bsin 30 + 3r sin 0. 


1 : i Ze 


up 
an 
v 


a 
a 


(c) The diagram gives an alternate description of YA 
point P on the epitrochoid. Q moves around Ü 3r 
a circle of radius b, and P rotates one-third as ? 
fast with respect to Q at a distance of 3r. 
Place an equilateral triangle with sides of 


length 3 /3r so that its centroid is at Q and 


one vertex is at P. (The distance from the centroid to a vertex is A times the length of a side of the equilateral triangle.) 


As 0 increases by =r, the point Q travels once around the circle of radius b, returning to its original position. At the 
same time, P (and the rest of the triangle) rotate through an angle of E about Q, so P's position is occupied by another 
vertex. In this way, we see that the epitrochoid traced out by P is simultaneously traced out by the other two vertices as 
well. The whole equilateral triangle sits inside the epitrochoid (touching it only with its vertices) and each vertex traces out 


the curve once while the centroid moves around the circle three times. 


(d) We view the epitrochoid as being traced out in the same way as in part (c), by a rotor for which the distance from its center 


to each vertex is 3r, so it has radius 6r. To show that the rotor fits inside the epitrochoid, it suffices to show that for any 


position of the tracing point P, there are no points on the opposite side of the rotor which are outside the epitrochoid. But 


the most likely case of intersection is when P is on the y-axis, so as long as the diameter of the rotor (which is3 3r ) is 


less than the distance between the y-intercepts, the rotor will fit. The y-intercepts occur when 0 = 5 or 0 = 3a 


y = —b + 3r or y = b — 3r, so the distance between the intercepts is (—b + 3r) — (b — 3r) = 6r — 2b, and the rotor will 


fitif3V3r<6r—2b <= 2b<6r—3V8r & b< 3(2-—V3)r. 
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11.1 Sequences 


1. (a) A sequence is an ordered list of numbers. It can also be defined as a function whose domain is the set of positive integers. 


(b) The terms an approach 8 as n becomes large. In fact, we can make an as close to 8 as we like by taking n sufficiently 


large. 


(c) The terms an become large as n becomes large. In fact, we can make an as large as we like by taking n sufficiently large. 


2. (a) From Definition 1, a convergent sequence is a sequence for which lim a, exists. Examples: {1/n}, (1/2") 


noo 


(b) A divergent sequence is a sequence for which lim an does not exist. Examples: {n}, {sin n} 


n— oo 


3. an = n? — 1, so the sequence is (1? — 1,2? — 1,3? — 1,4? — 1,5? —1,...} = {0, 7, 26, 63, 124,...}. 


1 pug 
th de Ic c a 
gap e sequence is o sg p DEED PIT \ IIITIIS \ 


4. an = 


5. {2” + n}, so the sequence is (2? + 2, 2? + 3, 2* + 4,2° + 5,2°+6,...} = {6, 11, 20, 37, 70,...}. 


n?—1)]*? h : 
6. wu , So the sequence is 


37-1 4-1 5-1 6-1 7-1 _ f8 15 24 35 48 
32+ 4415241 6I PHI] 10’ 17’ 26’ 37? 50 "f. 


_4)\n-1 
T. dn = ( , , so the sequence is 
n 
( ty ( 1j ( jp ( iy ( D 11 1 1 
7 49 ^? qo "t 49 3 49 ^?CO r9  ? = 1,--,-,-—=, =, 
12 22 32 42 52 49 16 25 
(=1)F [CD 1? Cp? (-1 (-1* Ia ie 2. d 1 
8. an = ————, so th ; : ; ; I 3 ; ; yes D 
4 gr >? SO He sequences pw tur t ues Coda ous 4'16' 62 256° 1024 
9. an = cos mm, so the sequence is {cos 7, cos 27, cos 37, cos 477, cos 57, ...} = {—1, , —1, 1, 21,...- 


10. a, = 1 + (—1)”, so the sequence is {1 — 1,1 + 1,1 — 1,1 + 1,1 — 1,...} = {0,2,0,2,0,...}. 


"as 
"n (n+ 1)! 


(-2)* (-2)? (22)? (-2)* (—2)° f 24. 8 16 32 ,2 12 2 
op 3l? u^ sr uer 77g 71-976 24120 90 * (07 58" uds, provo 


T | 2n+1 ET ERTER 2+1 4+1 6+1 8+1 10+1 {ss Fo 11 
docs. ? 3 1-1'24-1'6-1'244-1'1204-1' f 42/3 725'121' [f 


, so the sequence is 
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13. 


M. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 
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a1 = 1,0541 = 2an + 1. ag = 2831 + 1 = 2. 1 + 1 = 3. ag = 2a2 + 1 = 2. 3 + 1 = 7. ag = 283 + 1 = 2.7 -1— 15. 


as = 2a4 + 1 = 2- 15 + 1 = 31. The sequence is (1,3, 7, 15, 31,...}. 


Qn ay 6 a2 6 a3 3 a4 1 
e uu pem BE cun uo E no 
Dx Rcg Ee Sein ET LES EE una E uias dd 
The sequence is (6,6,3, 1, 1, . ..). 
an at 2 2 a2 2/3 2 a3 2/5 2 
a1 = 2,an41 = . Q2 = ——— FS = Q3 — = = =. Q0a4-— = = = 
l+an l+a 1+2 8 l+az 1+2/⁄33 5 l1+a3 14+2/5 7 
as 2/7 2 . 2222 
= = zm Th 22222 Y 
Ob ag  DEOUT 8 e sequence is (2, 2, 2, 2, $,...] 
a1 = 2, a2 = 1,0441 = Gn —Qn-1. Each term is defined in term of the two preceding terms. 
Q3 = a2 ay=1 2= 1. a4 = a3 Q2 = 1 1= 2. Q5 = a4 Q3 = 2 ( 1)- 1. 
The sequence is (2,1, —1, —2,—1,...}. 
DP PEE The d inator is two times th ber of the t aA 
LLbbd el e denominator is two times the number of the term, n, so an = z>- 
(4 -1,4, —d. d...) The first term is 4 and each term is — 1 times the preceding one, so an = 4(-iy-*. 
(3,2, -$,5$, —18,...). The first term is —3 and each term is — 2 times the preceding one, so a, = -a(-2y-*. 


{5,8,11,14,17,...}. Each term is larger than the preceding term by 3, so an = a1 + d(n — 1) = 5 + 3(n — 1) = 3n + 2. 


(& — $ 2. i$, 2, iie ids The numerator of the nth term is n? and its denominator is n + 1. Including the alternating signs, 


0.5+ 
0.4286 0.4+ ° 


0.4865 It appears that lim an = 0.5. 


0.4898 li = li = li == 
jue lth se (Fenn n=l/n F6 6 2 


3n (3n)/n 3 3. 1 
+ 6 


CMAN A c0 0 rt - 
c 
d 
oo 
e 
© 


= 
(an) 
e 
iN 
e 
= 
oo 
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24. 


«c AN DOT FP Wn — 


am 
(=) 


25. 


3 
eS 
3 
Il 
= 
— 
| 
NIF 
— 
3 


Oo oo N oan A c t€: ke 
[e] 
«e 
Q 
Qo 
Co 


= 
(an) 
tae 
© 
oO 
= 
(an) 


26. 


3 
Q 
3 

Il 
= 
+ 


1 
2 
3 
4 
5 
6 
7 
8 
9 


= 
o 
ops 
Qo 
o 
oo 
e 


5 5/n 5/n 


pe = wr NE 
a n+2  (n+2)/n 


28. dn = 5/n + 2, $0 dn — œas n — œ since lim yn 4-2 = co. Diverges 


Doo IFO 


SECTION 11.1 


0 


It appears that lim an = 2. 


noo 


noo 


and by Theorem 6, lim ( 


noo TU 


lim (+ 27) = lim 2+ lim ( 
n 


noo 


0 


It appears that lim an = 1. 


noo 


- 10 


SEQUENCES 


=2+0=2since lim ecl) 


no n 


lim (1+ (—3)") = lim 1+ lim (-3)" 214-0 = 1 since 


noo noo 


1+ 


0 


It appears that the sequence does not have a limit. 


n 


- 10 


1 LU ier ; 
lim w = lim (s) , Which diverges by (9) since 2 > 1. 


n—oo Qn n—oo 


> 


=Oasn 


> oo. Converges 
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29. 


30. 


31. 


32. 


33. 


35. 


36. 


37. a 


38. 


39. 


M. 


CHAPTER 11 SEQUENCES, SERIES, AND POWER SERIES 
an = i3 Ga Be) Cpe SO an — 4—0 2asn — oo. Converges 
"= mF OFI  2-1/m' ^ "240 : z 
2 2 
- = * 1 
an = euler a e Saon eke , SO Gn — ooasm — œo since lim (4n — 3) = œo and lim (2+ —] =2. 
2n+1 (2n + 1)/n 2+1/n n—00 n—oo n 
Diverges 
an = nt = n^n = da SO Gn — oo as n — oo since lim n = oo and 
"^ m3—2n  (n3—2n)|n  1-2/n?' E no — 
li 2 y= 1 = 1. Di 
Jim 1— zz) es 0 — 1. iverges 
Gn = 2+ (0.86)" — 2 + 0 = 2as n — œo since lim (0.86)" = 0 by (9) with r = 0.86. Converges 


à, —3"T ^ = = = (2) ,so lim an = 0 by (9) with r = =. Converges 


3/n | B3/n//n 3 3 


= —— — — =3asn— oo. Converges 


n= m2 Gueliga 142/yn do 


Because the natural exponential function is continuous at 0, Theorem 7 enables us to write 


lim an = lim e/V" = eC VV _ 60 =], Converges 
4" 4^9 (4/9)" 0 Se tales ae 
TL l "m 
71-9 (99/9 ^ ü/9" c1 OFI Mom Eu e ag dic 


1 T 
lim (s) = 0 by (9). Converges 


n-—oo 


2 ade 
=4/ = i! gheni gheni = (uH — V4 = 2as n — oo since Jim (1/n?) — 0. Converges 


na nun T . ? 
Gn = cos = cos | ——+—— | = cos | ————_ ], soa, — cos7 = —lasn — œ since lim 1/n ze. 
n+1 (n+1)/n 14+1/n n—00 


Converges 


2 21/53 
i = HIN = yn SO An — oo as n — oo since lim Jn = oo and 


^ovn?»c-4n — vm? + An // n3 B V/A T A/n2* n—0oo 
lim 4/14-4/n? — 1. Diverges 


(2n) /n , 2 


2n 2 ; 
.Ifb,-— "ni2' then lim bn = lim = lim = — = 2. Since the natural exponential function is 
n 


an/(n+2) — glimn oo bn — e2 


continuous at 2, by Theorem 7, lim e Converges 
TL — oo 


(0) = 0,so lim an = 0 by (6). Converges 


-lj |. d 
TUR IA — 9 


noo n— Co 2/n 
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1 1 —1)"t? 
42. lim = lim penu = lim ——— = —— = 1. Thus,a, = [Dm has odd-numbered terms 
noo ph J-/n — noce (nd- /n)/n n>%æ1+1//n 1+0 n 4 /n 
that approach 1 and even-numbered terms that approach —1 as n — oo, and hence, the sequence {an ) is divergent. 
(2n — 1)! (2n — 1)! 1 
43. an = = = 0 . C 
on = (n1) | Qn-c1)QnQn-1)! (nc 1)Qn) 5-790. VODNEIBOS 
Inn Inn (In n)/ Inn 1 1 
44. an = = = = 1 2€ 
" In(2n) In2+lnn  (I2-1nn)/nm 2241 "041 ES Ce UMEN 
45. an = sin n. This sequence diverges since the terms don't approach any particular real number as n — oo. The terms take on 
values between —1 and 1. Diverges 
tan! 1 1 T . 
46. a, = lim tan n= lim tan g = 3 by (4), so lim an =0. Converges 
TL n-—oo zoo n-—oo 
oue e . 25 8. Wu, 2 f 
47. an = n*e " = —. Since lim = lim E — lim z = 0, it follows from Theorem 4 that lim an = 0. Converges 
en r—oo ev r—oo e* r—oo e7 noo 
n+1 1 ; s 
48. an = ln(n + 1) - Inn = ln RE — n| 14 nj In (1) = 0 as n — oo because In is continuous.  Converges 
cos? n 1 2 : 1 cos? n 
49.0 «€ 9" < 25 [since 0 < cos^n <1], so since lim gei 0, 277 converges to 0 by the Squeeze Theorem. 
50. an = V DETR = (gi m (olo yum 21/723 = ee so 
lim an —8 lim 21/" = 8 . Qlimn—co(1/n) — 8.2? = 8 by Theorem 7, since the function f(x) = 2" is continuous at 0. 
Converges 
inl ; int l 
51. an = nsin(1/n) = au Since lim ENS) = lim 22 [where t = 1/x] = 1, it follows from Theorem 4 
1/n zoo 1/ax toot t 
that {an } converges to 1. 
1 DT 
52. dn —2 "cosmm. 0< I < aum (3) ,so lim |an| = Oby (9), and lim an = 0 by (6). Converges 
2N* 2 
53. y = |14-— => lnny-zln[1-4d-],.so 
x x 
1 2 
" .. ln(1+2/z) un , 1-2/x x? . 2 
lim lny = lim —————- = lim 2——————5———— = lim ———- = 2 
Pe Meee na TE Eus 1/2? oo 1+ 2/m 
T 2 n 
lim (: + 3 = lim e?" = e?, so by Theorem 4, lim (: + =) =e”. Converges 
zoo Z zoo noo TU 
l 1 
54. y gle Iny l ln z, so lim lny = lim DT H lim ES lim — — 0 
x 1—00o roo T z—o0o root 
lim z!/^ = lim el^" = e? = 1, so by Theorem 4, lim n!/" — 1. Converges 
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2 AES 
55. an = In(2n? + 1) — In(n? + 1) = In (= a) =In (H) — In2asn — oo. Converges 
2 2 
56. lim (na) E lim E — 2 lim am Z 2 lim Me = 0, so by Theorem 4, lim = = (0. Converges 


57. an = arctan(In n). Let f(x) = arctan(ln z). Then lim f(x) = = since In z — œo as x — oo and arctan is continuous. 
2 


zr— o0 


Thus, lim an = lim f(n)= $. Converges 


n— o0 


58. an =n— /n--l/n--3-om-— vn? +4n+3= 


n— Vn? +4n +3 n+vn?+4n+3 
1 


n 4 Vn? 4- 4n 4-3 
| n?—(n?-c4n43) _ —4n — 3 E (—4n — 3)/n _ —4 — 3/n 
nc vn?c-4n-c3  ncvn?r4nc-3 (n+ Vn? +4n43)/n 14/14 4/n x 3/n? 
=e -4 
so lim an D — —2. Converges 


nooo” l-yIT040 2 


59. {0,1,0,0,1,0,0,0,1,...} diverges since the sequence takes on only two values, 0 and 1, and never stays arbitrarily close to 


either value (or any other value) for n sufficiently large. 


1 1 
i TM : : 
60. {t, SPP epee zs dan-1 = 7 and dan = EXT for all positive integers n. lm Gn = 0 since 


1 ; 
lim a24-1 = lim — = 0and lim azn = lim = 0. For n sufficiently large, an can be made as close to 0 


noo n—oco TL n, —o00 noo n + 


as we like. Converges 


n! 12 3 (n—1) n 1 n n . 
f p — $ E Lm ds Be. eue . > d = m > n t 
61. a og mo 5 323 3 [forn > 1] gz *9085n — o0 so {an} diverges 
3” 3 3 3 3 3 3.3 3 27 
62. AE d. a Seu cuiu ne E n f 9|] = — 3 th 
0 < |an| ar Tis n-D n$12nm [for n > 2] gg ^ Fas — oo so by the Squeeze 
Theorem and Theorem 6, ((—3)"/n!) converges to 0. 


63. 


From the graph, it appears that the sequence {an} = le "ü n 1 j is 


divergent, since it oscillates between 1 and —1 (approximately). To prove this, 
suppose that {an } converges to L. If bn = CE then {bn } converges to 1, 


TL L T H TL . . 
and lim 27 = Te L. But & = (—1)",so lim fn does not exist. This 


n—00 Dn b, n—co On 


contradiction shows that {an } diverges. 


(7 OI From the graph, it appears that the sequence converges to 0. 


sinn| _ |sinn| 


lanl 


1 
< "i lim |an| = 0. By (6), it follows that 


n Inl 


lim an = 0. 


noo 
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65 | "i From the graph, it appears that the sequence converges to a number between 


0.7 and 0.8. 


Qn = arctan n — arctan n"/ n — arctan 1 — 
VE n2+4)— (n2--4)/m2] — 1-4/n? 


[= 0.785] as n — oo. 


arctan 1 = 


T 
4 


66. From the graph, it appears that the sequence converges to 5. 
5= Verc VE YFF = VVE 
= 2.5 = 5asn — oo [ lim ae el 
Hence, an — 5 by the Squeeze Theorem. 
Fi - 20 
Alternate solution: Let y = (3° + 5") /*. Then 
I z£ pa x 1 41 KT ] 3 In 3 + In 5 
lim Iny = lim HOCES) u lim LAT RAE I UM lim DE T = In 5, 
r1—oo 100 x r—oo v 4 5r r—oo (3) 1 
so lim y = e^? = 5, and so { V3" +5" } converges to 5. 
2 : n?cosn) . 
T e From the graph, it appears that the sequence {an} = "pas f" 
. divergent, since it oscillates between 1 and —1 (approximately). To 
2 
TM Ta ER: _]>, Prove this, suppose that {an } converges to L. If bn = mE then 
- - . z Qn L an 
. š . {bn } converges to 1, and lim — = T L. But p. = cos, so 
B: 4 lim = does not exist. This contradiction shows that {an } diverges. 
68. 190 5000 


os i , / 10 Qt 15 


18535 09 PERLE (2n — 1) 
n! 


From the graphs, it seems that the sequence diverges. an = . We first prove by induction that 


n—1 
an = (3) for all n. This is clearly true for n = 1, so let P(n) be the statement that the above is true for n. We must 


2n +1 


show it is then true for n + 1. a441 = Gn- 
n+1 


ST fu OR dE Ls ; 
2 E t hypoth . But 
nat = (3) l1 (induction hypothesis). Bu 
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[since 2 (2n +1) 2 3(n--1) & 4n4+2>3n4+3 e n> 1), andso we get that an+ı > eye . 3 = (S) which 


is P(n + 1). Thus, we have proved our first assertion, so since { ay" ) diverges [by (9)], so does the given sequence {an }. 


69. From the graph, it appears that the sequence approaches 0. 
1-3-5----- (2n— 1) 1 3 5 2n — 1 
0<an= n = . eet 
(2n) 2n 2n 2n 2n 
col ci dcr Dues tei di cdd 
—.« (l)e: = — —- — 
^ 2n 2n 5 


1-3-5- (2n — 1) 
(2n)" 


So by the Squeeze Theorem, { \ converges to 0. 


70. (a) a1 = 1, an+ı = 4 — an forn > 1. a 1, a2 = 4 — aı = 4 — 1 = 3, a3 = 4 — a2 = 4 — 3 = l, 


a4 = 4 — a3 = 4 — 1 = 3, a5 = 4 — a4 = 4 — 3 = 1. Since the terms of the sequence alternate between 1 and 3, 


the sequence is divergent. 


(b) aı = 2, a2 = 4 — aı = 4 — 2 = 2, a3 = 4 — a2 = 4 — 2 = 2. Since all of the terms are 2, lim an = 2 and hence, the 


noo 


sequence is convergent. 


71. (a) an = 1000(1.06)" = ai = 1060, a2 = 1123.60, a3 = 1191.02, a4 = 1262.48, and a5 = 1338.23. 


(b) lim a, = 1000 lim (1.06)", so the sequence diverges by (9) with r = 1.06 > 1. 


n-—oo noo 


1.0025" — 1 


72. (a) Substitute 1 to 6 for n in In = 100 
0.0025 


— n) to get I; = $0, Iz = $0.25, Is = $0.75, I4 = $1.50, 


Ts = $2.51, and Ig = $3.76. 


(b) For two years, use 2- 12 = 24 for n to get $70.28. 


73. (a) We are given that the initial population is 5000, so Po = 5000. The number of catfish increases by 8% per month and is 
decreased by 300 per month, so P, = Pp + 8% Po — 300 = 1.08P — 300, P» = 1.08P, — 300, and so on. Thus, 
P, = 1.08P,1 — 300. 


(b) Using the recursive formula with Po = 5000, we get P; = 5100, P; = 5208, P3 = 5325 (rounding any portion of a 
catfish), P4 = 5451, Ps = 5587, and Pg = 5734, which is the number of catfish in the pond after six months. 


74. 


EM if an is an even number 
An41 = When a; = 11, the first 40 terms are 11, 34, 17, 52, 26, 13, 40, 20, 10, 5, 


3an +1 if an is an odd number 
16, 8, 4, 2, 1, 4, 2,1, 4, 2,1, 4, 2,1, 4, 2, 1, 4, 2, 1, 4, 2, 1, 4, 2, 1, 4, 2, 1, 4. When a; = 25, the first 40 terms are 25, 76, 38, 
19, 58, 29, 88, 44, 22, 11, 34, 17, 52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1, 4, 2, 1, 4, 2,1, 4, 2,1, 4, 2,1, 4, 2, 1, 4. 


The famous Collatz conjecture is that this sequence always reaches 1, regardless of the starting point a1. 
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T5. 


76. 


TT. 


78. 


79. 


80. 


81. 


82. 


83. 
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If |r| > 1, then {r”} diverges by (9), so {nr”} diverges also, since |nr"| = n |r"| > |r"|. If |r| < 1 then 


zx 


; : X pu 1 : : 
lim zr”? = lim — = lim —————— = lim = 0,so lim nr” = 0, and hence {nr”} converges 
2—0o z—oo r7?  s—oo(—lnr)r-* | zoo —Inr noo 


whenever |r| « 1. 
(a) Let lim a, = L. By Definition 2, this means that for every € > 0 there is an integer N such that |an — L| < € 
whenever n > N. Thus, |an+1 — L| < e whenever n +1 > N & n> N —1. Itfollowsthat lim an+ı = L and so 


lim an = lim an41. 


noo n—oo 


tH 
| 
a 
H- 
E 


(b) If L = lim an then lim an+ı = L also, so L must satisfy L = 1/ (1+ D) > L?+L—-1=0 
(since L has to be nonnegative if it exists). 
Since {a,,} is a decreasing sequence, an > an+ı for all n > 1. Because all of its terms lie between 5 and 8, {an } is a 


bounded sequence. By the Monotonic Sequence Theorem, {an } is convergent; that is, {an } has a limit L. L must be less than 


8 since {an} is decreasing, so 5 < L < 8. 
Since {an} = {cosn} ~ (0.54, —0.42, —0.99, —0.65, 0.28, . . .}, the sequence is not monotonic. The sequence is bounded 
since —1 < cosn < 1 for all n. 


1 1 1 
2(n 4- 1) 4-3 2n 45 ^ 9n 4 8 


is decreasing since an+ı = = an for each n > 1. The sequence is 


Aal 
"5 ?n4-3 


bounded since 0 < an < i for all n > 1. Note that a1 = i. 


l-n _ 1-(n+1) l-n —n 2 2 f 
n n4 2 + 3 2 3 0, hich 
mero 24n 2 (n4 1) 24n^ n+3 E rer n dis 
: f . : . l-n . 1/n-1 . 
is true for all n > 1, so {an } is decreasing. Since a; = O and lim = lim ——— = —1, the sequence is bounded 
n-—oo 2+n n-—oo 2/n 4-1 
(—1 <a, <0). 


The terms of an = n(—1)" alternate in sign, so the sequence is not monotonic. The first five terms are —1, 2, —3, 4, and —5. 
g q 


Since lim |a,| = lim n = co, the sequence is not bounded. 
"n—oo n— oo 


cp” 


Since {an} = f2 + c z {1, 22, 18, x ds the sequence is not monotonic. The sequence is bounded since 
1 < an < 3 for all n. 


an = 3 — 2ne ^". Let f(x) = 3 — 2ze *. Then f'(x) = 0 — 2[a(—e~*) + e *] = 2e * (x — 1), which is positive for 
x > 1, so f is increasing on (1, oo). It follows that the sequence {an } = {f(n)} is increasing. The sequence is bounded 


below by a4 = 3 — 2e7! ~ 2.26 and above by 3, so the sequence is bounded. 
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84. 


85. 


86. 


87. 


88. 


an = n? — 3n + 3. Let f(x) = x? — 3a + 3. Then f'(x) = 32? — 3 = 3(x? — 1), which is positive for x > 1, so f is 
increasing on (1, oo). It follows that the sequence {an} = (f (n)] is increasing. The sequence is bounded below by ai = 1, 


but is not bounded above, so it is not bounded. 


For {vz V2 V2, 2/242, epe = 21/2 gy = 23/4 ag = 97/8... so an = 207 0/2" = 2170/2”), 


lim an = lim 21-0/2 = 9! = 9, 


n-—oo noo 


Alternate solution: Let L = lim an. (We could show the limit exists by showing that {an } is bounded and increasing.) 


Then L must satisfy L = v2. L L =2L L(L — 2) = 0. L z 0 since the sequence increases, so L = 2. 


(a) Let Pn be the statement that an+ı > an and an € 3. P is obviously true. We will assume that P, is true and 
then show that as a consequence P,41 must also be true. 44,42 > aà441. & 2--a4412 V2+an © 


2+an+ı > 2+an 4 Gn+1 > Gn, which is the induction hypothesis. an+ı <3 & V2+an<3 & 


2+4n<9 e an < 7, which is certainly true because we are assuming that an < 3. So P,, is true for all n, and so 


a1 € Gn € 3 (showing that the sequence is bounded), and hence by the Monotonic Sequence Theorem, lim an exists. 
n— oo 


(b) I L = lim an, then lim a441 = L also, so L = VŽ2FL > L’ =2+L LP- L-2=0 
(L+1)\(L-2)=0 L = 2 [since L can’t be negative]. 

a = l, an1 = 3 . We show by induction that {an } is increasing and bounded above by 3. Let P^, be the proposition 

: 1 
that dn41 > an and 0 < an < 3. Clearly P; is true. Assume that P, is true. Thena,41 > an > <— => 
An+1 an 

1 1 1 1 : x ; 

— > ——. Now àn42 = 3 — »3——-—aa € Prn+ı. This proves that {an } is increasing and bounded 

Qn4-1 Qn An+1 an 


above by 3, so 1 = a1 < an < 3, that is, {an} is bounded, and hence convergent by the Monotonic Sequence Theorem. 


If L = lim ay, then lim an+1 = L also, so L must satisfy L = 3 — 1/L L? —3L+1=0 L E 


n— oo n-—oo 


But L > 1, so L = 2-8, 


ài-—2,0ün41-— 3 We use induction. Let P,, be the statement that 0 < a441 < an < 2. Clearly P is true, since 
— an 
a2 = 1/(3 — 2) = 1. Now assume that P is true. Then a441 < an Qn41 > —An 3-—Gn41 >? 3-an > 
1 1 : ; T i : 
n2 = L——— < = à441. Also a442 > 0 [since 3 — an41 is positive] and a4 41 < 2 by the induction 
3 — An41 3— Gn 
hypothesis, so P,,41 is true. To find the limit, we use the fact that lim a, = lim a441 L=; = T 
n— oo Too 
I?—3L41-20 L = 355. But L < 2, so we must have L = 35%. 
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89. (a) Let an be the number of rabbit pairs in the nth month. Clearly a1 = 1 = az. In the nth month, each pair that is 
2 or more months old (that is, a,—2 pairs) will produce a new pair to add to the an—1ı pairs already present. Thus, 


an = An—1 + An—2, S0 that {an } = {fn}, the Fibonacci sequence. 


fn+1 fn fna + fn—2 fn—2 1 1 . 
b) an = An —— = 14 eld ll + .IfL = lim an, 
( ) fn 1 fn-1 fna fn-a fna / fn—2 Qn—2 n—oo 
1 
then L = lim an-ı and L = lim an-2, so L must satisfy L = 14 I L-L-1=0 L= 1+ v8 


[since L must be positive]. 


90. (a) If f is continuous, then f(L) = I( lim an) = lim f(an) = lim an41 = lim an = L by Exercise 76(a). 


n-—oo noo 


(b) By repeatedly pressing the cosine key on the calculator (that is, taking cosine of the previous answer) until the displayed 


value stabilizes, we see that L ~ 0.73909. 


5 
91. (a) i From the graph, it appears that the sequence E 


5 
Fo a OH 
converges to 0, that is, lim = 0. 


noo Tl: 


10 


(b) 


75 


0 


From the first graph, it seems that the smallest possible value of N corresponding to € = 0.1 is 9, since n?/n! < 0.1 
whenever n > 10, but 9°/9! > 0.1. From the second graph, it seems that for € = 0.001, the smallest possible value for N 


is 11 since n? /n! < 0.001 whenever n > 12. 


92. Let € > 0 and let N be any positive integer larger than In(2)/ In |r|. I£ n > N, then n > In(e)/In|r| => nin|r| < Ine 
[since |r] < 1 2 In|r| <0) => In(|rl^) «Ine => |r" <e = |r” —0]| « e, and so by Definition 2, 
lim r” =0. 


93. Theorem 6: If lim |an| = Othen lim — |a,| = 0, and since — |an| < an < |an|, we have that lim an = 0 by the 


Squeeze Theorem. 
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94. Let L = lim a, and f(x) = x”, p > 0 and an > 0. Since f is a continuous function, 


n-—oo 


lim af, = Jim f(an) = "i lim an) [Theorem 7] = f(L) = | lim is 


n-—oo noo noo 


95. To Prove: If lim an = 0 and {bn } is bounded, then lim (anbn) = 0. 


Proof: Since {bn ) is bounded, there is a positive number M such that |bn| < M and hence, |an||bn| € |as| M for 


all n > 1. Let € > 0 be given. Since lim an = 0, there is an integer N such that |an — 0| < x ifn > N. Then 


n—0o0o 
€ 


|a 0| = [as5,| = |an] |bn| € [an| la» - 0M < 55 


M = e forall n > N. Since e€ was arbitrary, 


lim (anbn) = 0. 


n—oo 


prt 2401 


96. (a) — = b” bla +b” ?a? p.83... bart 4a” 


<b +b” 1p 4 pr 25? | pn 383 E... E bb"! +b" = (n+ 1)b” 


(b) Since b — a > 0, we have b" *! — a®*1 < (n+1)b” (b-a) => b"'-(n-l)"(b—a)ca" = 


b" [(n + 1)a — nb] < a"t?. 


(c) Substituting in part (b), (n + 1)a — nb = (n+ 1) (1 + zu) — (1 + 2) = 1, and so 


1\” i 1 n+l 
b^—-[14— i (AL ; 
pio eee) 


1 1\" 
(d) Substituting in part (b), (n + 1)a — nb = (n+ 1)- 1 n(1+ L ) = z and so (1+ x) (5) <1 > 


2n 2n 
1 n 1 2n 
1+—]}] <2 > 1+ — < 4, 
2n 2n 


(e) an < a», since {an } is increasing, so an < dan < 4. 


(f) Since {an } is increasing and bounded above by 4, a1 < an X 4, and so {an} is bounded and monotonic, and hence has a 


limit by the Monotonic Sequence Theorem. 


97. (a) First we show that a > a; > bı > b. 


2 
ay b = Ri Vab = 3(a 2Vab +b) = (va - vb) >0 [sincea >b] = ai > bı. Also 


a—aı =a— 4(a+b) = $(a— b) > 0andb— bı — b — Va = V( v6 — va) < 0,s0a > a1 > bı > b. In the same 


way we can show that a1 > a2 > b2 > bi and so the given assertion is true for n = 1. Suppose it is true for n = k, that is, 


ak > Qk41 > Og41 > by. Then 


2 
Qk42 — bk+2 = i (Gk 41 + bii) — V'ak+1bk+1 = $ (anes — 2 /ax41bk i + bk4 3 = (va HS vhi) > 0, 
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1 1 
ak+1 — ük+2 = Orsi — g(Qk41 + be41) = 3 (aki — bk+1) > 0, and 


bk+1 — bk+2 = bk+1 — y/ak+1bk+1 = Vbr41 (Vin — Jar ) «0 => akj > Gk42 > bk+2 > bk+1, 


so the assertion is true for n = k + 1. Thus, it is true for all n by mathematical induction. 


(b) From part (a) we have a > an > Gn41 > bn41 > bn > b, which shows that both sequences, {an } and {bn }, are 


monotonic and bounded. So they are both convergent by the Monotonic Sequence Theorem. 


(c) Let lim an = «and lim b, = 8. Then lim an4i = lim an + bn > a= ag => 


n— oo noo n—oo 2 


2a=at+B > a-f. 


98. (a) Lete > 0. Since lim azn = L, there exists Ni such that |azn — L| < € for n > Ny. Since lim a2441 = L, there 
nm—oo n—oo 


exists N» such that |aan41 — L| < € for n > Na. Let N = max (2N1, 2No + 1} and let n > N. If is even, then 
n = 2m where m > Nj, so |an — L| = |adam — L| < £. If n is odd, then n = 2m + 1, where m > No, so 


lan — L| = |a2m41 — L| < £. Therefore lim a, = L. 


noo 


(b) ai = 1, a2 = 1+ pH = $ = 15, a3 = 1+ gh = $ S 1A, a = 1+ 55-15-1416 


= 1 a AL Gy = 1 99:1; = 1 — 239 ~ 
as = 1 + gk = $ © 1.413793, as = 1 + zug = 28 ~ 1.414286, a7 = 1 + mvo = 299 ~ 1.414201, 


as =1+ 108/168 = 34 e 1.414216. Notice that a1 < as < as < az and az > a4 > ag > aa. It appears that the 


odd terms are increasing and the even terms are decreasing. Let's prove that dan_2 > dan and a25 1 < dan+1 by 


Um ; 1 i 
mathematical induction. Suppose that a2k—2 > azp. Then 1 + a2& 2 > 1 +a2k => x 
1+ a2k-2 1+ azk 
1+ ! <1+ 1 g 1 Ses a 
a a2k4 aio ü 
1-ak-2 1+ ask CERE 25-1 2k-1 2k+1 
E I+ + > We have thus shown, b 
a a . We have thus shown, 
l-cFaak-i — ld 2x44 14+ aaa ab erre: 2k 2k+2 y 


induction, that the odd terms are increasing and the even terms are decreasing. Also all terms lie between 1 and 2, so both 
{an } and {bn } are bounded monotonic sequences and are therefore convergent by the Monotonic Sequence Theorem. Let 


lim a2, = L. Then lim aen+2 = L also. We have 


n— oo noo 


F bae 1 zig 1 | 4+3an 
nian oE TEIFI L Fan) cman sas) o3 2dr 
SO G2n4+2 = SES. Taking limits of both sides, we get L — < T => 3L+2LĽ? =4+3L > D22 = 
+ 2a25 zu 


L- V2 [since L > 0]. Thus, lim a», = V2. Similarly we find that lim azn+ı = V2. So, by part (a), 


lim an = yJ2. 


noo 
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" b lim pn bp 
9. n to p. Then pa41 = us li ny1 = — = = 
99. (a) Suppose {pn } converges to p. Then ps1 ps > im psi aUe p PEN 
pP +ap=bp => p(p+a—b)=0 p-—0orp-b-a. 


b 
CINE E MB di 
Pn+1 a+Dn 14 £5 
a 


b b b\? b b\3 b\” 
(c) By part (b), pı < | — }po,p2 < | -]p1 «| — | Po, ps < | — }p2 < ( — ] po, etc. In general, p, < | — | Do, 
a a a a a a 


b " 
«( os since 1+ 22 > 1, 
a a 


bN” : : b 
so lim p, < lim (2) - po = O since b < a. By, lim r” 20if —l1<r<1.Hereer=—-—€ (0.1), 
n— oo n— oo a n-oo a 
(d) Let a < b. We first show, by induction, that if po < b — a, then pn < b — a and pn+i > pa. 
b b—a-— : 
For n — 0, we have p1 — po — Po po = polb — a — po) > 0 since po < b — a. So pı > po. 
a + po a + po 
Now we suppose the assertion is true for n = k, that is, px < b — a and pk+1 > pr. Then 
b b— bpk — —b b—a— 
cgi cube. 900050) i ap TOR, - dB Ue Uh) epa epi Dec 
a + Dk a + pk a + Pk 
bPk+1 Pk+1(b— a — pk+1) ; 
Pk+1 < b — a. And pk+2 — pep. = ————— — pki = —————————————7 > O0 since pk+1 < b — a. Therefore, 


a+ Pk+1 T a + Pk+1 
Pk+2 > Pk+1. Thus, the assertion is true for n = k + 1. It is therefore true for all n by mathematical induction. 


A similar proof by induction shows that if po > b — a, then pn > b — a and {pn } is decreasing. 


In either case the sequence {pn } is bounded and monotonic, so it is convergent by the Monotonic Sequence Theorem. 


It then follows from part (a) that lim pn = b — a. 


DISCOVERY PROJECT Logistic Sequences 


1. To write such a program in Maple it is best to calculate all the points first and then graph them. One possible sequence of 
commands [taking po = i and k — 1.5 for the difference equation] is 
tz-tt'ip(0):—-l1/2;ki-1.5; 
for j from 1 to 20 do p(j):-k*p(j-1)*(1-p(j-1)) od; 

plot([seq([t,p(t)] t=0..20)],t=0..20,p=0..0.5,style=point) ; 

In Mathematica, we can use the following program: 

p[0]=1/2 

k=1.5 

p[j_]:=k*p[j-1]*(1-p[j-1]) 


P=Table[p[t],{t,20}] 


ListPlot[P] 


[continued] 
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With po — i and k — 1.5: 


Dn n Dn 
0.5 7 | 0.3338465076 | 14 | 0.3333373303 
0.375 0.3335895255 | 15 | 0.3333353318 
0.3515625 0.3334613309 | 16 | 0.3333343326 
0.3419494629 0.3333973076 | 17 | 0.3333338329 
0.3375300416 0.3333653143 | 18 | 0.3333335831 
0.3354052689 0.3333493223 | 19 | 0.3333334582 
0.3343628617 0.3333413274 | 20 | 0.3333333958 

n Dn n Dn 
0 | 0.5 0.6004164790 | 14 | 0.5999967417 
1 | 0.625 0.5997913269 | 15 | 0.6000016291 
2 | 0.5859375 0.6001042277 | 16 | 0.5999991854 
3 | 0.6065368651 0.5999478590 | 17 | 0.6000004073 
4 | 0.5966247409 0.6000260637 | 18 | 0.5999997964 
5 | 0.6016591486 0.5999869664 | 19 | 0.6000001018 
6 | 0.5991635437 0.6000065164 | 20 | 0.5999999491 


DISCOVERY PROJECT LOGISTIC SEQUENCES 1053 


Both of these sequences seem to converge (the first to about E, the second to about 0.60). 


With po = i and k — 1.5: 


n Dn n Dn n Dn 

0 | 0.875 7 | 0.3239166554 | 14 | 0.3332554829 
1 | 0.1640625 8 | 0.3284919837 | 15 | 0.3332943990 
2 | 0.2057189941 9 | 0.3308775005 | 16 | 0.3333138639 
3 | 0.2450980344 | 10 | 0.3320963702 | 17 | 0.3333235980 
4 | 0.2775374819 | 11 | 0.3327125567 | 18 | 0.3333284655 
5 | 0.3007656421 | 12 | 0.3330223670 | 19 | 0.3333308994 
6 | 0.3154585059 | 13 | 0.3331777051 | 20 | 0.3333321164 


20 


[continued] 
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With po — z and k = 2.5: 


SEQUENCES, SERIES, AND POWER SERIES 


oO c Rw Ww HF olz 


Pn Pn Pn 
0.875 0.6016572368 0.5999869815 
0.2734375 0.5991645155 0.6000065088 


0.4966735840 
0.6249723374 
0.5859547872 
0.6065294364 
0.5966286980 


0.6004159972 


0.5997915688 
0.6001041070 
0.5999479194 
0.6000260335 


0.5999967455 
0.6000016272 
0.5999991864 
0.6000004068 
0.5999997966 


The limit of the sequence seems to depend on k, but not on po. 


2. With po = z and k = 3.2: 


n Pn n Pn n Pn 

0 | 0.875 7 | 0.5830728495 | 14 | 0.7990633827 
1 | 0.35 8 | 0.7779164854 | 15 | 0.5137954979 
2 | 0.728 9 | 0.5528397669 | 16 | 0.7993909896 
3 | 0.6336512 10 | 0.7910654689 | 17 | 0.5131681132 
4 | 0.7428395416 | 11 | 0.5288988570 | 18 | 0.7994451225 
5 | 0.6112926626 | 12 | 0.7973275394 | 19 | 0.5130643795 
6 | 0.7603646184 | 13 | 0.5171082698 | 20 | 0.7994538304 


20 


It seems that eventually the terms fluctuate between two values (about 0.5 and 0.8 in this case). 


3. With po = i and k — 3.42: 


aun ww Ff olz 


Pn 

0.875 
0.3740625 
0.8007579316 
0.5456427596 
0.8478752457 
0.4411212220 
0.8431438501 


«e on 


10 
11 
12 
13 


0.4523028596 
0.8472194412 
0.4426802161 
0.8437633929 
0.4508474156 
0.8467373602 
0.4438243545 


14 
15 
16 
17 
18 
19 
20 


0.8442074951 
0.4498025048 
0.8463823232 
0.4446659586 
0.8445284520 
0.4490464985 
0.8461207931 


20 


[continued] 
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With po — i and k — 3.45: 


n Dn n Dn n Dn 

0 | 0.875 7 | 0.4670259170 | 14 | 0.8403376122 
1 | 0.37734375 8 | 0.8587488490 | 15 | 0.4628875685 
2 | 0.8105962830 9 | 0.4184824586 | 16 | 0.8577482026 
3 | 0.5296783241 | 10 | 0.8395743720 | 17 | 0.4209559716 
4 | 0.8594612299 | 11 | 0.4646778983 | 18 | 0.8409445432 
5 | 0.4167173034 | 12 | 0.8581956045 | 19 | 0.4614610237 
6 | 0.8385707740 | 13 | 0.4198508858 | 20 | 0.8573758782 


From the preceding graphs, it seems that for k between 3.4 and 3.5, 


the terms eventually fluctuate between four values. In the graph 


below, the pattern followed by the terms is 0.395, 0.832, 0.487, 


0.869, 0.395, .... Note that even for k — 3.42 (as in the first graph), 
there are four distinct “branches”; even after 1000 terms, the first and 


third terms in the pattern differ by about 2 x 107°, while the first and 


fifth terms differ by only 2 x 10^ !?. With po = z and k = 3.48: 


po = 0.5, k = 3.7 


po = 0.75, k = 3.9 


DISCOVERY PROJECT LOGISTIC SEQUENCES 


200 


po = 0.501, k = 3.7 


200 


po = 0.749, k = 3.9 
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1 


po = 0.5, k = 3.999 


From the graphs, it seems that if po is changed by 0.001, the whole graph changes completely. (Note, however, that this might 
be partially due to accumulated round-off error in the CAS. These graphs were generated by Maple with 100-digit accuracy, 
and different degrees of accuracy give different graphs.) There seem to be some some fleeting patterns in these graphs, but on 


the whole they are certainly very chaotic. As k increases, the graph spreads out vertically, with more extreme values close to 0 


or 1. 
11.2 Series 
1. (a) A sequence is an ordered list of numbers whereas a series is the sum of a list of numbers. 
(b) A series is convergent if the sequence of partial sums is a convergent sequence. A series is divergent if it is not convergent. 
2. >> an = 5 means that by adding sufficiently many terms of the series we can get as close as we like to the number 5. 
n=1 
In other words, it means that limn—oo Sn = 5, where sn is the nth partial sum, that is, Y aj. 
i=1 
3. So an = lim sn = lim [2 — 3(0.8)”] = lim 2—3 lim (0.8" 22—3(0) = 2 
n=1 n—co n—co TL— oo TL— oo 
2 2 2 2 
eo , . n'—1 . o (n*— 1)/n . 1-1/n 1-0 1 
4. n=l URS zumo ee EE ILS i a e mI sur 
reca eS Nae cb Gee Large a d 
NM | 1 1 1 
5. For >> gen = cg Sı =a E 1, s2 sı bag = 1+ gg = 1.125, 
n=1 
$3 = S2 + a3 © 1.1620, s4 = s3 + a4 œ 1.1777, s5 = s4 +a5 £2 1.1857, sg = 85 + ag & 1.1903, 
87 = 86 + a7 7: 1.1932, sg = s7 + ag 7: 1.1952. It appears that the series is convergent. 
6 EI cmt 1 » l. 
. For 2 Vs Qn = ET $1 1 Y 1, S2 = Sı +a2 = 1 + ya = 1.7937, 
$3 = S2 + a3 © 2.4871, s4 = s3 + a4 & 3.1170, s5 = s4 + a5 = 3.7018, se = 55 +a6 & 4.2521, 
$7 = 86 + a7 f: 4.7749, and sg = s7 + ag zz 5.2749. It appears that the series is divergent. 
7. For 5 sinn, an = sinn. sı =a, = sin 1 z 0.8415, s2 = s, + a2 & 1.7508, 


S3 = S2 + a3 & 1.8919, s4 = sa + a4 œ 1.1351, s5 = s4 + as 7 0.1762, sg = 55 + ag & —0.1033, 


$7 = 86 + a7 & 0.5537, and sg = sz + ag & 1.5431. It appears that the series is divergent. 
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10. 


11. 


12. 
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. For X (-1)?n, an = (-1)'n. s$-a1—(-1)! (1 = -1, s2 = sı +a2 = —14-2— 1, 


n=1 
$3 = S2 +43 2, $4 = $3 + 04 = 2, S5 = $4 + Q5 3, Sg = 85 + dg = 3, 
87 = S6 + a7 4, Sg = 87 + ag = 4. It appears that the series is divergent. 
e 1 1 1 1 1 1 
F a = 2 =a = = -~=0.5, 52 = = = + — = 0.55, 
i tuis age ot ee "PUT d 


$3 = 82 + a3 © 0.5611, s4 = sa + a4 & 0.5648, s5 = s4 + as © 0.5663, sg = ss + ag & 0.5671, 


$7 = 86 + a7 & 0.5675, and sg = s7 + ag & 0.5677. It appears that the series is convergent. 


E es) i pani 1 sce by 
For 3 subo UP 1) ar Sı =a T 1, s2 s1+a2=1— 5, —05, 


1 
83 = 89 + a3 = 0.5 + 3l = 0.6667, s4 = sa + a4 = 0.625, s5 = s4 + a5 £2 0.6333, sg = ss + ag œ 0.6319, 


$7 = 86 + a7 7: 0.6321, and sg = s7 + ag & 0.6321. It appears that the series is convergent. 


; a d l — a 


—1.33333 
—1.55556 
—1.48148 
—1.50617 
—1.49794 
—1.50069 


=3 


From the graph and the table, it seems that the series converges to —1.5. In fact, itis a 


Oo oo -10 CU: c F2 Re 


E, n 1 
—1.50008 nat (—3)"  I1-(-1) 


= 
© 


—1.49997 Note that the point corresponding to n = 1 is part of both {an } and {sn}. 


3 


$n (C ^ 
0.54030 {a,} 
0.12416 : 
—0.86584 o pag ig 
—1.51948 
—1.23582 ; 
—0.27565 b (5) 
0.47825 -2 
0.332775 
—0.57838 The series D cos n diverges, since its terms do not approach 0. 


n=1 
—1.41745 


Oo AN DOT KP WY — 


= 
© 
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—1.49977 geometric series with a — —2 and r — - so its sum is 57 ae 2 = —1.5. 
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13. 3 
Sn 
0.44721 
1.15432 
1.98637 (5) + 
2.88080 | e 
3.80927 i 20 de 
4.75796 CN ge ee 
5.71948 

: eo n 
ids The series 2l VET 


8.64639 


diverges, since its terms do not approach 0. 


«e AN DOT KP c) rn rn 


= 
(=) 


jp rx ——: 20 
Sn 
4.90000 | (5). 
8.33000 l 
10.73100 
12.41170 
13.58819 TE 
14.41173 L pes hy 
14.98821 
15.39175 
15.67422 
15.87196 


3 


«c Oo -10 Ct à UONE 


mn 
© 


From the graph and the table, we see that the terms are getting smaller and may approach 0, and that the series approaches a 


ion AS TN ear 49 — 49 
value near 16. The series is geometric with a = 4.9 and r = 0.7, so its sum is $7 


= = = 16.3. 
nai 10" 1—-0.7 0.3 


2 2 : 
15. (a) im an = im, n 5y so the sequence {an } is convergent by (11.1.1). 


(b) Since lim an = 2 # 0, the series ^ an is divergent by the Test for Divergence. 


n=1 


i= 


16. (a) Both >> a; and >> a; represent the sum of the first n terms of the sequence {an }, that is, the nth partial sum. 
i=1 j=l 


n n 
(b) X aj = aj +a; +--- +a; = naj, which, in general, is not the same as $5 a; = a1 + a2 +--+ + an. 
i=l —— i=1 
n terms 
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n=l 


-6)*-3«6-9-9 Ehh 


1 4 1 
2 n+l n+2 


[telescoping series] 


Thus, Y. ( l - 1) = jim sn = Jim ( 1 T : + L ]-23-3--$ Converges 


n— oo noo 


18. For the series 5 (= = =) 
n=4 yn vn + 1 


8G ta) a (8-3) Qe) at 


[telescoping series] 


= 1 1 1 1 1 1 
Thus, —-— = lim s, = lim | — — = —-—0--. Converges 
3 


19. For the series $7 y Sy — Y iü - 3) EN (5 1 ) [using partial fractions]. The latter sum is 


n=1 n(n + 3 i=1 qal i F 3 
1 1 1 oe 1d 1 1 1 1 1 1 1 1 
01-3-G-2-G-2-G-2-9 (s 1) | (4 =) | (4 zs) =) 
=14+34+49- 75 - zs x [telescoping series] 
ec 3 i : 
Thus 3, —— r3; ^ dm se = Jim (1 rici -H ty =) =1+4+4 = #. Converges 
eo n 
20. For th i ln —— 
Or e series E pT 


Sn = (In 1 — ln 2) + (In 2 — ln 3) + (In3 — In 4) + --- + [Inn — In(n + 1)] = ln 1 — In(n + 1) = — In(n + 1) 
[telescoping series] 


Thus, lim sn = —oo, so the series is divergent. 


n— oo 


21. For the series 57 Ga — gio, 


n=1 
ncs 3 (e! E every) = (el — e) 4 (el/2 — el/8) +... + (e E gie) = e — ei/Q1) 
[telescoping series] 


Thus, >> (eus = euge) = lim s, = lim (e — deem —e—e&-—e-—1. Converges 


n— oo n—oo 
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1 
n3—m 


22. Using partial fractions, the partial sums of the series 57 
n=2 


m 1 xou A x gie Y pom we M.D 1 
s= Èl na) t) 


4 1 2 4 1 P 1 2 ol 2 1 2 4 1 
n-3 n-2 nmn-1 n—2 n-1 n n—l1 n m-cl 
Note: In three consecutive expressions in parentheses, the 3rd term in the first expression plus 
the 2nd term in the second expression plus the 1st term in the third expression sum to 0. 


LOIS d m EVE. 2d 
241 2 2 n n ntl] 4 n 2n42 
eS 1 1 1 1 1 
Th — ]i n= li I 
uh escam So ace ( zzi) 4 
23. 3 — A + 16 — $+... is a geometric series with ratio r = —4. Since |r| = $ > 1, the series diverges. 


4 


a 
rex rea 


24. 4-3 - $ -- 224... is a geometric series with ratio 2. Since |r| = 2 < 1, the series converges to 


25. 10 — 2 + 0.4 — 0.08 + - -- is a geometric series with ratio — = —2. Since |r| = < 1, the series converges to 


a 10 10 50 25 


per" IU) 65 6 3 


26. 2 + 0.5 + 0.125 + 0.03125 + --- is a geometric series with ratio r = 4° = 4. Since |r| = 4 < 1, the series converges 


a 2 12 8 
l&r  deT174 3⁄4 3 


to 


27. 5 12 (0.73)"-! is a geometric series with first term a = 12 and ratio r = 0.73. Since |r| = 0.73 < 1, the series converges 


a 12 12  12(100 400 
1-r 1-0.73 027 27 9 


— A aN” n DE 1 ier 1 
28. > 2 =5 > (i) . The latter series is geometric with a = — and ratio r = —. Since |r| = — « 1, it converges to 
mq" T T 


n=1 n=1 T T 
1 1 ; . 1 5 
ik Lx Thus, the given series converges to 5 (=) Ze 
29 D (a= =a 3: ay The latter series is geometric with a = 1 and ratio r = —2. Since |r| = 2 < 1, it 
TEES 4n 4 A 4 i B P. i í 
1 4 . ; 1Y(4 1 
converges to ISCA t Thus, the given series converges to (1) (2) = . 
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30. x Ca = 3 »» (—3)" is a geometric series with ratio r = —3. Since |r| = 2 > 1, the series diverges. 
n=0 n=0 
31 Y NN »» (ey -s» (£ i is a geometric series with ratio r = a Since |r| = a [= 1.23] > 1, the series 
l n=1 on n=1 676 n=1 à i 6 i i 6 
diverges 
eo E 92n-1 eo 22 n. 2-1 oe 4 n . . f . . 4 f 4 . 
32. > 6 $07 = 6( a = 2» 3) isa geometric series with ratio r — 3 Since |r| = 3 > 1, the series 
diverges 
33 : + 1 +-+ 1 + + = x L » l This is a constant multiple of the divergent harmonic series, so 
"ag 12° 15 Thm 3 An E ? 
it diverges 
1 2 4 ; ; s ; ; 
34. 2 | 3 + 5 | 5 | ; | : Ei X n T This series diverges by the Test for Divergence since 
1 
ot genet eke S 
2 4 1 2 Se e ; HN ENS 2 , De cs; 
35. 5 + 25 + = + = + sop dac (3 ) . This series is geometric with a = 5 and ratio r = 5 Since 
Ir| = 2 < 1, it converges to DES 
x es EUN queo wa: 
36. ttit A++ tto (+++) + ($ + & + 5 +- ), which are both convergent 
; ; ; 1 2 ET ; : : 
geometric series with sums ED = : an E = T so the original series converges and its sum is 3 + i = 2. 
x 2 2/n--1 1 
37. » Zi 2 diverges by the Test for Divergence since im an = im 1 t = = im n D 2s iam 0. 
38 Y i diverges by the Test for Divergence since Jim i lim l =1F0 
UE pak 45 ee. Ş o k2 —2k +5 koe 1—2/k+5/k? i 
oo oo n T oo TL 
; 3 : 3 oa 3 
39. » gH m > 2 = = P» (1) . The latter series is geometric with a = 4 and ratio r = T Since |r| — 1 <1, 
: 3/4 . : 
it converges to 1-3/4 = 3. Thus, the given series converges to 3(3) = 9. 
40. 5 [(—0.2)" + (0.6)"^- 1] - (—0 + ” + X (0.6) [sum of two geometric series] 
n=1 n=1 n=1 


-0.2 , 1 1 
1-(-02) 1-06 6 
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42. 


47. 


1 5 dre diverges by the Test for Divergence since lim 


oo oo k 0 
] 5 (VI = 5 (=) is a geometric series with first term a = (=) = landratio r = 


CHAPTER 11 SEQUENCES, SERIES, AND POWER SERIES 


= 1 1 1 1 


n>% 4+e"” 440 4 


n-—oo en noo 


ee n n n n n 4" n 
5 ZH diverges by the Test for Divergence since lim ER. lim (2 + ) > lim (2) = oo 


y 5 (sin 100)* is a geometric series with first term a = sin 100 [~ —0.506] and ratio r = sin 100. Since |r] < 1, the series 


k=1 
inl 

converges to DU = —0.336. 

3 zar diverges by the Test for Divergence since lim 1 a 140 

E ges by g n=% 1+ (3) 110 , 


2 
oc 1 : . ; 
Los nt) diverges by the Test for Divergence since 


2 2 
: : n +1 si ntl 1 
Jim an = im n (grap) c mm 2557) omi ao 


1 . 
. Since |r| « 1, the 


I 


v2 


1 
= ~ 3.414. 
1-1/y2 v2-1 


series converges to 


oo 
Y arctan n diverges by the Test for Divergence since lim a, = lim arctann = $ 7 0. 
n=1 NES 


n— oo 


eo 2 . S92 oo T , 1 So yi; 
Do ( 3 + =) diverges because 5; — = 2 $7 = diverges. (If it converged, then 23 2 $5 — would also converge by 
n=1 


nai \ 5" n n=1 N n=l = 


; 1 ND E ; ; 
Theorem 8(i), but we know from Example 9 that the harmonic series $^ — diverges.) If the given series converges, then the 
n 


n=1 


: ed cfi. 2 oo 9 : NS ae ; ; eor 2 
difference $7 ( 5n + =) 5 Bn must converge (since $7 Bn is a convergent geometric series) and equal $7 " but 
=1 n=1 n=1 n=1 


f eorr ct : S : 
we have just seen that $7 — diverges, so the given series must also diverge. 
n 


n=1 


Mi. (3) is a geometric series with first term a = — and ratio r = —. Since |r| = — « 1, the series converges 
nz e*t qme 2 z F 
1/e 1/e € 1 oo 1 , 
.Ż = .By E le 8, — — —^ = 1. Thus, by Th &(ii), 
1—1/e 1-—1/ee e-1 PET 2 n(n 4 1) us, by Theorem 8(ii) 


eo 1 1 eo ut eo 1 1 1 e—1 e 
| = ake — 2 
= ( * an ) 2 p? Eq Ane 1 


€ € € 
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n n x x x 


EE La; . : : bee 2 OOOH ys € Hoa. € 
50. $^ — diverges by the Test for Divergence since lim an = lim = lim = lim = lim — oo #0. 
Ti n2 n—0o n> TL z—00 x2 z—>o LK zoo 2 


51. (a) Many people would guess that x < 1, but note that x consists of an infinite number of 9s. 


(b) x — 0.99999... — i + a + ixi + mo Eee 2 an which is a geometric series with a; = 0.9 and 
0.9 0.9 
= 0.1. i = — = 1, that is, x = 1. 
T 0.1. Its sum is oa 0.9 atis, x 


(c) The number 1 has two decimal representations, 1.00000... and 0.99999.... 


(d) Except for 0, all rational numbers that have a terminating decimal representation can be written in more than one way. For 


example, 0.5 can be written as 0.49999... as well as 0.50000.... 


52. a1 = 1, an = (5 — n)an-a a2 = (5 — 2)aı = 3(1) = 3, as = (5 — 3)a2 = 2(3) = 6, a4 = (5 — 4)as = 1(6) = 6, 


oo 4 
as = (5 — 5)a4 = 0, and all succeeding terms equal 0. Thus, 57 an = X` an —1-4-34- 6-6 — 16. 


n=1 n=1 


= 1 1 
53. 0.8 = is + at +--+ is a geometric series with a = i and r — TR It converges to 1 z rae MU E 2 
= 46 46 : : : . 46 1 a 46/100 46 
. 0.40 = — XU = = . It t = = ; 
54. 0.46 T00 + 1008 + is a geometric series with a 100 andr jog: t converges to 7—7 = 4— 1/100 — 99 
— 516 516 516 | 516 : . : f 516 1 
55. 2.516 = 2 + Tos + 106 +--+. Now 108 + Toe +--+ is a geometric series with a = 103 and r = 103" It converges to 
a 516/10? — 516/10? 516 = 516 2514 838 
= = = . Thus, 2.516 = 2 = = ! 
i-r ~ 1—1/108 ^ 999/108 ^ ggg: TMS 2916 =2 + ggg = 999 = 333 
= 35 35 35 35 ; . . . 35 1 
56. 10.135 = 10.1 + 108 + 108 +--+. Now 03 + 105 T---- is a geometric series with a = 103 and r = 108 It converges 
a 35/10? 35/10? 35 = 35 9999+ 35 10,034 5017 
t = E = . Thus, 10.1 10.14 = = = . 
"rtr  p-2IMQ — 999/909 PYS 10-135 = 10.1 + gog 990 990 495 
— 567 , 567 567 | 567 . . . . 567 
57. 1.234567 = 1.234 4 106 + 109 +--+. Now 106 + 109 +--+ is a geometric series with a = 08 and 
r= na It converges to = 567/10° 2 B UK NN Thus 
~ 103° E 1-r  1-—1/10? 999/10? 999,000 37,000 ^ 
E 21 1234 21 45,658 21 45,679 
1.234567 — 1.234 = — 4 = = š 
Y 37,000 1000 37,000 37,000 T 37,000 37,000 
— 71,358 , 71,358 71,358 , 71,358 ; ; ; . 11,358 
58. 5.71358 = 5+ 105 + 1019 Tee. Now 105 + T010 +--+- is a geometric series with a = 105 and 
E See E E 71,358/10? — 71,358/10? — 71,358 _ 23,786 di 
~ 105° 7 1—r  1-—1/105 — 99,999/105 99,999 33,333 ; 
rti 2 1 2 190,451 
5.71358 = 54 3,786 166,665 3,786 _ 190,45 


33,333 33,333 33,333 33,333 ` 
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66. 
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- 


CHAPTER 11 SEQUENCES, SERIES, AND POWER SERIES 
$5 (—5)"z" = Y (—5z)" isa geometric series with r = —5z, so the series converges © |r| «1 © 
n=1 n=1 
|-5al|<1 & |a| < 4, thatis, -1 « x < 1. In that case, the sum of the series is EMEN a 
5? E 5 ‘ l-r 1-—(—5r) 1452 
35 (x + 2)” is a geometric series with r = x + 2, so the series converges = |r| «1 & |r+2|<1 e 


—1<zt+2<1 e —3 < æ < —1. In that case, the sum ofthe series is -= = 1 = T. 


, so the series converges & |r| <1 e 


n=0 3” n=0 3 
1—2 1—2 Ale 
3 «1 e zie i <! 3«r—2«3 1 <x < 5. In that case, the sum of the series is 
a 1 + 1 BEES 
bor 9-9 3-(z-2) Se 
3 3 
$5 (-4)"(x — 5)" = X [-4(x — 5)]" is a geometric series with r = —4(x — 5), so the series converges < 
n=0 n=0 


Ir|<1 e |-4(@-—5))<1 e |r-5|« e -$<a-5<4 e B<a< 4. In that case, the sum of 


the series is a = : 
r 1-[-4(z—5)  4x—19 


eer o f2\" 2 2 
> => ( ) is a geometric series with r = 77 8° the series converges = |r| «1 © | «1 e 
n=0 


n=o v^ T T | 
1 x 


2<|cz| <= «&>2o0rx < —2. In that case, the sum of the series is Se 
l-r 1-2/x» «-2 


LN z is a geometric series with r = x so the series converges «& |r| «1 © z <1 e 
Qn 2 5 2 2 
n=0 n=0 
x 224; a 1 2 
-l<=<1 e -2«zm-«2.In that case, the sum of the series is = == 
2 1 1-4 32% 


oo oo 
$5 e” = V (e*)' is a geometric series with r = e7”, so the series converges = |r|«1 & |e*|<1 & 


et 1 
—1«e*«1 & O0<e<l1l e x < 0. In that case, the sum of the series is — = 5 a 
-r —e 


o9 sin" g c f(sinzW . . ; : sinc ; 
5 => is a geometric series with r = , so the series converges © |r| «1 © 
n=0 3” n=0 3 
sin x 1 3 


«1 e J|sinz| < 3, which is true for all x. Thus, the sum of the series is = ———— 5 = z; c. 
l-r  1-(sinz)/3 3-sing 


After defining f, We use convert (£,parfrac); in Maple or Apart in Mathematica to find that the general term is 


3n? +3n+1_ 1 1 
(n2--n) — n® (n+ 1)3 


EG eh) (3) G-3)^ 
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. So the nth partial sum is 
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The series converges to lim sn = 1. This can be confirmed by directly computing the sum using 
sum(f,n-1..infinity); (in Maple) or Sum[£, (n, 1, Infinity}] (in Mathematica). 
68. See Exercise 67 for specific CAS commands. 
1 1 1 1 1 


1 
Loto (uu co LES — LA + —. So the nth partial sum i 
n5—5n5x4n A-A 24(n-3) 6(n-1) G(n-1) dn’ Oe MN Partial sum is 


—S ix uideor. tio ur el 
"94 SN k—2. k—1 k k+1 k+2 


zb. o8: ode a oet E no 4 , 1 
24|l1 2 3 4 5 n—2 n=l m n+l n+2 


The terms with denominator 5 or greater cancel, except for a few terms with n in the denominator. So as n — oo, 
eras 1/1 3 " 3 1 Lu Y 
"^ 2441 2 3 4j 24\4) 96 


69. For n = 1,a1 = Osince s, = 0. For n > 1, 


E Ln n—1 (n—-1)-1 (n—1)n—(n+1)(n—-2) _ 2 
gf TA oe, n+1 (n—-1)+1 (n+1)n n(n + 1) 
po 1—1/n 
Also, an = lim s, = lim = 
2 n—oo n—oo 1 + 1/n 


TO. a, = 81 =3—4=3.FornFl, 


n n—1 2 2(n-1 mn n-2 


an = Sn — 8n—1 = (8 — n27”) [3 (n pe] 


oo n £ H 1 
Also, ure duse Å ( je li Hj =0. 
so, J an = lim s, = lim (3— 57) = 3 because lim zs = lim 5: =0 


2n nn 9n-1 9 2n Qn Qn 


1065 


71. (a) The quantity of the drug in the body after the first tablet is 100 mg. After 8 hours, the body eliminates 75% of the drug, 


which means 25% remains. Thus, after the second tablet, there is 100 mg plus 25% of the first 100-mg tablet, that is, 


100 + 0.25(100) = 125 mg. After the third tablet, the quantity is 100 + 0.25(125) or, equivalently, 


100 + 100(0.25) + 100(0.25)?. Either expression gives 131.25 mg. 
(b) From part (a), we see that Q,,41 = 100+ 0.25 Qn. 
(c) Qn = 100 + 100(0.25)! + 100(0.25)? + --- + 100(0.25)^-1 


= $2100(0.25)^! ^ [geometric with a = 100 and r = 0.25] 


100 _ 100 
1—0.25 0.75 


The quantity of the antibiotic that remains in the body in the long run is lim Qn = 


— 133.3 mg. 


72. (a) The concentration of the drug after the first injection is 1.5 mg/L. “Reduced by 90%” is the same as 10% remains, so the 


concentration after the second injection is 1.5 4- 0.10(1.5) — 1.65 mg/L. The concentration after the third injection is 


1.5 + 0.10(1.65), or, equivalently, 1.5 + 1.5(0.10) + 1.5(0.10)?. Either expression gives us 1.665 mg/L. 
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(b) C, = 1.5 + 1.5(0.10)* + 1.5(0.10)? + --- --1.5(0.10)^-! 


= $:1.5(0.10)^! [geometric with a = 1.5 and r = 0.10]. 


a OE 1019] ES (ao s 


I-010. 09 [1 — (0.10)"] mg/L. 


Cw] ct 


(c) The limiting value of the concentration is lim C, = Jim 3[1 — (0.10)^] = $(1— 0) = 3 mg/L. 


n—oo 


73. (a) The quantity of the drug in the body after the first tablet is 150 mg. “Eliminates 95%” is the same as retains 5%, so after 
the second tablet, there is 150 mg plus 5% of the first 150- mg tablet, that is, [150 + 150(0.05)] mg. After the third 
tablet, the quantity is [150 + 150(0.05) + 150(0.05)?] = 157.875 mg. After n tablets, the quantity (in mg) is 


150(1— 0.05") _ 3000 


150 + 150(0.05) + --- + 150(0.05)"-!. We can use Formula 3 to write this as 1— 0.05 = 19 


“(1 — 0.05"). 
(b) The number of milligrams remaining in the body in the long run is lim [3099 (1 — 0.05")] = 3000 (1 — 0) = 157.895, 


only 0.02 mg more than the amount after 3 tablets. 


74. (a) The residual concentration just before the second injection is De ^7; before the third, De ^" + De~°*";; before the 


e oT (1 E gre) 


(n + 1)st, De-*T + De-*?T +... + De-?"T | This sum is equal to [Formula 3]. 


1—e-?T 
De "oed th jo. De = e7 D 
(b) The limiting pre-injection concentration is Jim | pee X —— f Lr = ar 
(c) - —1 >C => D> Qe —1), so the minimal dosage is D — Cem _ 1). 


75. (a) The first step in the chain occurs when the local government spends D dollars. The people who receive it spend a 
fraction c of those D dollars, that is, Dc dollars. Those who receive the Dc dollars spend a fraction c of it, that is, 
Dc? dollars. Continuing in this way, we see that the total spending after n transactions is 


D(1— c” 


Sn = D+ De+ DÊ +--+ De"! = = ) by 3. 


Ojai ee e 


n-—oo 1-—c 1 — en—oo 


D 
lim (1 — c") = —— [since 0 < e < 1 => lim e =0] 


l1—c n—oo 
D ; . 
T [since c+ s 2 1] =kD [since k = 1/s] 
If c = 0.8, then s = 1 — c= 0.2 and the multiplier is k = 1/s = 5. 


76. (a) Initially, the ball falls a distance H, then rebounds a distance rH, falls rH, rebounds r? H, falls r? H, etc. The total 


distance it travels is 


H +2rH c 27 H £2? H +- =H(1+2r42r? £25? +) =H[1+2r(1t+r+r?+---)| 


epe (r) ne e 
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(b) We know that the ball falls i gt? meters in t seconds, where g = 9.8 m/ s? is the gravitational acceleration. Thus, the ball 


falls ^ meters in t = 4/2h/g seconds. The total travel time in seconds is 


2H vg 2E eo [2H og PH Lu [+2 vr +2 7^ 2 ete 

Lue rrr eee j 
VE eve e ve vet |) 
Ferre] ril 


(c) It will help to make a chart of the time for each descent and each rebound of the ball, together with the velocity just before 


and just after each bounce. Recall that the time in seconds needed to fall h meters is 4/2h/g. The ball hits the ground with 
velocity —g \/2h/g = —4/2hg (taking the upward direction to be positive) and rebounds with velocity 


2h/g = k4/2hg, taking time k 4/2h/g to reach the top of its bounce, where its velocity is 0. At that point, 


its height is k?h. All these results follow from the formulas for vertical motion with gravitational acceleration —g: 


d? d 
«m g v = vo — gt y = yo + vot — $9. 
number of time of speed before speed after time of peak 
descent descent bounce bounce ascent height 
1 2H/g 2Hg k/2Hg k /2H/g eH 


2 Vk? H/g V/2k? Hg kA/2k?Hg | k./2k?H/g kH 
3 V2ktH/g 2k^Hg k4/2k*^Hg | k./2k4H/g k6H 


The total travel time in seconds is 


VE ee RE ue ee em s. = AE esa 2k? + 2k? + ---) 
= [tena tee --)] 
E pes) VF 


Another method: We could use part (b). At the top of the bounce, the height is k?h = rh, so Vr = k and the result follows 


from part (b). 


oo 


77. 2 (1 + c)" is a geometric series with a = (1 + c) ? andr = (1 + c) 


n=2 


=i : 
, So the series converges when 


\(l+c)"|<1 e |l+ce>1 € 14+c>1lorl+ce<-l1 & c>Oorc< —2. We calculate the sum of the 
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dp" p 1 " 
series and set it equal to 2 ———————. —2 $ =2-2 TIT € 1-22(-o0)-2(ü0-4c) e 
c 


1- (14-0) lec 1 
28 +2ce-1=0 ce =24 VB = £y3-1 However, the negative root is inadmissible because —2 < =- <0. 
So c = = 
= ne = cin; : : ; c\0 c c : 1 1 
78. X` e"* = Y (e*)" is a geometric series with a = (e^) landr = e^. If e^ < 1, it has sum Ng uu 10 — 
n=0 n=0 — s 
1 c c 9 9 
jo =l-e € To c — In 5 


79. Assume the harmonic series converges with sum S. Following the outlined method of proof, we have 


S idt + Lyd + Liard Ee» ipd + ES bist Tes iba ue 
cg 3 4 5 6j. 22 4 4) 6 6 2° 3 i 


This indicates that S > S < 0 > 0, which is a contradiction. Thus, the assumption was incorrect and the harmonic series 


diverges. 


: 1 1 (n 4-1) 4 (n —- 1) 2n 2n 2 : 
80. From the hint, observe that PER + nud = = Deed = z2] > e for n > 3. Now, assuming the 


harmonic series converges with sum S, we have 


gamer Seb p Dy, adc 
2*3 4 E mE. 8 9 10 
ey af Ae db dd d Pod: a 
E 2704 5 T 6 8 10 9 
2 1 2 1 2 1 1 1 
zm ar erum pM aec mm lp EG: 
>1 (5 3)*($*3)*($*3)* +(1+54+5+ ) + 


This indicates that S > 1+ S < 0> 1, which is a contradiction. Thus, the assumption was incorrect and the harmonic 


series diverges. 


81. From the hint, we'll show that e” > 1+ x for x > 0 by proving that f(x) = e” — (1 + x) > 0 for x > 0. Since 
f(0) = e° — 1 = 0and f'(z) = e” — 1 > 0 when > 0, f is increasing on (0,00) = whenx>0, f(z) >0 => 


e —(1+2)>0forr>0 => e"1-czforz » 0. Now, 


gt Q/29 0/8) 0/n) — elel/291/8,, gl > (14-1) (: + 5) (: + 5 


L4 


. (: + x) [since e" >14+ z] 
n 


E 2 3 4 n+1 each denominator cancels with the 
EMT 2 3 n numerator of the preceding fraction 


[continued] 
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Assuming the harmonic series converges with sum S, we take the limit as n — oo to get 


lim e*t (0/20/39 90/9 > lim (n+1) => 


noo n—o0o 


gods ESAE EU Kee S cay (n 4-1) [since e*is continuous] => e?» lim (n 4 1). The limit does not exist since 


"n—o0oo n— oo 
n+1—>coasn— oo. e? is larger than the value of the limit, so S is not finite valued, which is a contradiction. Thus, the 


assumption was incorrect and the harmonic series diverges. 


The area between y = z"^! and y = x” for0 < x < Lis 


fer a") dz = el. = 1 1 
0 


n n1], n mn-cl 


|o(ntl)-n | 1 
n(n 4 1) n(n + 1) 


We can see from the diagram that as n — oo, the sum of the areas 
between the successive curves approaches the area of the unit square, 


So 1 
that is, 1. So —— = 1. 
2 n(n 4 1) 


Let dn be the diameter of Cn. We draw lines from the centers of the C; to 


the center of D (or C), and using the Pythagorean Theorem, we can write 
P+(1- 3h) = (1+3) e 
1=(1+ ida -(1- ida) = 2d; [difference of squares] => dı = 4 


Similarly, 


1= (1+ 3d)” - (1 — di — 1d)? = 2d; + 2dı — di — did; 


= (2 — dı)(dı + d2) e 


1 1-4 i32 152 [1 — (di + da) : 
dz = ear res di = "om qd 1= (1 Tid) — (1 — dı — d2 — ida) € d= pun cm in general, 

(-YX d) NM 
dai = SS. If we actually calculate dz and da from the formulas above, we find that they are - = —— and 

2— 74i 6 2.3 
Be. respectively, so we suspect that in general, dn = = To prove this, we use induction: Assume that for all 
k X n, dy, = : =d l Then x d; —1 E [telescoping sum]. Substituting this into our 
mee RES k - esa: nil n+l ETES E i: 
n p? 1 
PET (n 4-1)? 1 
formula for dn+1, we get dn+1 = is eo Me = , and the induction is complete. 
2^ n n2 (n+ 1)(n +2) 
n+l n+ 1 


Now, we observe that the partial sums y di of the diameters of the circles approach 1 as n — oo; that is, 


2550 = 2 T FD = 1, which is what we wanted to prove. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


1070 CHAPTER 11 SEQUENCES, SERIES, AND POWER SERIES 


84. |CD| = bsin0, |DE| = |CD|sin@ = bsin?0, | EF| = |DE|sin0 = bsin?0, .... Therefore, 


|CD|+|DE|+|EF|+|FG|+---=6 = sin"? = (=) since this is a geometric series with r = sin 0 
and |sinð| « 1 [because 0 < 0 < 4]. 
85. The series 1 — 1 + 1 — 1 + 1 — 1 +- -- diverges (geometric series with r = —1), so we cannot say that 


0=1-14+1-141-1+-:- 


oo 1 eo deron at 
86. If $^ an is convergent, then lim an = 0 by Theorem 6, so lim — # 0, and so 57 "ES divergent by the Test for 


nz n—oo n> An n=1 


Divergence. 


87. (a) x Can, = Jim x ca; — lim c 2 ai —c lim » ai =C x an, Which exists by hypothesis. 


>œ ji— — 
Sim n—0oo n= į 


(b) 3 (an — bn) = lim Y (ai — b) = lim (Sa- Ew)- — lim $ ai- lim »E 


n> į; n> į 


= J an— M bn, which exists by hypothesis. 


n=1 n=1 


88. If $^ can were convergent, then }>(1/c)(can) = >> an would be also, by Theorem 8(i). But this is not the case, so $^ can 


must diverge. 


89. Suppose on the contrary that X` (an + bn ) converges. Then X` (an + bn) and Y; an are convergent series. So by 
Theorem 8(iii), * [(an + bn) — an] would also be convergent. But > [(an + bn) — an] = D> bn, a contradiction, since 


> bn is given to be divergent. 


90. No. For example, take 5^ an = X} n and $5 bn = S; (—n), which both diverge, yet $ (an + bn) = >> 0, which converges 
with sum 0. 

91. The partial sums {sn } form an increasing sequence, since Sn — Sn—1 = dn > 0 for all n. Also, the sequence {sn } is bounded 
since Sn < 1000 for all n. So by the Monotonic Sequence Theorem, the sequence of partial sums converges, that is, the series 


>> an is convergent. 


21. 1. fafeni — fafnca _ fomi- fni _ (fni t+ fn) — fri _ 1 - 
i @) ae fn-i fn fafnt+i f2fn-1fn41 fafn—1fn+1 Jnfn-1fn+1 fn-ifayi LHS 
eS 1 1 
(b) DE ay or Eur iem T m Ee Th — ix] [from part (a)] 
hes [e zz) —)*«(zz z)eeGir- A 
(ono ufa fafs) \fefs fafa)  Nfafa fafs) Nace fafasi 
1 1 1 

= dim (zt - LE) AE Du because f, — oo as n — oo. 
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E Ee oS E 
© b Pahn d GE [RN 


o9 1 1 
B EGG 7 =) 


) [as above] 


Pea) eee) a) ee) ee) 
nmol fi fs fo fa fs fs) NA fe) ae cen me ere 
Jim (> D = zz) —141—0-—022 because f, — œas n — oo. 


93. (a) At the first step, only the interval (i, i) (length i) is removed. At the second step, we remove the intervals (4, 2) and 


(Z, 3) , which have a total length of 2 - (i) ?. At the third step, we remove 2? intervals, each of length (i) ? In general, 


at the nth step we remove 2" ! intervals, each of length (i) ” fora length of 2^1 . (i) me i (jt Thus, the total 
length of all removed intervals is $7 :(2)7 — 1 af 2 73 = 1 [geometric series with a = i andr — 2] . Notice that at 
n=l 


the nth step, the leftmost interval that is removed is (3) e (3) i) , SO we never remove 0, and 0 is in the Cantor set. Also, 


the rightmost interval removed is (1 = (3)" ss (i) ^ so 1 is never removed. Some other numbers in the Cantor set 


(b) The area removed at the first step is $3 at the second step, 8 - ( 


ig at the third step, (8)? . (3) 3 In general, the area 


removed at the nth step is (8)"! G = (yr es so the total area of all removed squares is 


9 


o 1 /g\""" 1/9 
- =1. 
Ei) 1 — 8/9 


94. (a) 


1.5 
1.75 
1.625 
1.6875 


1.65625 
1.67188 
1.66406 
1.66797 
1.66602 
1.66699 


58 
3^3^ 


ai + 2a2 


The limits seem to be 


guess that the limit is 


2.5 

2.75 
2.625 
2.6875 
2.65625 
2.67188 
2.66406 
2.66797 
2.66602 
2.66699 


2.5 

1.75 
2.125 
1.9375 
2.03125 
1.98438 
2.00781 
1.99609 
2.00195 
1.99902 


1 

4 

2.5 

3.25 
2.875 
3.0625 
2.96875 
3.01563 
2.99219 
3.00391 
2.99805 
3.00098 


1 
1000 
500.5 
750.25 
625.375 
687.813 
656.594 
672.203 
664.398 
668.301 
666.350 
667.325 


1000 
1 

500.5 
250.75 
375.625 
313.188 
344.406 
328.797 
336.602 
332.699 
334.650 
333.675 


2, 3, 667, and 334. Note that the limits appear to be “weighted” more toward a2. In general, we 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


1072 


CHAPTER 11 


SEQUENCES, SERIES, AND POWER SERIES 


(b) Qn--1 — Qn = 4 (an + Gn-1) 


2[-3(4n-1 


Qn = 


Qn 2)] 


(an 


Ie 


an—1) E 


(73) (a2 — a1) 


i [2(an-i + Gn—2) c an-ı] 


Note that we have used the formula a; = (aki + ax—2) a total of n — 1 times in this calculation, once for each k 


between 3 and n 4- 1. Now we can write 


an = a1 + (ag — a1) + (as — a2) 4 
n—1 n—i 1\k-1 
=a, + J (akı — ae) =a1+ SS (-i) ( 
k=1 


k=1 
and so 


se cp (an—1 i às —2) + (an = anzi) 


2 eo k—1 1 ai + 282 
Jim an air esu) 0. (-i) = a; + (a2 Zr — =z] = aı + 2 (a2 di) = 3 ; 
eo n 1 1 1 2 5 5 3 23 
95. (a) F — SS aye 2 cis da ru d. 
(a) On een Vi TUE Ld AX tT PTE ET m = 
2 4 11 . 1)!-1 
s4 = an a Te ee as ma The denominators are (n + 1)!, so a guess would be sn = PE 
ua cid 2> O _(k+1)!-—1 
(b) For n = 1, sı 2 3i , so the formula holds for n = 1. Assume s; = eee Then 
: _ (k+1)!-1 k+1 — (k+1)!-1 k+1 Jw (k+2)!—(k+2)+k4+1 
n (k 4-1)! (k +2)! (K+)! ' (Rt +2) (k +2)! 
|». (k4-2) - 1 
|. (k- 2) 


Thus, the formula is true for n = k + 1. So by induction, the guess is correct. 


(c) lim s, — lim 


n-—oo 


= landso > 


n=l 


n 


n—oo 


From the figure we have BAC = 60° 


(n+ 1)! 


Let ri = radius of the large circle, r2 = 


|AB| = 2r1 and | DB| = 2r2. Therefore, 2r = rı + ra + 2ra 


1. 


radius of next circle, and so on. 


and cos 60° = rı / |AB|, so 


=> 
rı = 3re. In general, we have r441 = irn. so the total area is 
A= nr? o 3m bmi do ar? nrt 
= mri TT TT3 . = T3 NT2 32 34 36 
1 
= nr? + 303 - IL T5 1/9 = are + Zur 
; : 2 Ti tan 30? 1 1 
Since the sides of the triangle have length 1, |BC| = 4 and tan 30? = —. Thus, rı = T. j 
Ë ESG 1/2 ENS tC 6v3 
p 2 N 11 ; 
so A = (z5) + 2d (<5) = 5 > = Je The area of the triangle is e so the circles occupy about 83.196 


of the area of the triangle. 
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11.3 The Integral Test and Estimates of Sums 


1 2o 
1. The picture shows that a2 — gis < i T$ dz, » 
1 S 9 ] * 1 
Q3 = 315 < i qi5 dz, and so on, SO 2. ni5 < f E dz. 


The integral converges by (7.8.2) with p = 1.5 > 1, so the series 


converges. 
0 


5 6 
2. From the first figure, we see that fè f(x)dx < 3 ai. From the second figure, we see that $7 a; < d f (x) dx. Thus, we 
i=1 i—2 


6 5 
have So ai < p f(z)dx < Mai. 
i=2 i=l 


3. The function f(x) = x? is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 


oo t —27t 
E as 1 1 1 
| x? dz = lim a? dx = lim L| = lim sap ts]=>: 
1 i—2oo 1 i—0o —2 1 i—0o 2102 2 2 
Since this improper integral is convergent, the series ` n^? is also convergent by the Integral Test. 
n=1 


4. The function f(x) = x9? is continuous, positive, and decreasing on [1, oc), so the Integral Test applies. 


oo t 0.71* 0.7 
f z 9?dy- lim xo? dx = lim E | = lim (; l ) = oo. 
1 


t— oo 1 t— oo 0.7 1 t—oo 0.7 0.7 
Since this improper integral is divergent, the series 5 n. 9? is also divergent by the Integral Test. 
n=1 


5. The function f(x) = is continuous, positive, and decreasing on [1, 00), so the Integral Test applies. 


2 
5a —1 


oo t t 
f 2 dr = lim 2 dz = lim E In(5a — o| = lim É In(5t — 1) — Zing — oo. 
1 


5r—1 tooo J, 9r—1 t—oo 1 ts 


oo 


Since this improper integral is divergent, the series 5 


5 z 1 is also divergent by the Integral Test. 
cmm 


n=1 


6. The function f(x) = Br 19 is continuous, positive, and decreasing on [1, 00), so the Integral Test applies. 
"es 


oo 1 , t a : NT 1 1 1 
| Gare 5 m E ae Hepe 1) | I I-gsrcl 292] a 


Since this improper integral is convergent, the series X Bn I7 is also convergent by the Integral Test. 
n-— 


n= 
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2 


The function f(x) — 1 is continuous, positive, and decreasing (x) on [2, 00), so the Integral Test applies. 


z3 + 


OF g? : tog? E 3 E. we dt 3, 1 
i m ] pup e zme U jim, 3 in(t + 1) gine oo. 


Bo 2 
Since the improper integral is divergent, the series 7 EI is also divergent by the Integral Test. 


n=2 "nb 
spo. (8 +1)(2x) — 2? (32?) | 2x — 3^ _ z(a? —2) 
(x): f'(x) (a5 +1) (841g ~~ (s FIP < O0 for x > 2. 


. The function f(x) = 226-7. is continuous, positive, and decreasing (x) on [1, oo), so the Integral Test applies. 


oo t t 
f re dx = lim re? dx = lim sie = a lim ee e) = 1 0 1 = dc 
: too Jy t—oo 3 i 3 t>% 3 e 3e 


n 


oo 
: a ; ; ; znak 
Since this improper integral is convergent, the series 5 n?e is also convergent by the Integral Test. 


n=1 


2-323 
(x): f(x) = a3e-* (—33?) + e7* (22) = ze-* (—32° +2)= ae Se) <0 fore >1 
ex 
. The function f(x) = ana is continuous, positive, and decreasing on [2, oo), so the Integral Test applies. 
oo t Int Int 
I -—— dx = lim nla dx = lim a [e In z, du EE | lim l u`? 
2 z(ln x)3 too Jo a(In x)? t> Jing u3 x i—oo 2 In2 


= lim |— i + L =0+ 1 = : 
~ t5o t 2(Int)? 2(Im2)2! | 2(I2)?  2(In2)2 


oo 
Since the improper integral is convergent, the series $7 


1 : 
n(Inn)? is also convergent by the Integral Test. 
TUE 


tan !£. - : 
The function f(x) — = z İs continuous, positive, and decreasing (x) on [1, co), so the Integral Test applies. 
x 
oo —1 t —1 tan lt 
NE. dx = lim tan g dx = lim udu E = tanta, du = nd 
, 1010422 tooo f, l0? t>o fran-11 1+22 
lim Lu eS li : (tan 1)? : (tan-! 1)? 1 (=) 1 (=) 3r? 
= = = lim |= NS = - 
too |2 Jean-11 579912 2 2\2 2\4 32 
: ; ; : .. & tan !n, 
Since the improper integral is convergent, the series $7 14 5 is also convergent by the Integral Test. 
n=1 n 


asy 


— (tan !z)(2 
iu) pao cuan) | 1-2ztan x 
(1-22)? (1+ 22)? 


< 0 for2rtan iz > 1. 


œ: f'(z)— 


Both 2x and tan ! x are increasing functions, and when z = 1, 2a tan !x = 2(1) tan ! 1 = 27/4 > 1, so it follows that 


f'(x) < 0 when x > 1. 


5 — z isa p-series with p = V2 > 1, so it converges by (1). 
nain 
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oo oo 1 
12. 2 q, 0.9999 — 2 70.9999 is a p-series with p = 0.9999 < 1, so it diverges by (1). The fact that the series begins with 
n = 3 is irrelevant when determining convergence. 
13. 1+ ES 1 + l + 1 += Y, 1 This is a p-series with p = 3 > 1, so it converges by (1) 
"o *8"27' 64 125 Hr p PE R SON 
14 z + ir + 1 + : Tem ES The function f(x) — L is continuous, positive, and decreasing on [1, oo) 
2 E QE M ETT Z n43 72243 cee EU ESSA 
so the Integral Test applies. 
f l pes lim Tal dr = lim È In(2z + 3| — lim È In(2t +3) - 4 n5] = œ, so the series 
1 2r 4-3 ^ 00 1 274 4-3 ^ $00 2 4. = $2368 2 2 = d 
2 TE diverges 
15 : + l + l + l + : Tem Y 1 The function f(x) = is continuous, positive, and decreasing on 
'3 777I (eee ES ~ 24 m-i Apel P : 8 
[1, co), so the Integral Test applies. 
(dd dr — lim Qe dr — lim [maa — D) = lim [imt — 1)- 4 n3] = œ, so the series 
1 4c—1 "^ £o], 4xv—1 ^ olt 1 io lt 4 n 
16. 14 : + : + Es qued + IS l E 1 This is a p-series with p = 3 > 1, so it converges by (1) 
O TV2 3V3 ^ AVÀ 5/5 ——— dawn E à wur SP 
c /n4d4 & va 4 o 1 %4 & 1., TE $ 
17. P» "2 E 72 2 1872 + A "I 2 azz sa convergent p-series with p = 2 > 1. 
oo 4 oo 
> a DE is a constant multiple of a convergent p-series with p = 2 > 1, so it converges. The sum of two 
n=1 n n=1 
convergent series is convergent, so the original series is convergent. 
18. The function f(x) = 123 is continuous and positive on [1, oo). 
(1+ a (3271/2) - a™/2 ($a1/2) z7"? + ir- se 1 — 2z?/? 
f'(z) = —— M = A ia = ——— rss «O0forz > 1,so f is 
(1+ x3/2)2 (1 + 23/2)? 2 /z(1 + 23/2)? 


decreasing on [1, oc), and the Integral Test applies. 


EZ: 3 t Sz ; 2 3/2 ]* substitution 
k 1j. dr- Jim : Djs de= Jim |$1n(1 2 i vius 1 23/2 


— lim E In(1 + £9/2.— 2m2] = 


t— oo 


. Z yn H 
th X —— di 1 
so the series 2. px verges 
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19. The function f(x) — is continuous, positive, and decreasing on [1, 00), so we can apply the Integral Test. 


1 
£2 +4 


oo t t 
f o" dx = lim | 1 dx = lim Lori ue aS lim |tan7? is —tan + 1 
1 x +4 t—oo 1 q2 +4 t—o0|2 2 1 2 t—oo 2 2 


oo 
Therefore, the series $7 
n=l 


DE converges. 
20. The function f(x) = Pile is continuous, positive, and decreasing on [1, 00), so the Integral Test applies. 
ii M HE d li ' — C d li 1 i 
I 3354 2z-2 eee 1 (41241 iade [arctan + |, 


E jim [arctan(t + 1) — arctan 2] = 5 — arctan2, 
——— 1 
so the series 57 


2^ mU UR] converges. 


21. The function f(x) = is continuous and positive on [2, 00), and is also decreasing since 


No 
x4 4 
(z^--4)(34?) — z?(43?) — 12x? — 3$ — z?(12— x?) 


=> Z < 0 forx > Y12 1.86, so we can use the 


Pe CETE 7 (xag 7 Gray 


Integral Test on [2, oo). 


oo 3 t 3 t 
HB. - caesi IE dre curas? = lim |im(t — = i 
i zd r144:-— im ; aaa Dm [i mæ +9), jim, [ime +4) im20 oo, so the series 


oo 3 oo 3 
2 I i diverges, and it follows that » Id diverges as well. 


; 3x — 4 2 1 ' ; ; : m ; ; ; 
22. The function f(x) = LS =- + a0 [by partial fractions] is continuous, positive, and decreasing on [3, co) since it 
zx?—2ry x r— 


is the sum of two such functions, so we can apply the Integral Test. 


? $r—4 "Ei 1 ET 
dz = lim =+ dr = lim [2ina +m- 2) = Jim [21n t + In(t — 2) — 21n3] = co. 
3 3 3 —0o 


x2 E t—oo t—oo 


s — . & 3n—4A4, , 
The integral is divergent, so the series $7 is divergent. 
n=3 n 


w= 
ie A ; T : . 5 1+Inaz 
23. f(x) = is continuous and positive on [2, oo), and also decreasing since f'(x) = — —7———— < 0 for x > 2, so we can 
zlnz z?(In z)? 
use the Integral Test. f —u dz = Jm [n(n z)]) = jim, [In(In £) — In(In 2)] = oo, so the series 2, AES diverges. 
24. The function f(x) = = is continuous and positive on [2, oo), and also decreasing since 
2 
ma cT (1/z) -(Inz)(2z) xz—2xlnnr 1-—2lnz 1/2 .. 
f'(x) (a7)? m 13 < 0 for x > e^ = 1.65, so we can use the Integral Test 
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26. 


27. 


28. 
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on [2, oo). 
^? Ing t Ing lng] P by parts with 
[ qz de = jim y Tia pn (E+ zz d BERN 
Int In2 1] \ a 1/t duo 1 1 In24- 1 
— li li = 
= ps «HT dim ( cS 0*3 2». 5 
so the series 2 = converges. 
The function f(x) = ze * = = is continuous and positive on [1, oo), and also decreasing since 
j e -l-re e*(1-2x) 1-2 
f'(z)- = = < 0 for x > 1 [and f(1) > f(2)], so we can use the Integral Test on [1, oo). 


(ez)? (e*)? ex 
v : t : by parts with 
ze 7 dx= lim xe ^ dx = lim [-2e77] + | e “dz LARA 
1 too Jy t—00 1 1 u=2,dv=e dx 


. t 1 1 1 
— lim | + 
e e e e 


Il 
E 
Lom 
di 
c 
a 
+ 
| 
c 
L3 
ee 
T 
8 


oo 
so the series Y^ ke ^" converges. 


k=1 
; a3 d ez ; is "e 
The function f(x) = ze ^ = —7 is continuous and positive on [1, oo), and also decreasing since 
e 
2 2 
e" .1—ze* .2y 1-22? 
/ I 
f'(x)- (ey cn « 0 for x > 4/ 5 7 0.7, so we can use the Integral Test on [1, oc). 
9S 2 t 2 27t 2 1 : oo 
ze ^ dx= lim | ze ^ dx — lim [-ie7 | = lim ( ie j je) = —, so the series 35 ke ^^ 
1 t—oo 1 t—oo 1 ti—oo 2e k=1 
converges. 
2 1 1 1 ; : ; : M : 
The function f(a) = ——— = = -—+ [by partial fractions] is continuous, positive and decreasing on [1, oo), 


rT? +3 x? x atl 
so the Integral Test applies. 


t 


"ed. d 1 1 
L f(x) dx = lim ———-c dz = lim |—— — Ina + In(z + 1) 
1 x rcl t>oo| x i 


= Jim EIL HI b1- m2] =0+0+1-I1n2 
1 
The integral converges, so the series S wane converges. 
n=1 n 


The function f(x) = is positive, continuous, and decreasing on [1, oo). [Note that 


z*-F1 


4 4 4 
x +1-—4r 1— 3x 
f'(x)- EC = GL < 0 on [1, oo).] Thus, we can apply the Integral Test. 


[continued] 
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t 


oo t 19 
I = dx = lim D P. dx = lim l tan“ (z?) a lim [tan ! (t?) — tan! 1] = z(5 — T) == 
q^ XT 1 too fy 1+ (z2)? too | 2 1 2 t—oo 2\2 4 8 


oo 
so the series 57 
n=1 


converges. 
= n*+1 


29. The function f(x) = TE is neither positive nor decreasing on [1, co), so the hypotheses of the Integral Test are not 
T 
N COS7h 
satisfied for the series 
i /n 
: cosg . ; : 
30. The function f(x) = lr is not decreasing on [1, oo), so the hypotheses of the Integral Test are not satisfied for the 
x 
series SS con 
n=1 1 jr n? j 
: m 1 . 
31. We have already shown (in Exercise 23) that when p = 1 the series $7 nnn) diverges, so assume that p Æ 1. 
na. n(Inn 
— n d positive on [2 df'(z) = - PERE <oite > 77, sothat fi Il 
f(x) = zün) is continuous and positive on [2, oo), and f'(x) = — naeh < Oif z > e`”, so that f is eventually 
decreasing and we can use the Integral Test. 
eni Inz)!-?]' Int)? (In2)1~? 
y dx = lim ay) [for p Z 1] = lim nn (a2) 
2 c(Inz)? t>ool 1—p jə t>œo| l—-p 1—-p 


This limit exists whenever 1 — p «0. < p> 1,so the series converges for p > 1. 


32. f(x) = ain ind I is positive and continuous on [3, oo). For p > 0, f clearly decreases on [3, 00); and for p « 0, 


it can be verified that f is ultimately decreasing. Thus, we can apply the Integral Test. 


d t D —p4H1]f 
Pez f dx mis J [In(In x)] PAEA aS z)] | [for p #1] 
3 Cxlnz[in(Inz)? too fy zlnz too —p+1 3 
—p+1 —pt1 
— lim [In(In £)] [In(In 3)] 


which exists whenever -p--1«0 © p> 1. Ifp = 1, then I = jim [In(In(In 2); — oo. Therefore, 


e 1 
I REDE EESTI f 1. 
nmn imin nyja es or p > 


33. Clearly the series cannot converge if p > -i because then lim n(1-- n?)? Æ 0. So assume p < —ż. Then 


n-—oo 


f(x) = «(1 + 2”)? is continuous, positive, and eventually decreasing on [1, oo), and we can use the Integral Test. 


f z(14-a?)'dr = lim 
1 


ioo 


2\p+1 t 
Ure ee ee er ey: 
2 p+1 1 2(p F 1) too 


This limit exists and is finite = p+1<0 © p<-—1,sotheseries Y; n(1 +n”)? converges whenever p < —1. 
n=1 
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l ihi lng. us : 
34. If p < 0, lim Z? = oo and the series diverges, so assume p > 0. f(x) = — is positive and continuous and f'(x) < 0 
x 


n—oo nP 


for x > e'/?, so f is eventually decreasing and we can use the Integral Test. Integration by parts gives 


oo 1—p _ a t 
f nom = lim | [U =p) 2r 1 (for p #1) = ae [Jim tt? |(1— p)lnt— 1] + 1] which exists 
y X to (1 — p) 1 (Les p)" Me 


So 
wheneverl— p « 0 & p>1. Thus, >> — converges + pl. 
n=1 TV 


35. Since this is a p-series with p = x, C(x) is defined when x > 1. Unless specified otherwise, the domain of a function f is the 
set of real numbers « such that the expression for f (x) makes sense and defines a real number. So, in the case of a series, it’s 


the set of real numbers «x such that the series is convergent. 


o 1 o 1 1 a? 
36. (a) 2. 72 P» MET [subtract a1] — NE 1 
oo 1 1 o 1 1 1 1 T? 49 
(b 2. (n 4-1)? 2$ n (à i a+ 3) 6 36 
o 1 oe ] 12 1 1/r? n? 
©) 1 Dn? -Š ideals) =z 
o (3. & 81 o 1 x 95^ 
37. (a) E(G P» B 81, F (5) 10 
( Y : E ui pede E C Lm ed [sdiladtaz adag as eo 
ELSE af qe kee 90 ie ae i 21 90 16 


38. (a) f(x) = 1/x* is positive and continuous and f'(x) = —4/a? is negative for x > 0, and so the Integral Test applies. 


c l 1 
2; a 99103; pa + ga tt gga © 1.082087. 


4 1 J] . 1 1 1 ; = 
Rio «f em dx = lim E im ( + x) = 30007 80 the error is at most 0.0003. 


10 t—00 19 699 3t?  3(10 
(b) s ef meii [xe => siot l X s < s10 + l 
10 a asss 10 ise 10 sürs $55 10 3010)? 


1.082037 + 0.000250 = 1.082287 < s < 1.082037 + 0.000333 = 1.082370, so we get s ~ 1.08233 with 
error < 0.00005. 


(c) The estimate in part (b) is s ~ 1.08233 with error < 0.00005. The exact value given in Exercise 37 is 74/90 ~ 1.082323. 
The difference is less than 0.00001. 


1 
<— = 3n »10 = n> $/(10)/3z 32.2, 


3n3 ^ 105 


(d) Rn < | = de = T So R, < 0.00001 = 


that is, for n > 32. 
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39. (a) f(x) = E is positive and continuous and f'(x) = — E is negative for x > 0, and so the Integral Test applies. 
co d 1 1 1 1 
L 72 ^ ET + 22 32 Tec ig ~ 1.549768. 
t 
BE — 1 1 1 

Rio € i = dx = lim | H lim ( + ) = —, so the error is at most 0.1. 

10 x t—0oo x 10 t— oo t 10 10 

(b) s10 + -z dx < s < s10 + — dv > soti Ss< soto > 
i T 10 T 


1.549768 + 0.090909 = 1.640677 < s < 1.549768 + 0.1 = 1.649768, so we get s ~ 1.64522 (the average of 1.640677 
and 1.649768) with error < 0.005 (the maximum of 1.649768 — 1.64522 and 1.64522 — 1.640677, rounded up). 


(c) The estimate in part (b) is s ~ 1.64522 with error < 0.005. The exact value given in Exercise 36 is n’ /6 & 1.644934. 
The difference is less than 0.0003. 


ORs f = dr = =. So Ry < 0.001 if È < To & n> 1000. 


40. ne ?", f(x) = xe ?" is continuous, positive, and decreasing on [1, 00), so the Integral Test applies. Using (2), 


n=1 
eS 2 t i 2 si arts with 
< Sie, IH EN —2x 1,-2r using p wi 
Ras f ze dx Jim (1 xe l,+ f 3€ dx u = 2, dv = e-?* de 


: —t n 1 1 H 
S jim (= T 2e2n — 4e?t F vx] =0+ 


1  2n41 


n 
Qn 4e2n ni 4e2n 


2e 


1 
is I This inequality is true for n = 6. 


To be correct to four decimal places, we want : 
p 4e ^ 08 


6 n 1,2 3,4 5, 6 
s=} -mata fct t ga ~ 01810. 


41. $5 (2n 4- 1) $. f(x) = 1/(2a + 1) is continuous, positive, and decreasing on [1, 00), so the Integral Test applies. 


n=1 
Using (2), Rn < ns 4-1) dr = lim =l i = i To be correct to five decimal places 
Mocha: ~ S> 10-15], 102n41) VN 
1 5 5 1 ~ 
we want 10851) < 108 € (2n+1) 220000 = n> 3 ( 4/20,000 — 1) ~ 3.12, so use n = 4. 
E 1 1 1 1 1 
$4 — + — + = + — 7x 0.001 446 ~ 0.00145. 


2 nti 3 56 | 76 | 96 


Inz+2 


-= ZE is negative for x > 1, so the Integral Test applies. 


1 
42. f(x) = ane? is positive and continuous and f'(x) = 


a d . [A] 1 = - 
Using (2), we need 0.01 > f wE Jim | | = . This is true for n > e!?9, so we would have to add this 


n (Ina)? Ing}, Inn 


many terms to find the sum of the series }> z to within 0.01, which would be problematic because 


1 
naz n(Inn) 


el99 ~ 2.7 x 1043. 
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43. 5 m 1901 — ` uro isa convergent p-series with p = 1.001 > 1. Using (2), we get 
n=1 n=1 j 


ee —0.0011* t 
-1.001 ,,  q x BH f 1 7 1 /—. 1000 


1000 E oooi A600 


1000 


n > (200 y^ = 27000 x 101100 % 1,07 x 10° x 101100 = 1.07 x 9-99 


l 


2 
44. (a) f(x) = (=) is continuous and positive for x > 1, and since f'(x) = ele ea) 


z3 < 0 for x > e, we can apply 


lng 


2 2 
; S PE d 
the Integral Test. Using a CAS, we get / (=) dx = 2, so the series $7 (=) also converges. 
n=1 


1 


(b) Since the Integral Test applies, the error in s z Sn is Rn < f 


n 


^ (ina d (In n)? + 2Inn +2 
x n i 


; lng)? +21 2 
(c) By graphing the functions yı = Co) tamet? and y2 = 0.05, we see that yı < y» for n > 1373. 


(d) Using the CAS to sum the first 1373 terms, we get $1373 7 1.94. 


45. (a) From the figure, a2 + a +---+an < fy’ f(x) da, so with 


11 1 1 1 ^1 
Een cre Er e seio - dz — Inn. 
fG) $72 53 4 «xsf E eS 
dto A 1 
Thus, sn =1+=+=+—4+---+—=<14Inn. 
us, 5 1 2*3 "n S +lnn 
(b) By part (a), sige < 1 + In 109 zz 14.82 < 15 and 


$199 < 1--In 10? & 21.72 < 22. 


46. (a) The sum ofthe areas of the n rectangles in the graph to the right is 


1 


1 1 n+l dg, ; 
1+=+-=4+---+-. Now — is less than this sum because 
2 3 n 1 x 


the rectangles extend above the curve y = 1/z, so 


ours Leal 1 
f z= l(n+1)<1+5 +3 +: + z and since 
1 


2 te 0 123 . nnl x 
1 1 1 
lnn <In(n+1),0<1+=+4+=4---+—-Inn=tn. 
2 3 n 
(b) The area under f(x) = 1/x between x = n and x = n + 1 is y 
1 
n+l dx IF x 
f P ER In(n 4- 1) — In n, and this is clearly greater than the area of d 
1 0 n n+l x 
the inscribed rectangle in the figure to the right [which is i ; , SO 
n 


1 ; 3 
tn — tn4i = [In(n + 1) - Inn] E > 0, and so tn > tn41, SO {tn} is a decreasing sequence. 
n 
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(c) We have shown that {tn } is decreasing and that tn > 0 forall n. Thus, 0 < tn < ti = 1, so {tn} is a bounded monotonic 
sequence, and hence converges by the Monotonic Sequence Theorem. 
no n 1 aci H H H 
47, U^" = (e™ d = (ear: > pind — UL 2 b^ " is a p-series, which converges for all b such that —1nb > 1 © 


lnb< -1 & b«e! & b<l1/e [withb > 0]. 
€ 1 

n mc-1/ 

"e a E: e eri E ates ogee ere a ad 
"DO £N i441) NM 2) 2 3 3 4 n mn4l 


48. For the series $7 ( 


n=1 


ene P aue bee 1 q RE 1 Bite 1) bue qi 1 
E 2 3 4 n n+1 2 3 4 n n4-1 
Thus S ! l l + ( id Si tant multiple of a di t seri 
r e = IM Sn = ium Cc Em eA . 
2 m n4 1 zT DET £i ne 1 ince a constant multiple ot a divergent series 


is divergent, the last limit exists only if c — 1 = 0, so the original series converges only if c = 1. 


11.4 The Comparison Tests 
1. (a) We cannot say anything about 5 5 an. If an > bn for all n and Y bn is convergent, then X` an could be convergent or 
divergent. (See the discusssion preceding the box titled “The Limit Comparison Test.") 
(b) Ifan < bn for all n, then $7 an is convergent. [This is part (i) of the Direct Comparison Test.] 
2. (a) Ifan > bn for all n, then > an is divergent. [This is part (ii) of the Direct Comparison Test.] 


(b) We cannot say anything about $7 an. Ifan < bn for all n and Y 5 bn is divergent, then X` an could be convergent or 


divergent. 
3. (a) E nad foralln > 2 Y 1 converges because it is a p-series with p = 2 > 1, so 3 converges 
$ n3 +5 On n pm $ á p Ua n3 +5 5 

by part (1) of the Direct Comparison Test. 

m ; : 1 

(b) Use the Limit Comparison Test with an = —" — and b, = —: 
n3 —5 n? 
2 3 
n n 1 1 
li — ]i . = li = li = =1>0 
(ihe d RR eR b ese) DA ison Tao Se 
: Sa T ? : eee n 
Since 5; — is a convergent (partial) p-series [p = 2 > 1], the series 5; — 5 also converges. 
n=2 N n=2 N” — 
2 2 2 
1 ce NE ils : : ; 
4. (a) a — > —— 2 > a Fa foralln > 2. 2 = diverges because it is a (partial) p-series with p = 1 < 1, so 

O n? +n.. " 1 : 
> 39 diverges by part (ii) of the Direct Comparison Test. 
n=2 N” — 
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2 


(b) Use the Limit Comparison Test with an = 2 N 
n 


Teper ps era nom T med pde L L ve 
n—oo b, noo n3 +2 1 noo n3 +2 noo 14 2/n3 1+0 


2 


; M aes : : : See OR — ; 
Since $7 "LE divergent (partial) p-series [p = 1 < 1], the series $7 "TIS also diverges. 
n=2 n=2 


. An inequality can be used to show that a series converges if its general term can be shown to be less than or equal to the 


; S UR 
general term of a known convergent series. The only inequality that satisfies this condition is given in part (c) since $% — is 
nzi n 


a convergent p-series [ p — 2 » 1]. 


. Àn inequality can be used to show that a series diverges if its general term can be shown to be greater than or equal to the 


general term of a known divergent series. The only inequality that satisfies this condition is given in part (c) since 


eor 2p 1281. ; : m 
X — == DY — is half of the harmonic series, which is divergent. 
ác 2n 24n 
1 « l for all n > 1, so S converges by direct comparison with s 2 which converges because it is a 
Wig n 2l 2.8 ges by p 2 x g 


(vn-1l^ yn 


10. 


11. 


12. 


13. 


p-series with p — 3 » 1. 


1 1 2 1 sai 
> — forall n > 2, so diverges by direct comparison with ——, which diverges because it is a 
> » Ju des by p » Y g 


n= 


p-series with p = i <1. 


n+1 n 1 n+1 


oo : . . g oo 1 k ; "mm 
for all n > 1, so 57 diverges by direct comparison with $7 ——, which diverges because it is 


i > = 
nyn nyn vn n=1nvn n-à Vn 


a p-series with p = i <1. 


-1 i c n-l ; ; awl og: 
s I1 < we 1 « 4 E for all n > 1, so > E converges by direct comparison with 2. am which converges 


because it is a p-series with p = 2 > 1. 


5 EN « = = (3) for all n > 1. X (35) is a convergent geometric series (|r| = $ < 1), so P» a 10% 
converges by the Direct Comparison Test. 
6” 6” 6\" SO gyn. p : f 6 eo 067 . 
BI > sls for alln > 1. >> ($)' is a divergent geometric series (|r| = 2 > 1), so > a] diverges by 
SN n=1 n=1 m 
the Direct Comparison Test. 
1 1 c ee ; , ESAME ; ; m 
For n > 2, nn < n, so — > —. Thus, 5; —— diverges by direct comparison with $^ —, which diverges because it is a 
lan n na Inn nai n 


p-series with p = 1 < 1 (the harmonic series). 
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M. 


15. 


16. 


17. 


18 


19. 


20. 


21. 


22. 


. 2 as 2 
ESI k eure d raikas E 


Ie — Qugs 18.7 43 ENO 2 TFR converges by direct comparison with 2 


z , which converges 


because it is a p-series with p = 2 > 1. 


3 3 1/3 3 
k k k 1 k : . : 
TE ve E a = 2 = we for all k > 1, so a B AE converges by direct comparison with 
eo d 
2 TUS which converges because it is a p-series with p = = i> 1. 
2k — 1)k?—1) | 2k(k?) 2k? 2 oo k? . i ; 
est ea < fim mi ne) for all k > 1, so 2 CEIHRTE converges by direct comparison with 
os 4d f i : ; . 
2» ir which converges because it is a constant multiple of a p-series with p = 2 > 1. 
k=1 
SEs! — ue E for all n > 1. » E is a convergent geometric series (|r| = + < 1), so » n — converges by the 
Direct Comparison Test. 
I : E z foralln > 1, by direct i ith SS 
CERE « Va « Xu or all n so > remm converges by direct comparison wi 2 "p 


which converges because it is a p-series with p — i 1. 


n=1 


= i ld : ETES Sa : ger 4 SDAIN ent geometric series (|r| = $ > 1), so 
372° 3 3 SA ENSA T 3 in PUR TUN 


L gya z diverges by the Direct Comparison Test. 

1 1 

— Sa — for all n > 1, so È- — converges by direct comparison with ÈS , which converges because it is a p-series 
n” 
with p = 2 > 1. 

D . f 1 
Use the Limit Comparison Test with an = and bn 
n? +1 
lim “ = lim ii = lim : = 1 > 0. Since the harmonic series S : diverges, so does 
no b, n>æ yn? +1 n>% 1-4 (1/n?) n=1 n : 
oS 1 
>, vV n? +1 ^ 
Use the Limit Comparison Test with an = 2 and bn = 
p T " = 
n . 2 ; 2 : ; ; : 

Jim » = lim X = lim oan = 2 > 0. Since È = is a divergent p-series [ p = i < 1], the series 
S» : is also divergent 
n=1 Jn T 2 x: : 
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24. 


25. 


26. 


27. 


28. 


29. 
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iis ; ; 1 1 
Use the Limit Comparison Test with an = E and b, — : 
m+n n? 
AT 1m  , m 201-1 T T 
Jim p = Jim. YN = Jim TIT = Jim m = 1 > 0. Since 2 u Í$ a convergent p-series 
draco. 1 
[p = 2 > 1], the series 2 = = also converges. 
2 
1 1 
Use the Limit Comparison Test with an = Cim RE. and b, — zs 
natn n 
2 2 2 3 
n i 1 , + 1 . 1+1 1 3 NET hier 
Jim T = Jim UU a = Jim ia 72 7 = Jim 4 PL = 1 > 0. Since 2 "Xi convergent 
v» n? n41 


-series [p = 2 > 1], the series 
p [p ] 2 CUENTE 


vVl--n 1 


and b, = —=: 


2+n /n 


also converges. 


Use the Limit Comparison Test with an = 


V1 24 n/V/n2 /1+1 ; ee O ; ; 
lim lim Ean. lim V7 TALE lim TUA. 1 0.Since $5 —— is a divergent p-series 
noo bn n—oo 2in n— oo ( -T n)/n noo 2/n + 1 n=1 n 
dos COAL : 
[p = 4 < 1], the series 57 Tn also diverges. 
n=1 2 +n 
2 
Use the Limit Comparison Test with an = wee and b, = —: 
(n 4-1)? n? 
lim “2 = lim nint?) _ lim care 1 0. Since » : is a convergent (partial) p-series [p — 2 1] 
noo bn x noo (n+ 1)3 E n-oo (1+ E Ss . t 52 g Pp p= > 
. e& n+2 
the series ———, also converges. 
>, (n e 1)8 E 
Ax : . 542 1 
Use the Limit Comparison Test with an = waen and bn = : 
(Fn?) n? 
3 3 4 4 5 
20 an .. n*(5-2n) .. on? 4 2n 1/n : uH : eS. . 
lim — = lim ————- = or oss = lim —*"— 5 = 2 0.8 = t 
Bg oar eee ge ae eee 
: . & 5+2 
p-series [p = 3 > 1], the series $7 a also converges. 
n=1 n 
n+3” a” ae 3” Dort n3" 
———— = —— = -|- thi i i irect i ith 
naoi > nis > 20425 723.28 7 3 (3) , so the series > TEE diverges by direct comparison wi 


ES * 
5 Xa (3) , which is a constant multiple of a divergent geometric series [|r| = 3 > 1] Or: Use the Limit Comparison 
n=1 


Test with an = nee and bn = (3) : 


n+ 2”? 2 
may may "1 1 e OT N 
eti > Eins DURUM M ROMA for n > 1, so the series X eth diverges by direct comparison with the 
ner +17 ne +n n(e +1) n fS ne" +1 
; 20. x s e" 41 1 
divergent harmonic series > —. Or: Use the Limit Comparison Test with an = ——— and bn = —. 
zn ne^ + 1 n 
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1 1 
30. If a4, — and b, — , then 
nyn? —1 n? 
a 
lim “ = lim —“2— = lim cH. — lim ME M 1 > 0,so Pao z converges by the 


n= bn n= NA noai n n2 — 1/n n=>œ ,/] — 1/n? 1 nc9 NA —— 


eo d 
Limit Comparison Test with the convergent series 2 2 


2 4 si 241 x 2 1 ; 
31. mm S A < a , for all n > 1, so S Zu converges by direct comparison with 3 ee , which converges 
TU TU n=1 n? pili n2 


because it is a constant multiple of a p-series with p = 2 > 1. 


2 2 2 a5 2 oo 
n° +cos*n n n^ + cos ; : : ; 1 : ; 
32. Do > — = mir alln > 1,so 5 Eren diverges by direct comparison with $^ —, which diverges 
TU n3 n=1 TV n=1 N 


because it is a p-series with p = 1 < 1 (the harmonic series). 


2 2 
33. Use the Limit Comparison Test with an = (: + x) e "andb, —e ": lim on = lim (1 + =] = 1 > 0. Since 


n—3 00 On n-—oo 


2 
oo oo oo 
$ e™ = Y; — isa convergent geometric series [|r| = + < 1], the series > (: + x) e ^ also converges. 


n=1 n=1 € n=l 
guru ei/" oo 1 
34. — L for all n > 1, so > diverges by direct comparison with the harmonic series $7 —. 
n=1 n=1 
"T, p. & 1. . 
35. Clearly n! = n(n — 1) (n — 2)---(3(2) 2 2-2-2----- 2:2 =2", s0 -= S T D zisa convergent geometric 
n: s n=1 am 
. ; o 1 l 
series [Ir] =35< 1], so» — converges by the Direct Comparison Test. 
nci n: 
n! 1-2-3- (n-—1)n ~1 2 2 oo m! 
36. — = ——— <- -1.1 -1f 22 — =2>1 — 
T "PT IEU PE RUE dur. orn so since bx converges [p > 1), 2 ; converges 


also by the Direct Comparison Test. 


bni . : _ (1 1 ben oa s 
37. Use the Limit Comparison Test with an = sin (=) and bn = —. Then }> a4 and Y bn are series with positive terms and 
n n 


sin(1/n) — lim sme = 1 > 0. Since Y bn is the divergent harmonic series, 


n> On n— oo /n 0—0 n=1 


X sin (1/n) also diverges. [Note that we could also use l'Hospital's Rule to evaluate the limit: 


n=1 
i cos(1/a) - (—1/2? 1 
lim BIBLIO) u lim UH ( / ) = lim cos— = cos0 = 1.] 
z—oo /x 2—00 —1/a? zoo x 
ae . . .»f1 1 
38. Use the Limit Comparison Test with an = sin - and b, — E 


[continued] 
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39. 


40. 


41. 


42. 


43. 


45. 
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Now, lim SM ES (see Equation 3.3.5) and the squaring function is continuous at x = 1, so lim (=) =1?=1>0 
x z> x 


oo 


: 1 
[Theorem 2.5.8]. Since »E- is a convergent p-series [p = 2 > 1], the series S sin (2) also converges. 


n=1 n=1 


1 1 1 
Use the Limit Comparison Test with an = — tan( =) and bn = —: 
n n n 


n= Dn noo noo 


— tan (i) 2 
lim OMS lim B ae lim ntan(=) =j SO [where «= =] H lim e -i-i»0 
TL n 


= 1 
Since p — is a convergent p-series [p = 2 > 1], the series Y = ~tan(=) also converges. 


n=1 


ene . : 1 An n : 
Use the Limit Comparison Test with an = EET and b, — = lim p = im Aim = lim TUA = 1 
eo ae ; ; c ; 
[since lim z!/* = 1 by l'Hospital's Rule], so 53) P diverges [harmonic series] =>  »; EST diverges. 
q-IOg n=1 n=1 
1 1 1 1 1 1 
= +++ + —— £ 0.19926. N = th i 
2o ks prl pem os taro Ne qu eae 
Rio <T <f = lim * 9S de = lim a] = lim Ek 1 eee = 0.000 025 
Verres ae ame ow too | 4r] io t+00 a4 + 40,000) ~ 40,000 ^ 
10 1/n 1/1 1/2 1/3 1/10 1/n 
e € e e e e e Í 
1 ug + ji + ED Ee 10i zz 2.84748. Now m S za for n = 1, so the error is 


Rw <T < f Rmads- jim ez de = lim [5] — lim (+ = Js e =~ 0.000 906 
MEN E E 3a3]io too X303 ^ 30007 3000 ` i 


o T t> Jio 1100 
= A 22 : 1 2 1 
2pm cos?n = = ES + = B bed E p = 0.07393. Now ES i < Bn? 80 the error is 
oo t —x]t 57t 5-10 1 $ 
Rio < Tio < — dx = li 5 “dz = li — = li —— = ———— «64x10 
Tos [^ sedeo jim f sio jim |- s] = jim ("s s) aos < 
10 1 1 1 1 1 1 1 1 
: = Eee x 0.1 N = . So th 
Maus tye 4437 gugan 4019788 Now x i «soos 7 gn? the 
error is 
SH 2 e LIT 13. Es 
Rio € Tio < dx= li 2.3 7 dz = li —= = li -=-= — += 
10 € ws f xs ee i Jim | ius]. sim ( +i) 
= : «7.7 x 1078 
2.310]n3 ` 
dn 9 9 Sdn 
Since DES S for each n, and since D I is a convergent geometric series (\r| = i « 1), 0.dided3...= M 307 
n= 11 n=1 


will always converge by the Comparison Test. 
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46. Clearly, if p < 0 then the series diverges, since lim z] =œ. If0 < p < 1, then n” lnn < nlnn. => 
noo Ne inn 


1 1 e 1 . f es . NE : 
— —— > — — and `, diverges (Exercise 11.3.23), so $7 diverges. If p > 1, use the Limit Comparison 
nmPinn ~ nlnn joo ninn nao nPlnn 
Test with and b l S b d lim 2 li l 0, so Y i also converges 

est with an = n=—. n converges, and lim — = lim — =0, : 
Plnn nP fo 8 n>œbn | n—oolnm nZ NP lan 8 


(Or use the Comparison Test, since n? In n > n? for n > e.) In summary, the series converges if and only if p > 1. 


2 
47. Using Formula 1.5.10, we have (In n)!^»^ = e(Ininn)üninn) [y 5j] = nm m < e(Vany = nn = n So 


1 1 aie oe , ; : : ; . 
[ILES > = for all n > 2. Thus, the series 2, [mI diverges by comparison with the partial harmonic series 
SN : ; 
YS —, which diverges. 
n=2 


48. (a) Since lim (a, /b,) = 0, there is a number N > 0 such that |an /bn — 0| < 1 for all n > N, and so a; < bn since an 


and bn are positive. Thus, since X` bn converges, so does X` an by the Direct Comparison Test. 


; l 1 '; n xs sre ee ; 
(b) (i) Ifa, = zy and bn = 72? then Jim E E dim an EM lim - d lim. [x _ 0. Now >> bn is a convergent 
F x Inn 
p-series [p = 2 > 1], so $7 —z converges by part (a). 
n=1 N 


(ii) Ifa, 21— cos( 5) and bn = ET then 


1—cos(1/n?) _ lim: 1 — cos(1/27) = lim uc Bu sin( 5) zw 


noo bn n-—oo 1/n? m 100 1/z? z—0o 


: i un 1 
Now J` bn is a convergent p-series [p = 2 > 1], so $7 (1 — cos a) converges by part (a). 


n=1 


49. (a) Since lim = = oo, there is an integer N such that = > 1 whenever n > N. (Take M = 1 in Definition 11.1.3.) 


n n 


Then an > bn whenever n > N and since X` bn is divergent, X` an is also divergent by the Comparison Test. 


1 1 n 
and bn = — for n > 2, then lim ee lim ia lim = lim E lim z = oo, 
Inn n noo bn n=>œ lnn z>% lng z—00 1/r 200 


(b) (i) Ifan = 


So Ve d 
so by part (a), >> En is divergent. 


n=2 


wy Inn 1 eo ; ; : ; . a ; . 
(ii) Ifa, = and b, = —, then >> b, is the divergent harmonic series and lim — = lim nn= lim lng = oo, 
n n n=1 n= On n-oo z—oo 


so 57 an diverges by part (a). 


n=1 


1 1 n ; : à 
50. Let an = 32. and bn = 3 Then lim 2^ = lim m 0, but $- bn diverges while X` an converges. 


n= 0n n-—oo n 
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51. lim na, — lim An , so we apply the Limit Comparison Test with bn = —. Since lim nan > 0 we know that either both 


noo n—0o 1/n n n—0o 


so ul 
series converge or both series diverge, and we also know that $7 " diverges [p-series with p = 1]. Therefore, X` an must be 


n=1 
divergent. 
; T "T . o In(14 x) : 1 . f 
52. First we observe that, by 1l Hospital’s Rule, lim = lim ie 1. Also, if X` an converges, then lim an = 0 by 
z— Hr rz x noo 
In(1 + an In(1 : : 
Theorem 11.2.6. Therefore, lim mQ tan) = lim btg) ee 1 0. We are given that X` an is convergent and an > 0. 
n— oo An xr x 


Thus, X` In(1 + an) is convergent by the Limit Comparison Test. 


53. Yes. Since » an is a convergent series with positive terms, lim an = 0 by Theorem 11.2.6, and X` bn = Do sin(an) isa 


n-—oo 


sin(a,) 


H H ae H bn H 
series with positive terms (for large enough n). We have lim = lim 


n> An noo Qn 


= 1 > 0 by Theorem 3.3.5. Thus, X` bn 
is also convergent by the Limit Comparison Test. 
54. Since $^ an converges, lim an = 0, so there exists N such that |an — O| < 1foralln > N => O<a, <1 for 


aln>N => 0<a? <an. Since >> an converges, so does So az by the Comparison Test. 


1 1 . 1 1 1. 
55. (a) False. The series X` an = D> z and $55, = >> z ae both divergent, but 3 anbn = >> 2 ys EL convergent. 


1 1 


n? m 


: 1 do: 1 
(b) False. The series X` an = Y zz converges and $55, = 3 " diverges, but 3 anbn = >> =5 zz converges. 


(c) True. Since 5 7 an converges, for suffficiently large n, an <1 = anbn < bn. Since X` bn converges, it follows by the 


Direct Comparison Test that X` anbn converges. 


11.5 Alternating Series and Absolute Convergence 


1. (a) An alternating series is a series whose terms are alternately positive and negative. 


(b) An alternating series 35 a, = >> (1) "tbs where bn = |an], converges if 0 < 5,41 < bn forall n and lim bn = 0. 
n=1 n=1 n-—oo 


(This is the Alternating Series Test.) 


(c) The error involved in using the partial sum sn as an approximation to the total sum s is the remainder Rn = s — sn and the 


size of the error is smaller than 55.4.1; that is, |Rn| < bn+1. (This is the Alternating Series Estimation Theorem.) 


2 e 2 ; ; . 
2. + + <=) ( i" 5 . Now bn = > 0, {bn } is decreasing, and lim bn = 0, so the 
n=1 noo 


n+1 2n +1 


series converges by the Alternating Series Test. 
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2 4 6,8 10 ES 2n 2n 2 2 
Se SSS at = —1)” . Now lim b, = li = lim ——=-#0.Si 
sre g g g ED ea ee a ee 1 BE 
lim an # 0 (in fact the limit does not exist), the series diverges by the Test for Divergence. 
1 1 1 1 1 9 (—1)*t 1 : 
poe tt eK tr ——  —. Now b, = ———~ > 0, {bn} is d „and lim b, = 0, 
ln3 In4 a ln5 In6 = In7 nai In(n + 2) dd In(n 4- 2) M E Porra 


so the series converges by the Alternating Series Test. 


oo | 44n—1 oo 
: San = 5 = = D tba. Now bn = ! > 0, {bn} is decreasing, and lim b, = 0, so the series 


TL n-—oo 
n=l n=1 n=1 3 + 5 


converges by the Alternating Series Test. 


= KEN em x5 1 ; 
f Qn = A c —1)"* bn. Now b, = > 0, {bn } is decreasing, and lim bn = 0, so the series 
dem dart T Verne Pn Band fi, 


converges by the Alternating Series Test. 


eo oo 3n—1 ee i . 3—1/n 3 . , 
n= á = —1)”bn. Now lim b, = 1 = : l n 
TECH MC m v EL MIB iruE a PR E nd 


(in fact the limit does not exist), the series diverges by the Test for Divergence. 


oo oo oo 2 


1 


n n 
aS n = Y (-1)"b.. Now lim b, = li = li =140. 
doa 2 1) n?+n+1 De ) dir nos Anon n>% 14+1/n+1/n? x: 


n=1 n=l n=1 


Since lim a, Æ 0, the series diverges by the Test for Divergence. 


n— co 


oo oo oo 1 . 4 i : 
. > an = M(-1)e^" = Y (-1)"b.. Now b, = > 0, {bn } is decreasing, and lim bn = 0, so the series converges 
n=1 n=1 


nz 2 en noo 


by the Alternating Series Test. 


Jn 


a 2n 4-3 


> 0forn > 1. {bn} is decreasing for n > 2 since 


(AD ERN ORO ig-V?[Gz 4-3) — 4z] 3 — 2x 


= = Ofor z > 3. 
2x +3 (2x + 3)? (2x + 3)2 2/2 (2x +3)? VU TOL er i 
1 . oo 
Also, lim bn = Jim Se = lim Dnt 3) Va = 0. Thus, the series 2D” a converges by the 


Alternating Series Test. 


n2 


b, = —L— 
n3 +4 


>Oforn > 1. {bn} is decreasing for n > 2 since 


2 V 3 29,2 3 _ 9,3 E 
x . (#@° +4)Qx)—a° (807) — x(2a°4+ 8-32") — «(8— 2%) eU E ES 2. Also, 
x3 +4 (x3 + 4)? (x3 + 4)? (x3 + 4)? 


] : 1/n 
ene Tae 


3 2 
= 0. Thus, the series X` (—1)"*! Gri converges by the Alternating Series Test. 
n=1 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 
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1 m B = 
bn = 22 > 0forn > 1. {bn} is decreasing for n > 2 since (=) z2 Gy rm zm? <0 for x > i & 1.4. 
Also, lim bn = lim 3 = lim — = 0. Thus, the series x (-1)" u^ converges by the Alternating Series Test. 
noo n—oo 2^ noo 2" In n=1 


lim b, = lim e?/” = e? = 1,so lim (—1)"-1e?/" does not exist. Thus, the series $^ (—1)"~'e?/” diverges by the 
n=l 


noo noo noo 


Test for Divergence. 


oo 
lim b, = lim arctann = Z,so lim (—1)”~' arctan n does not exist. Thus, the series 22 (—1)"^! arctann diverges 


noo noo noo 


by the Test for Divergence. 


Hinc MUNI P LE ON SET. NE 
Idam.  IFya ~ 1+ n 


an = —— — = (-1)"— = (—1)”bn. {bn} is decreasing for n > 2 since 


(x2 7) —z(-2 *1m2)4-2 *—2 *(1— xln2) < 0 for z > = [~ 1.4]. Also, lim bn = 0 since 
n noo 


1 oo 
lim = 0. Thus, the series 2 T converges by the Alternating Series Test. 


; NH r ; 
„and lim sin— = sin 0 = 0, so the series converges by 


noo 


S 1 iT T QT Lc. i 
X (-1)"sin—. b, = sin— > 0forn > 2andsin— > sin 
n n n n 


n=1 


the Alternating Series Test. 


So (-1)” cos. lim cos = cos(0) = 1,so lim (—1)” cost does not exist and the series diverges by the Test for 


qm n noo n n-—oo 
Divergence. 


2 


bn = = > Oforn > 1. {bn} is decreasing for n > 2 since 


z?V — 57".2z—a?5?ln5  z5*(2—zx1n5)  z(2—z1n5) 2 
Lp oLlIlÍÉÉIRLLL——————————— ls E cs fi — w 1.2. Also, 
( ) Gay (57 Bs < 0 for x > in5 so 
A 2 H 2 AS i 
i z = 0. Thus, the series 2 (—1)" = converges by the Alternating 


n—oo n= 5” Koes 5° Ind E ses 5" (In 5) 


Series Test. 


Vntl-Vn vntl+tvn  (ntl)- 


1 
bn = 1 Ren Mackie ARES 


2 0forn 21. {b,} is decreasing and 


lim b, = 0, so the series $^ (—1)" (vn + 1 — yn ) converges by the Alternating Series Test. 
n=1 


noo 


(c) 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


1092 CHAPTER 11 SEQUENCES, SERIES, AND POWER SERIES 


21. (a) A series » 7 an is called absolutely convergent if the series of absolute values X- |a,,| is convergent. If a series is absolutely 
convergent, then it is convergent. 
(b) A series X` an is called conditionally convergent if it is convergent but not absolutely convergent; that is, if > an 


converges, but 5 * |a; | diverges. 


(c) Suppose the series of positive terms » ^^ , bn converges. Then » 7 |(—1)” bn| = X |bn| = X bn also converges, so 


oo 
n=1 


(—1)" b, is absolutely convergent (and therefore convergent). 


22. >> jal = M ( L) = > —. Since È — İs a convergent p-series [p = 4 > 1], the series x (= 2 is absolutely 
n=1 n=1 n n=1 n^ n-i W^ 
convergent. 
1 oo ey La 1 
23. bn = is decreasing for n > 1,and lim = 0, so the series $7 converges by the 


Vn? n> Yn? nat Mm 


ea aes is TART EA. 
22 vu 2 n273 is divergent since it is a p-series with p = 3 xi 
Lo tees zum : x 
Thus, the series $ +——— is conditionally convergent. 
n=1 v TV 
n? 1 1 ; i i at í 
24. Since lim "m Jim DEUm C p 1 Æ 0and Jim (-1)"* does not exist, Jim (-1)"* ATI does not 
exist, so the series $5 (—1)"*! ET diverges by the Test for Divergence. 
n=0 n 
25. bn = : > 0 for n > 1, {bn } is decreasing for n > 1, and lim bn = 0, so » CT converges by the Alternatin 
VERS Bnl P NEC =e bes i 


, : 1 
Series Test. To determine absolute convergence, choose an = — to get 
n 


"EE 1/n . 5n-l1 oo 
I — li = 1 = 
web. nese I/(5n F1) ace n 007 099 2. 


n 


1 à 
harmonic series. Thus, the series S C. ) 2——— is conditionally convergent. 


noi ont+1 
oo —n oo 1 
26. =— : ———; and b, = —: 
P nca n+1 mel n 
> ode, dl E. 1 1 
qb IER Mm cuim] Txcmuc mug bed 


Since S1 — is a divergent p-series [p = 1 < 1], the series pu 1 also diverges, and hence, the negative of this series, 
n 


n=1 
oo 
diverges. 
2 n2 1 i 
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eo œ | (—1)” co 1 ; 1 1 ] 
22 |an| = A G 2 "m = ar Since m « xD and pc —; is a convergent p-series [p = 2 > 1], the series 
P» wei convergent by the Direct Comparison Test. Thus, 2 G D 1? absolutely convergent. 


converges by direct 


1 
<3 5, forn > land S — is a convergent geometric series [r = 


n=1 


"is absolutely convergent. 


comparison and the series c 


n=1 


14 2si 3 1 14 2si 
0< eet i < — forn > land3 S 73 is a constant times a convergent p-series [p = 3 > 1], so $7 LU 
n=1 n=1 
o 142 
converges by direct comparison and the series 7 -a is absolutely convergent. 
n=1 n 
bn = aod > Oforn > 1, {bn} is decreasing for n > 2, and Jim bn = 0, so ico" — j converges by the 


i ; : 1 
Alternating Series Test. To determine absolute convergence, choose an = F to get 


2 2 
m nog mete. quu EE 


atte m "A n/(n? +4) AID T amr 1 diverges by the Limit 


oc n 
=1>0, 
> 0, so 2l 24i 


is conditionally convergent. 


oo 
Comparison Test with the harmonic series. Thus, the series $` (—1)"^! 774 
n=l n 


œ (—1)” ; ; . 3 1 1 . ' 
> C) converges by the Alternating Series Test since lim —— = 0 and ER is decreasing. Now lnn < n, so 


aZ lnn noo Inn 
1 1 1 oor d. s f : : SEC Ch ae . 1 
— > —, and since X` — is the divergent (partial) harmonic series, X, —— diverges by the Direct Comparison Test. Thus, 
Inn’ n nan no Inn 
5 = is conditionally convergent. 
nao lnn 
n n 
bn = ——— > O forn > 1, {bn} is decreasing for n > 2, and Jim bn = 0, so —— converges b 
NT EY) Way e Z CD" rpa converses by 


: ; $ 1 
the Alternating Series Test. To determine absolute convergence, choose an = ME to get 
n 


3 4/3 2 oo 
lim 22 = lim (= vn wa- = Jii vn t2 _ lim 4/145 =1>0,s0 5; = diverges by limit 
noo bn noo n n noo A / n3 n— oo TU n=1\ /n3 + 2 
oo oo n 
comparision with the divergent p-series — [p=: « 1]. Thus, — 1)” — -— is conditionally convergent. 
di oer 2 n l 2 PS /n3 +2 d E 
1 
ise (—1)" ——~ = (-1)"bn. {bn} is decreasing for n > 1, and Jim | bn = 0, so a 7 converges by 


3n + 2 3n + 2 a 


the Alternating Series Test. To determine absolute convergence, use the Limit Comparison Test with an = —: 
n 


[continued] 
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" 1 4 2 A 2 ; ; : . 

lim LR lim NINE — lim PD — lim ESO — 3 » 0. Since the harmonic series diverges, so does 
5 3 . Thus, the series ys - m z is conditionally convergent. 

n=1 n=1 


34. The function f(x) = 


MEAE . E ; 
i is continuous, positive, and decreasing on [2, oo). 
zlnz 


Pera 3]. f tod (-1)? , 
f mm dz = Jim. i dz = Jm [n(n z)]) = jim n [(In(In t) — In(In 2)] = oo, so the series x WI diverges 


1 i ; : iis ; 
by the Integral Test. Now {bn — bs] with n > 2 is a decreasing sequence of positive terms and lim b, = 0. Thus, 


noo 


y 1)*. 


5, converges by the Alternating Series Test. It follows that 2 


is conditionally convergent. 
nlan y 8 


2 


35. ^ The graph gives us an estimate for the sum of the series 
> Mab ae of —0.55. 
n=1 
(ej 
+ + + + + 9 
0.8)” 
bg = ( *) = 0.000 004, so 
{Sa} 
P 
=] 
œ; (—0. : 4 7. (—0.8)" 
S COS a gay 09 
n=1 n=1 n: 


£z —0.8 + 0.32 — 0.0853 + 0.01706 — 0.002 731 + 0.000 364 — 0.000 042 ~ —0.5507 


Adding bg to s7 does not change the fourth decimal place of s7, so the sum of the series, correct to four decimal places, 


is —0.5507. 


36. 2 S The graph gives us an estimate for the sum of the series 
= n—1 n 

, — — of 0.1. 

NS ee te hg Gee E 

{4} bg = $y 0.000 023, so 

t ——— — B 9 86 ? 

M. J 

—0.1 


oo 5 n 
Y CU'Ug 9 so YCUU S 
z~ 0.125 — 0.03125 + 0.005 859 — 0.000 977 + 0.000 153 ~ 0.0988 


Adding bs to s5 does not change the fourth decimal place of s5, so the sum of the series, correct to four decimal places, 


is 0.0988. 
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je 


AES 2 , : : 1 Aq: 1 
The series $7 satisfies (1) of the Alternating Series Test because z < -5 and (ii) lim — = 0, so the 
n=1 n noo T, 


1 
(n+ 1) 


1 1 ; : 
56 7 0.000064 > 0.00005 and bg = 66 & 0.00002 < 0.00005, so by the Alternating Series 


Estimation Theorem, n = 5. (That is, since the 6th term is less than the desired error, we need to add the first 5 terms to get the 


nô 
series is convergent. Now bs = 


sum to the desired accuracy.) 


a UR ROC : 1 
n^ 227) zu satisfies (1) of the Alternating Series Test because CENE « "ES and 


oo 
The series $7 
n=1 


= 0.0002 < 0.0005, 


1 1 
(ii) lim —— = 0, so the series is convergent. Now bs = & 0.0008 > 0.0005 and bg = 6.36 


n—0oo n3 5.35 
so by the Alternating Series Estimation Theorem, n = 5. (That is, since the 6th term is less than the desired error, we need to 


add the first 5 terms to get the sum to the desired accuracy.) 


NEED ULP" 1 1 m 1 
Th L— à satisfi f the Alternating Series Test b — « ——_and (ii) 1 = 0, 
e series 2 PED satisfies (1) of the Alternating Series Test because (n D nin and (ii) Du VL 


1 1 
so the series is convergent. Now bs = 5295 = 0.00125 > 0.0005 and bg = 6236 & 0.0004 < 0.0005, so by the Alternating 
Series Estimation Theorem, n — 5. (That is, since the 6th term is less than the desired error, we need to add the first 5 terms to 


get the sum to the desired accuracy.) 


E 1\” oo l . ; ; ; 1 1 
The series X ( x) = >> (-1)” — satisfies (1) of the Alternating Series Test because [CEST < m and 
n=1 


n=1 


Vu das 1 M 1 1 
(ii) lim MS 0, so the series is convergent. Now bs = p 0.00032 > 0.00005 and be = 65 = 0.00002 < 0.00005, so 


by the Alternating Series Estimation Theorem, n — 5. (That is, since the 6th term is less than the desired error, we need to add 


the first 5 terms to get the sum to the desired accuracy.) 


1 1 
b—--— 
8! 40,320 


= 0.000 025, so 


p qup. cosEquaye 1 1 1 _ 
22 (any 3997 25 Gay aon o ANG 


Adding b4 to s3 does not change the fourth decimal place of s3, so by the Alternating Series Estimation Theorem, the sum of 


the series, correct to four decimal places, is —0.4597. 


e > ca ea cud. as ee nod. xbesde telo = 7 
Dupe ~s = je g pe 49 Pee ge "pv ge | ge ~ 0985552. Subtracting bin = 1/10 from sg 


does not change the fourth decimal place of s9, so by the Alternating Series Estimation Theorem, the sum of the series, correct 


to four decimal places, is 0.9856. 


E M 1 2 3 4 5 
Y (70) ne?" & ss = + 4 Lu -2a —0-105025. Adding be = 6/e'? ~ 0.000037 to ss does not 
n=1 


change the fourth decimal place of s5, so by the Alternating Series Estimation Theorem, the sum of the series, correct to four 


decimal places, is —0.1050. 
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e (1) 4 1 1 1 1 1 1 1 
A. 5 EUA d 3 — +4 z ^: 0.223136. Adding by = ——~ = 0.000 0087 to se 


47. 


50. 


3:43 4-44 5.45 6-4 7-4 


does not change the fourth decimal place of se, so by the Alternating Series Estimation Theorem, the sum of the series, correct 


to four decimal places, is 0.2231. 


æ (-1)" 1 1 1 1 1 1 1 ; ETE 
2 ( 2 1 2 + 377 ape 79 50 F 51 BD +--+. The 50th partial sum of this series is an 
underestimate, since 3 (em = 859 + Lod + L od + and the terms in parentheses are all positive 
Smee 2 mer, mis M EDT en T 53 5a i p mene 


The result can be seen geometrically in Figure 1. 


1 f ; . 1 ; - : 
. fp» 0, CESI < v ((1/n? ) is decreasing) and Jim nm 0, so the series converges by the Alternating Series Test. 
E (— jog 2 . ? f oo (— yess 
Ifp <0, lim 2^ x does not exist, so the series diverges by the Test for Divergence. Thus, $7 n? 
n—0o n=1 


converges + p>0O. 


; . oe ‘ .. & (-1)” 
is decreasing and eventually positive and lim bn = 0 for any p. So the series $7 (=1) 


1 
Clearly bn = 
n+p noo nci NFP 


converges (by 


the Alternating Series Test) for any p for which every bn is defined, that is, n + p Æ 0 for n > 1, or p is not a negative integer. 


p p—1 = 
. Let f(x) = (nz) . Then f'(x) = (ey (p tne) < Oif x > e so f is eventually decreasing for every p. Clearly 
. (Inn)? ; ; ; ET ; eai l 
lim woe O if p € 0, and if p > 0 we can apply l'Hospital's Rule [p + 1] times to get a limit of 0 as well. So the series 


oo p 
Y (-1)""? nn) converges for all p (by the Alternating Series Test). 


. oben = J. 1/(2n)? clearly converges (by direct comparison with the p-series for p = 2). So suppose that Y; (—1)"~" bn 


1 


converges. Then by Theorem 11.2.8(ii), so does»; [(—1)"~*bn + bn] =2(1 +4 ++) =25 eem 


. But this 


diverges by direct comparison with the harmonic series, a contradiction. Therefore, )> (a=. bn must diverge. The 


Alternating Series Test does not apply since {bn } is not decreasing. 


(a) We will prove this by induction. Let P(n) be the proposition that s2, = han — hn. P(1) is the statement s2 = h2 — hi, 


which is true since 1 — 3 = (1 + 4) — 1. So suppose that P(n) is true. We will show that P(n + 1) must be true as a 


consequence. 


1 1 


2n 4-1 2n 4-2 


1 1 1 
h n — lin = n Ral ae = n a = n fim 
ant2 — hui c 2n —-1 z) (r s) (he ü ) 


1 1 
$2n + nn 1 m42 $2n42 


which is P(n + 1), and proves that so, = hen — hy for all n. 
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(b) We know that hən — In(2n) — ^ and hn — lnn — «y as n — co. So 


S25 = hən — hn = [han — In(2n)] — (hn — In n) + [In(2n) — Inn], and 


lim sən = y — y + lim [In(2n) — Inn] = lim (In2+ Inn — Inn) = In2. 


noo noo 


51. (a) Since J` an is absolutely convergent, and since la | < Jan| and az, | < |an] (because a; and a} each equal 
either an or 0), we conclude by the Direct Comparison Test that both $` a} and >> a, must be absolutely convergent. 


Or: Use Theorem 11.2.8. 
(b) We will show by contradiction that both $^ a} and Y; a; must diverge. For suppose that X` a} converged. Then so 
would bM — jaa) by Theorem 11.2.8. But oou; — tan) =% [i (an + |an|) — ia] = i» [as |, which 


diverges because $` an is only conditionally convergent. Hence, $` aj; can't converge. Similarly, neither can Y^ a; . 


52. Let X` bn be the rearranged series constructed in the hint. [This series can be constructed by virtue of the result of 


Exercise 51(b).] This series will have partial sums sn that oscillate in value back and forth across r. Since lim an = 0 


(by Theorem 11.2.6), and since the size of the oscillations |s;, — r| is always less than |a,,| because of the way Y; bn was 


constructed, we have that 3^ b, = lim sn =r. 


n-—oo 


53. Suppose that X` an is conditionally convergent. 


2 


(a) 35 n?an is divergent: Suppose $` n?an converges. Then lim n?a,, = 0 by Theorem 6 in Section 11.2, so there is an 


noo 


: 1 
integer N > Osuchthatn > N = n?|a,| < 1. For n > N, we have |a,| < —, so X` |a,| converges by 
n>N 


n2 
f : 4 1 -— 
comparison with the convergent p-series $7 "E In other words, $^ an converges absolutely, contradicting the 


n>N 


assumption that ^ an is conditionally convergent. This contradiction shows that 5 7 n? a, diverges. 


Remark: The same argument shows that 5 7 n”an diverges for any p > 1. 


(=1)" 


1 is conditionally convergent. It converges by the Alternating Series Test, but does not converge absolutely 
nlnn 


(b) 3 
n=2 


is continuous, positive, and decreasing on [2, 00) and 


[by the Integral Test, since the function f(x) = z + x 


oo t t cm n 
f di = lim f di = lim [m(n 2) = oo}. Setting an = CD for n > 2, we find that 
2 slag tools, xlng 2 nl 


t— oo nn 


[SX 


Inn 


converges by the Alternating Series Test. 


oo oo 
Y nan = Y 
n=2 


oo —1yt- 1 
It is easy to find conditionally convergent series X` an such that X` nan diverges. Two examples are $7 are and 
n=l n 


œ (—1)”7 1 : f . : . 
5 CA both of which converge by the Alternating Series Test and fail to converge absolutely because 5 ; |an] is a 
n=1 


Vin 


p-series with p < 1. In both cases, X` nan diverges by the Test for Divergence. 
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11.6 The Ratio and Root Tests 


. (a) Since lim |+ | = 8 > 1, part (b) of the Ratio Test tells us that the series >> an is divergent. 
n-—oo an 
(b) Since lim Tati) 0.8 < 1, part (a) of the Ratio Test tells us that the series X` an is absolutely convergent (and 
n— oo An 


therefore convergent). 


(c) Since lim Bue 1, the Ratio Test fails and the series X` an might converge or it might diverge. 
"n—oo an 

: Qn4-1 s 1 1 : : 

lim = lim = = + < 1 Thus, the series ` an is absolutely convergent (and therefore convergent) 
n= Qn n— oo Qs f Q1 2 2 
by the Ratio Test. 

i , 1 5" 1 1 1, 141 1 1 E : 
RN s B mi. nu Z = um E E | s 5 um x m ~ 5) id 5 5 1, SABE SETS 27 5 
absolutely convergent by the Ratio Test. 
-2y n? n? 1 

lim | => ( l 2 2 li = 2(1) = 2 > 1, so the seri 
mo Qn noo (n + 1)? (-2)* Pra ( "m T 1)? red (1 + 1/n)? ( ) TRE Ue SESS 
œ (—2)”. : 

5 a divergent by the Ratio Test. 
n=1 

—1)"3""1 2773 3 n? 3 1 3 3 

li m+1} | li ( . — mE : E l= 1 
nool an | noe |2"*l(n-F 1) (—1)*-13"| ndol 2) (n+) 8] — 22e (1+1/n)3 2 ae 4 
so the series D T is divergent by the Ratio Test. 

20 [Gn41 . (S34 (2n 4- 1)! : 1 : 1 

l = | . l l 

col an | ase DOD al qu E79) midi) 22. rac SYOR-E3) 

=3(0)=0<1 
(=3)" 


co 
so the series 57 


Qna 1j is absolutely convergent by the Ratio Test. 
n=0 x 


EN 


1 ox. 7 
SEE — lim —— — 0 < 1, so the series » mis absolutely convergent by the Ratio Test. 
k=1 ` 


ak 


lim 


k— oo 


lim |———— - = 
tm |e 1| ~ k-co RF 


Since the terms of this series are positive, absolute convergence is the same as convergence. 


—(k+1) 
li lc ecd Mea Mee ten = lim Best et) = £ lim LELIK = lg) = E « 1, so the series 
k—oo| ak k—oo ke-* k—oo k € k—oo 1 € € 


5 ke" is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute convergence is the 
k=1 


same as convergence. 
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An+1 


lim 


noo 


10771 (n+1) —| 


. ; 10 n+1 5 ME 10" 
Jim. aes : 107 = lim E: : ) E 1, so the series > 


n=>œ\ 4? n+2 n=1 (n+ 141 


an 


is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute convergence is the same as 


convergence. 
| @n41 , (n-4-1) 100" . nti sm oW. oz : 
Jim d. | E Jim. | TO ae Jim. 109g ^ 99:39 the series 2 100 diverges by the Ratio Test. 
20 [n4 : (n+1)r™*? (-3)-! . "T n+l nm, 14+1/n_ ~ T 
I Lu = 1 . =.= | = -(1l)= 1, so th 
el | Jim 73s ice ul qeu m. ood ue 


series 5 Ea diverges by the Ratio Test. Or: Since lim an| = oo, the series diverges by the Test for Divergence. 


n=1 


co [anpi | |(n+1) (=10)°t! , icd 1 p" i 1 
l ced ge e N a laa Se) See 
ndo] an | n> | (—10)"#2 m0 neo |—10\ m eet! TA 19) = 39 <1 

as 10 
so the series 57 Cope is absolutely convergent by the Ratio Test. 

n—clV 

d ! 

fu | eer sce EOS - DORMI s. nb c pu quur ECOSK REP DIDI cod. SÉ coo ee here 
n—oo| an n—oo (n+ 1)! cos(n7/3) n—oe | (n + 1) cos(n7/3) noo n+ 1 


o9 cos(nm/3) 


0 < c € 2 for all positive integers n), so the series $7 is absolutely convergent by the Ratio Test. 


n=1 n! 
. a +1! n” (n + 1)n” : n” : 1 1 
l Hi Qi ia =] = 1 == <1,soth 
sexes [is | 7 Rees [pent all was Or ED ET "acies (ART "wee tale ec 


2 eS nl ; 
series $7 gn absolutely convergent by the Ratio Test. 


n=1 


solaa MEM | (n + 1)t100”+ n! so A00. /n+1\®° 100 NA 
lim li . = lim = lim 14 
n—00| An noo (n + 1)! n100100” n—oo n + 1 n noo n+1 n 
=0-1=0<1 
o» n0100” 
so the series $7 m is absolutely convergent by the Ratio Test. 
nz s 
.  |an4i ] [2(n -- 1)! (nl)? .. (2n - 22(2n + 1) .. (242/n)\(24+1/n) 2.2 
I = | . = | E = =4>1 
sedi | esol o . he UEEDGREI) cese Fm lal. 3 
eS. (amy). : 
so the series $7 (nl)? diverges by the Ratio Test. 
n=1 
—1)" ! qn at = 
lim |^ = lim (—1)" (n +1)! 1:3-5 (2n — 1) 2 lim 2 1 
noo} An n>oo/1-3-5----- (2n — 1)(2n + 1) (—1)"-1!n! n—oo 2n + 1 
2 l1-l/n 1 
ns bs ga 1/n 2 E 1, 
. 2! 3! 4! 
so the series 1 ay 3-5 1.3.5.7" + ( Dea 3 ST quoq iS absolutely convergent by 
the Ratio Test. 
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2 2.5 2.5-8 2-5-8-11 o OB CET bees] (3n — 1) 
+= Tem HSE 
3 3.5 3.5.7 3-5-7-9 nca 3:5. 7-9... (2n 1) 
fn [20] = tm [25:877 Gn - Dn 62). 3:5: 7. n 1) 
n>œ| an | 99 93D Toce (HF D(2RES) 2-5-8- (3n — 1) 
noo 2n-F3  n>0243/n 2 
so the given series diverges by the Ratio Test. 
. an+1 | [24-6 (2n)(2n + 2) n! . 2n4+2 . 2(n+1) 
l l . = 1 I 221 
Pence rn Jim | (n+ 1)! 2.4-6- (2n)| n>% n41 n>% n+I nom 
oo 2.4.6... 2 : f 
the series 57 Ped Ge Gn) diverges by the Ratio Test. 
n=1 * 
RFL ! SBSVPBLU eee um 
ios leal 27H (n +1)! 5.8: Qn2) gm 20D L2 ci sote 
noo] an n>00]5-8-11----- (3n + 2) (3n + 5) 2rn! noo 38n+5 3 
series PN 1)" zm is absolutely convergent by the Ratio Test 
Ses DI sse: (3n + 2) 5 ad 
241 1+1/n? 1 oe 241)" 
lim V/la,| = Jim. I = Jim. es a5 < 1, so the series p» (ES) is absolutely convergent by the 
Root Test. 
ie eerie a cu Cee) be E wag sS (= 2)" 
lim i/|a4| = lim "m lim Um 0 < 1, so the series 57 un absolutely convergent by the Root Test. 
noo noo noo n=1 
lim ¥/|an|= lim 7 Gs sal lim = 0 < 1, so the series 3 ee P i is absolutely convergent by the 
noo noo (In n)" noo Inn d n=2 “(Inn)” n)? 
Root Test. 
Ln NP 95 nd 1 
lim Y/lan|= lim 7? — 32 lim — 32 lim 
n 
= 32(1) = 32 > 1, 


oo 
so the series 57 


n=1 


n 


lim &/la4,| = lim $ 
— O00 TL— oo 


n+1 


5n 
( =) diverges by the Root Test. 


egy 


diverges by the Root Test. 


oo co (—1)"Inn Inn 
an = 
2 >, n n=2 
' g.i—hmnaz.1 1-1 
(=) = = <Owhenlnz >lorz>ex 
z x Z 


n=0 


2.7. Also, lim bn 


noo 


1 TL . i oo 
(: E 2) = e > 1 [by Equation 3.6.6], so the series $7 (: + 
n=1 


= lim 


Inn H 


1 n 
n 


= YO (-1)"bn. Now b, = => 0 for n > 2, and (b, } is decreasing for n > 3 since 


1 
lim Hn 


n—oco Nn 


n—oo 1 
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oo 
lim ¥/lan|= lim &/|(arctann)"^| = lim arctann = $ > 1, so the series ` (arctan n)” diverges by the Root Test. 
eo n-—o0o noo 


— 0, 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
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oo 
so the series X converges by the Alternating Series Test. To determine absolute convergence, note that 


n=2 n 


I 1 E Lou : ; La seal A ids ds 
==" s = forn > 3, is divergent by direct comparison with $^ —, which is divergent. 
n n 


n=2 N 


conma 


T, 


(—1)” lnn 
n 


Hence, 27. [DE r = is conditionally convergent. 


l-n \” 
2+ 3n 


absolutely convergent by the Root Test. 


lim $/|a,| = lim 7? 
"T —oo T 


—2oo 


=] 1-1 1 1- n 
= im BOK = dm PIED = 5 < 1 sote series X> (2 z) is 


n=1 


(-9)"*! n10^* 
(n4-1)10n*2 ^ (—9)n 


9 1 9 9 
li yes 1, so th 
Sigs pA. quU) Sus Pede 


An+1 
an 


= lim 


noo 


lim 


noo 


— | (—9)n 
10(n + 1) 


n-—oo 


o (79). 
series 5 m is absolutely convergent by the Ratio Test. 
n=l 


prd) Wt qot 
10772 n 52n 


An+1 
an 


lim 


noo 


2 
— lim SATE ed lim (1+) = (1) = g > 1, so the series 
n 


noo 


2n 
5 kudi diverges by the Ratio Test. Or: Since lim an = œ, the series diverges by the Test for Divergence. 


(us) : 
Inn 


n x 1 n 
Eun Me i ee e dus aues th Ys ) 
1m im im 1m Y= OO, SO e series In Ex 


n—oo Inn zoo nz zoo l/r 100 = 


lim $/|a,| = lim $ 


noo noo 


diverges by the Root Test. 


sin(n7/6) 
1c nn 


1 sin(nn/6) 


1 
Sina carp tothe series o SI rum 


converges by direct comparison with the convergent p-series 


oo 


1 ; eee: 
» 18/2 (p— 3 > 1). It follows that the given series is absolutely convergent. 


(—1)" arctan n 
n2 


(—1)" arctann 
n? 


g oo 2 oo 1 oo 
< 2h , SO since 2 zo = = 7 2 zz converges (p (p = 2 > 1), the given series 2 


converges absolutely by the Direct Comparison Test. 


Ya a eee X (-1)"b,. Now b, = > 0 for n > 2, {bn } is decreasing for n > 2, and lim b, = 0, 


ac E = 2 /nlnnn ~= J/ninn = z n—0o 
(-1)"* (—1)” | __ 1 a lio 6.4 
5 /ninn Jninn y/nlnnn ^ nin n 


oo 
for n > 2, so the series $7 
n=2 


so the series 2 


converges by the Alternating Series Test. Also, observe that 


(She 
Jninn 


[p = 1 < 1]. Thus, X> = is conditionally convergent. 


nao V/nlnn 


oc ud 
is divergent by direct comparison with $7 —, which is a divergent (partial) p-series 
n 


n=2 


5n +1 
4n 4- 3 


An+1 
an 


= lim 


noo 


By the recursive definition, lim 


noo 


5 ; ; ; 
| = 1 > 1, so the series diverges by the Ratio Test. 
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36. 


37. 


38. 


39. 


M. 
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By the recursive definition, lim Tl li m — 0 « 1, so the series converges absolutely by the Ratio Test. 
n-—oo Qn n—oo TL 
. & bs cosnm oo n Un : 1 
The series 57 —— —— = 5(-1)"—., where b, > 0 forn > 1 and lim b, = =. 
ml TU n=l TU n— oo 2 
n+1pn+1 n 
T A — b ; 1 1 fo OB À 
Jim. oa ES dim. cy wr p i : (DUE = Jim, bn = T "m 30) m 1, so the series 21 — PT is 
absolutely convergent by the Ratio Test. 
Tinti ! n "E P n n 
lim [29] 5 lim (—1)" (n+ 1)! _ n”bibz::-bn| lim Cta ini n 
n—0o Qn noo (n + 1)"+1b 1b. EE bnbn+1 (-1)* n! noo br4i(n + 1)" n-oo br4i(n + 1)" 


ae a M PET E: E esu : eee ea 
noo bn+1 n+1 n—0o bn+1 1+ 1/n n—oo bn4i(1 + 1/n)” je € 


ES —1)"n! 
so the series 57 elem 


2 doeet. is absolutely convergent by the Ratio Test. 


3 3 oo 
(a) lim Aes Dye — lim 2 = lim = = 1. Inconclusive for 57 L 
n—oo 1/n? noo (n + 1) noo (1+ 1/n) nai n3 
c CL): P| ag n+1_„ /1,1\_1 . æ 
(b) im anti m im " im 5 + F z Conclusive (convergent) for > On 
xx d pese vn . n . 1 — e ea) 
l . =31 =3 1 = 3. I t) fi : 
(c) im At (Ru 3 Jim 4/z r1 3 Jim 4/4 FI 3. Conclusive (divergent) for 2 - 
IIT 2 PES Fr 
(d) lim vad z^ Dm s lim 14 5. LES z| =1. Inconclusive for 57 vn. 
n99|14- (n -- 1) Jn n—00 n 1/n? 4 (1-- 1/n) nail+n 
! L8 (nt? 
. We use the Ratio Test for the series 2 TET 
lim |24] = tim [C+D +D] | i 
(n+? 


Now if k = 1, then this is equal to lim = œ, so the series diverges; if k = 2, the limit is 


noo 


1 . . : : : ; 
= < 1, so the series converges, and if k > 2, then the highest power of n in the denominator is 


lim 


n-—oo 


[EE 


larger than 2, and so the limit is 0, indicating convergence. So the series converges for k > 2. 


20 [641 . gt. nl . x . 1 
(a) lim | ——| = lim |—————- —|-— lim = |z| lim = |z|- 0 = 0 < 1, so by the Ratio Test the 
series »  — converges for all x. 
n=0 n: 
(b) Since the series of part (a) always converges, we must have lim - — 0 by Theorem 11.2.6. 
n-oco m: 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


SECTION 11.6 THE RATIO AND ROOT TESTS 1103 


An+2 An+3 An+4 
42. (a) Rn = an+1 + àn42 + Gn43 + Qna d i = angi 1+ + + Tees 
An4+1 An4+1 An4+1 
An+2 Qn-4-3 Gn+2 Qn-4-4 Qn--3 An+2 
= @n41{ L+ A et eee 
An+1 An+2 An+1 Q5--3 An+2 An+1 
= angi(l + rngi + Tn42fn+1 TnisTha2Tn4i boss) (9) 
; i : An+1 
Sanui(ltrngitragi +r +) [since {rn} is decreasing] = ae 
— Tn41 


(b) Note that since {rn } is increasing and rn — L as n — oo, we have rn < L for all n. So, starting with equation (x), 


an 
Rn = an4i(1 + nua c Tn2Tngi +T Tn43fn42fn+1 +*+: ) < an4ı(1 tL f? zs L’ he -) = 1 2s 


5 d 1 1 1 1 1 661 : 
43. (a) s5 = Y = -+-4+—+ & 0.68854. Now the ratios 


nai n2” 2 8 24 64 160 960 
ioe NE ne = ——" __ form an increasing sequence, since 
"77a — (n412n Wn +) neste 
n+1 n (n +1)? — n(n +2) 1 ; 
n4l — fn = LL———A— roo EE OOo Fo SO. So BYE 42(b), th: 
Tnt1—7 2542) nti) n+ Din +2) 2531m43)^ o by Exercise 42(b), the error 
m as 1/(6- 2°) 1 
Rs < —— = I = — x 0.00521. 
m using $5 18 its S te YR ^ 1-1/2 192 
" 2 
(b) The error in using sn as an approximation to the sum is Rn = ntt eee We want Rn < 0.00005 & 


1 n : 
1-Ii then 


1 
CESPA < 0.00005 < (n+ 1)2" > 20,000. To find such an n we can use trial and error or a graph. We calculate 


11 1 
(11 +1)2" = 24,576, so $11 = Y — a7 © 0.693109 is within 0.00005 of the actual sum. 
n=l 


10 n 32.3 10 : any n+1 2? n+1 1 1 
44. = = +++ + LL 7 1.988. The rat = = . = = 1 fi 

510 P» REC IE a 3094 e ratios r de pun 25 3 Eo orm a 
; 11+1 12 6 : May , 

decreasing sequence, and r1; — 20D = TI < 1, so by Exercise 42(a), the error in using 510 to approximate the sum 

9 n ai ois 121 
f th i LE < = 2048 _ — = 0.0118. 
o RERO. 5" is Rio < ara - © ~ 10340 0.0118 


45. (i) Following the hint, we get that |an| < r” for n > N, and so since the geometric series }>°°_, r” converges [0 < r < 1], 
the series 3^7 y [an| converges as well by the Direct Comparison Test, and hence so does $77. , |an|, so 3 7. , an is 


absolutely convergent. 
(ii) If lim Y/|an| = L > 1, then there is an integer N such that V/|as| > 1 forall n > N, so |as| > 1 for n > N. Thus, 


lim an 4 0, so * 7^ , Gn diverges by the Test for Divergence. 


ET : oo UL eas NEN . a : 
(iii) Consider X; — [diverges] and $% — [converges]. For each sum, lim %/|an| = 1, so the Root Test is inconclusive. 
n n=1 n Tree 


n= 
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! n4 4n 
46. (a) lim |2%2| = tim [4(n + 1)]! [1103 + 26,390(n + 1)] | (n!)* 396 
n—00| an n—00 [(n + 1)!]4 39620 D (4n)! (1103 + 26,390n) 
_ (4n 4- A)(4n + 3)(4n + 2) (4n + 1)(26,390n + 27,493) 4* 1 
— lim = =- <i 
n—00 (n + 1)4 3964 (26,390n + 1103) 3964 994 
.  & (4n)! (1103 + 26,390n) 
so by the Ratio Test, the series 2 (n1 396" converges. 
1 242 = ! (1103 + 26,390n 
(b) > (4n)! ( ae ) 
- 9801,55 (n!)4 396 
.2Vv2 1108 


T & 3.141 592 73, so we get 6 correct decimal places of 7, 


With the first term (n — oe ~ 980] 1 
T 


which is 3.141 592 653 589 793 238 to 18 decimal places. 


T £: 3.141 592 653 589 793 878, so 


! 
With the second term (n — 1), 1 z ae (= a DCUM) 


we get 15 correct decimal places of 7. 


11.7 Strategy for Testing Series 


SS x d oo f1\” | nac 1 : 
1(a SS —=>> (s) is a geometric series with ratio r — B Since |r| = 5 < 1, the series converges. 


1 1 eo . : JM ; D 
< — forn > 1,so 5 converges by direct comparison with $7 pu which converges because it is a 


( br +n 5^ x nci O° +n n=1 


: ; : 1 
geometric series with |r| — 5 « 1. 


n oo 1 
2. (a) b» ( on X (Hbr. Now, bn = TA”? 0 for n > 1, {bn} is decreasing for n > 1, and lim b, = 0, so the 


noo 


series converges by the Alternating Series Test. 


(b) ear is a p-series with p = z > 1, so it converges. 
" An+1 , n+1 3" = n = n 1 1 
d eg loge ae alo ee Bm ee (s j x) a ( Evo 


oo 
so the series X a5 is absolutely convergent (and therefore convergent) by the Ratio Test. 
n=1 


3 u EU "T 


(b) lim — — lim = œ, so the series $7 — diverges by the Test for Divergence. 
no n noo n=1 N 
Q0 nl ; 1 
4. (a) lim mem lim (1+ "P = 1 Z 0, so the series Se —— lioe by the Test for Divergence. 
n—oo n-—oo n—1 
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1 1 1 Es en 
(b) lim |a,| = lim k- m | ed Que cds (: + x) = 1 Z 0, so the series $7 (ppm i diverges by 
noo noo TL noo TL noo TU n=1 
; . 4,nT1 : 
the Test for Divergence. |Note that lim (—1)" —— does not exist. 
noo T 
on : F n 1 
5. (a) Use the Limit Comparison Test with an = — and b, = —. 
n? 41 n 
200 An n? 1 : Sri. . ; . . 
Jim. m = Jim p Jim 5 IX1/S = 1 > 0. Since 2 zis the divergent harmonic series, the series 


also diverges. 


as 2 
n 
2 n? +1 


noo n=1 


ey Adler n \" , n . 1/n 0 So 7 
(b) Jim V/la,| = lim (=) = lim mu Qo mq Li Sa = 0 < 1, so the series $7 (ah) 


converges by the Root Test. 


1 
6. (a) an >= L for n > 3, so x: an diverges by direct comparison with S = which diverges because it is a p-series with 


n=1 n=1 


DETS T, 


1 : : "T , : 1+1 
(b) Let f(x) = ——. Then f is continuous and positive on [10, oo), and also decreasing since f'(x) = a uA « 0 for 
zing a? (In x)? 


oo 


t 
x > 10, so we can use the Integral Test. f dx = jim [in [In z| | = Jim [In(In t) — In(In 10)] = co, so the 
—oo 10 —2oo 


10 eine 


1 
series 2 —— diverges. 
n=10 n ninn 


1 1 oS 
— < — < fe > 4. Thus, 
ncn o n+n? n? PIE T Lh ES 


7. (a) Since n! > n? for n > 4, we have ; converges by direct comparison 


ee ub 
with 57 —, which converges because it is a p-series with p = 2 > 1. 
“n 


1 1 1 1 
(b) = TE — p — L for n > 1, so » (E+ J Z) diverges by direct comparison with D T which diverges because it is a 


n=1 


p-series with p = 1 < 1. 


8. (a) Use the Limit Comparison Test with an = L and bn = 1 
n? +1 n 


lim ® = lim Z = lim 2 = lim : =1>0. Since 57 E is the divergent harmonic 


n—oo bn n= yn? +1 n—00 n /1+1/n? noo /1 + 1/n? n=1 


also diverges. 


1 
n=1 y n2 + 1 


1 1 1 . . A» Oey rb . 
(b) —— < = — = — forn > 1,so SELER oes by direct comparison with $7 —;. which 


nvn?+1 nyn? nen n=l — n=1 n 


converges because it is a p-series with p = 2 > 1. 
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2 
det : : — 1 
9. Use the Limit Comparison Test with an = “ and b, = —: 
n n 
2 3 2 
» —1)n ; — . 1-1 ; oo dos : ; : 
lim R^ _ lim Am T Jn = im T + = im 1x Dus =1> 0. Since 2 as the divergent harmonic series, the 
series 275 L also diverges. 
10. Z 1 ELE AE 1 for n > 1, so 2 n=l converges by direct comparison with 2S L , Which converges 
BHIOBALL m3 n CC n3 +1 SUY p en x 


because it is a p-series with p = 2 > 1. 


2 
oo oo n 1 
11. ` —1)” = ` —1)"b,. Now bn = fi > 2, {bn} i ing fi 22, li bn = 0, 
E A, ) n3 1 y ( ) [9 n3 > 0 orn { } is decreasing orn and lim 0 SO 


TUM —-1 : : ; eo =I. : 
the series X (—1)" 48.1 COnverges by the Alternating Series Test. By Exercise 9, $7 E mne diverges, so the series 
n=1 n=1 


2 

eo 2x]; Ps 

5 (-1)” “ "rs conditionally convergent. 
n 


n= 


an 


oo 2 
= 1 Z 0, so the series $7 (—1)" - 
n=l 


12. Jim |an| = lim |(—1)" 


n—1| , 1-1/n? 
noo n? 4-1 


-1 . 
im 1 Tij 1 diverges by the Test for 


2 
; ; -1 ; 
Divergence. [Noe that lim (—1)” “ does not exist. 
dua cR S E a lim f = oo; Thus, the series 9! 5. di by the Test for Di 
mam z2 Pe z um 3 OO, SO sim og = oo. Thus, the series 2 verges by the Test for Divergence. 
2n 2 2n 
n n 1/n 0 n 
14. lim V/|an| = Jim t —— = lim ——, = lim ———, = - = 0 < |], so the series — 
n jan] (+n)? noe» (1--n)? n=>œæ (1/n + 1)? E p 1 (1+ n)9n 


converges by the Root Test. 


15. Let f(x) = . Then f is positive, continuous, and decreasing on [2, oo), so we can apply the Integral Test. 


zvln 
PAN | es = fw? du = 2u? ec = 2Ving + C, we find 
zvlnz 


du = dx/x 


co dx t 
= lim = lim [2m zl jim n (2 vlnt —2V1n 2) = oo. Since the integral diverges, the 
/ rvlnz im [ — avin t—oo s à 


oo 
given series $7 
n=2 n vlnn 


diverges. 


(n--1) 4" 


= lim 


noo 


lim (14 1 z Ly ! « 1, so the series 
oo n] 4 E d 


n 


ALE 


noo 4n4 


= 4 
YS (= [9 T is absolutely convergent (and therefore convergent) by the Ratio Test. 
n=1 
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18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 
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2n4-2 2 2n 
g An+1 T (2n)! ! T E. ACE . 

l = —— >] = lim L—————-—0«1soth —1 bsolutel 
d m no | (Qn +2)! m^ Pare (2n + 2)(2n + 1) MEUSE > ) (2n)! id 
convergent (and therefore convergent) by the Ratio Test. 

20-23 : : 2 1 x(2 EX 32?) : 
Let f(x) = z^e ? . Then f is continuous and positive on [1, oo), and f'(x) = ———;—— < 0 for xz > 1, so f is 
ex 


t 
decreasing on [1, oo) as well, and we can apply the Integral Test. [7° 12e-7 dx = lim [-3e°""] = dL, so the integral 
1 


i—0oo 3e? 


oo 
s NV 
converges, and hence, the series X n?e” converges. 
n=1 


eo 1 1 eo. d oo f/1N* ) . - . : 
j3 (4 H ) 25 n8 + >> ( 5) . The first series converges since it is a p-series with p = 3 > 1 and the second 
nzl n=1 n=1 


series converges since it is geometric with |r| = i < 1. The sum of two convergent series is convergent. 


1 1 1 eo 1 . . : NDS 
converges by direct comparison with the convergent p-series $^ — 


L————À = 7,80 =, 
kV/k24-1 kyk k 2 kyk? +1 im 


(p=2> 1). 


3"t1(n+1)? n! 


3(n+1)? — lig 2+1 eo 3"? 
(n +1)! EZE e 


= 0 < 1, so the series $7 
n=1 


ES Nord (n + 1)n? ES d n 


n! 


converges by the Ratio Test. 


2a : < : E the seri S sinen converges by direct comparison with the geometric series 
= , so the series 
Tp2"|~Tpor ^ 924 (2 AETI BET p 5 
> (5) with |r| = 4 < 1. Thus, the series 7 ITA converges absolutely, implying convergence. 
n=1 n=1 


gk=1gk+1  gko=1gkg1 Ap ut e x Ys n 6 
ak = pr = p dup . By the Root Test, im z) = jim, os 0 « 1, so the series 


" P oo gk-1gk+1 œ 3/gW 
>> | — ] converges. It follows from Theorem 8(i) in Section 11.2 that the given series, $7 z ; 
ka \k k=1 kk ka 2\k 


also converges. 


ynt +1 1 


Use the Limit Comparison Test with an = 3 and b, — —: 
n? +n n 
[pA [m4 2 /1 +1/n4 oo 
lim 22 = lim Bde — lim R A = lim E = 1 >Q. Since 5 i is the divergent harmonic 
noo bn n—oo n(n? + 1) n—oo (n? + 1)/n? noo 1+ 1/n? 4c n 
oo [p4 
series, the series $7 aes also diverges. 
n=1 M +n 
z an+1 1-3-5----- (2n — 1)(2n +1) 2-5-8----- (3n — 1) . . 2n-1 
I I , E 
Fudge sim |5 SS vg (8n- 1)np2) 133556 Qn—1)| ^ 3n +2 
. 2+1/n 2 
= 1 = 1 
ison. oat 
08 1.3.5... 2n — 1 f 
so the series 2 9: s - —— " — z converges by the Ratio Test. 
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26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


35. 
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bn = 


n—1l 
for n > 2. {bn} is a decreasing sequence of positive numbers and lim bn = 0, so by oe MUN 2 


1 
vac n aci 


the Alternating Series Test. 


converges by 


l -1 l ; a 
Let f(x) = VE Then f'(x) = -— < 0 when In z > 2 ora > e?, so NA is decreasing for n > e°. 
A e . Inn . 1/n . 2 "ENS ,inn 
By l'Hospital's Rule, lim —— = lim ——————- = lim —= = 0,so the series $5 (—1) Um converges by the 
œ yn n=1 n 


Us cubus) 


Alternating Series Test. 


3 3 3 1/3 oo 3 
k—1 k k k 1 — 
ak = VE « VE « MI = so the series 2 VE 


k(Vk--1) "k(Vk--1) kvk KW  kr/e zi k(V/k + T 


1 
with the convergent p-series a Re (p = z > 1). 


converges by direct comparison 


lim |an| = lim |(—1)” cos(1/n?)] — lim |cos(1/n”)| = cos = 1, so the series Y; (—1)" cos(1/n?) diverges by the 
noo noo n— o0 n=1 


Test for Divergence. 


1 : ; . 
im. lax| = Jim Z7snk im, ery which does not exist (the terms vary between 3 and 1). Thus, the series 
PA z, diverges by the Test for Divergence. 


: E , F 1 1 
Using the Limit Comparison Test with an = tan( =) and b, = —, we have 
n n 


2 MEN 
lim 2% = jg, 20/9 — jm fan(1/z) H jim sec (1/2) (71/2) _ in sec^(1/z) = 1? = 1 > 0. Since 
>> b, is the divergent harmonic series, X` an is also divergent. 

n=1 n=1 

lim an = lim {nsin t lim BC. lim sing = 1 z 0, so the series 3 n sin(1/n) diverges by the 
noo EN noo TL noo 1/n gadt. dX > n=1 8 y 

Test for Divergence. 

4 — cosn 4—1 3 ceeA4—c 3 


osn ,. : ; rh ie ; : 
x forn > 1,so $ diverges by direct comparison with 57 which diverges 
TL 


OC yn m ec nit 


because it is a constant multiple of a p-series with p = i <1. 


—1)" bate a ae 
lim an = lim Bep lim E + ca] . This limit does not exist since 8/n — 0 as n — oo, but (—1)” 
noo noo TL noo TU 
. e 84+(-1)"n ,. : 
alternates between 1 and —1. Thus, the series $7 E— n diverges by the Test for Divergence. 
2 2 

: wat) sas sg (n-1! e" | ,. (n-li)W.e" — mn-c-l | e qui 

Use the Ratio Test. Jim o Jim. SUEDE ait Jim. ont anda Jim ETE 0«1,so 2 um» 


converges. 
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2 n 2 2 
MESI 20 n4l : n^t2nt2 5 . 1+2/n+2/n° 1 1 coon +1 
neal an ter coe ES per- ee) eA ue 8) MEL 


converges by the Ratio Test. 


9] l T T el i 
37. f 2? de = lim | 2x | [using integration by parts] E 1, So > E converges by the Integral Test, and since 
go UR x x n 


1 n=1 


klnk klnk lnk oo k 
« = , the given series converges by the Direct Comparison Test. 
(k +1) k3 k2 g > (k +1)? d p 


38. Since 5 is a decreasing sequence, e!/" < e!/! = e for all n > 1, and > 2 converges (p = 2 > 1), so 57 £ 7 
n n=1 n Ty 


n=1 


converges by the Direct Comparison Test. (Or use the Integral Test.) 


Em —1)" bn. Now bn = 
cosh n 2 ( ) M cosh n 


> 0, {bn } is decreasing, and lim b, = 0, so the series 


39. S an = 1? 


converges by the Alternating Series Test. 


, 1 2 2 c EN RN : : eo , 
Or: Write PE e « a and 2 zs isa convergent geometric series, ux emm convergent by the 
; ; an DE 
Direct Comparison Test. So $7 (—1)" SOS is absolutely convergent and therefore convergent. 
n=1 
40. Let f(a) = Va Then f(x) is continuous and positive on [1, oo), and since f'(x) = E MEN < 0 for x > 5, f(x) is 
i "ENS jun 2v/a (a 4- 5)? ? 
eventually decreasing, so we can use the Alternating Series Test. lim " E -- lim E —À 7z 7 0, so the series 
e ; VÍ 
—])? ——— converges. 
> ) j-5 a 
k 4 k A k k 
4. Jim ak = Jim TIE — [divide by 4*] Jim SRM — oo since žm (3) — 0 and im (2) — oo. 
oo 5* 
Thus, & ET diverges by the Test for Divergence. 
ES mE l » n! o n n—1 n—2 n-3 i 
ry Jim, lan] m lim 4 lim n4 lim n ` n ` n n ( 4) 


me 30-30-3e-]- 


oo n^ 
so the series $7 (n!) diverges by the Root Test. 
n=1 N me 


2 


43. lim %/|an| = lim me = lim : = : ee < 1, so the series » B 
E emp "t mee n+1 ^ n—0o0 (n +1) /n]” - lim (1+1/n)" e d n=1 n+1 


converges by the Root Test. 
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1 1 1 Se . : . E 
> = —. Thus, diverges by direct comparison with X 5n? 
n 


0 < ncos? n € n, so ———.— > —— LE 
n-ncos*n n+n 2n nei N +N cos nci 2n 


which is a constant multiple of the (divergent) harmonic series. 


1 


an = = 1 so let bn = 1 and use the Limit Comparison Test. lim 2^ — lim EN 1>0 


nitl/n n- ni/n ? n n—009 On noo ni/n 


oo 
[see Exercise 4.4.63], so the series 57 diverges by comparison with the divergent harmonic series. 
n=1 


1 
mitli/n 


1 Inl : 
. Note that (In n)^ " = (eon) c (a) nmr c gi??? and InInn — oo as n — oo, so InIn n > 2 for sufficiently 


nn 1 1 H eo 1 
large n. For these n we have (In n)" " > n?, so — iy € z3. Since »; — converges [p = 2 > 1], so does 
(Inn)"" n n=2 n 
eo 1 : ; 
S — Mss by the Direct Comparison Test. 
n=2 (Inn) 


lim fan] = lim (27^ —1) =1—1=0 < 1, so the series 3; (V/2 — 1)" converges by the Root Test. 
n—oo n—oco n=1 


. Use the Limit Comparison Test with an = v2 — l and bn = 1/n. Then 


1/n . l/z — Efe Nm 2 
lim. S6 cdd b cert IS 5E IMET, aeo i) esq qud nd o. 


So since $7 bn diverges (harmonic series), so does 57 ( V2 — 1). 
n=1 n=1 
1 


Alternate solution: W/2—1= 20-1072 203/58 320-978 4. 3 218 31 


TC 1 
[rationalize the numerator] > 3: 
n 


, eo su LS 1 ; : ee ; ; 
and since 57 one. 5 A diverges (harmonic series), so does $7 (V2 — 1) by the Direct Comparison Test. 
n=1 n=1 n=1 
11.8 Power Series 
A power series is a series of the form 255-8 Cnx” = Co + cim cox? + car? +--+, where z is a variable and the c,,’s are 


1. 


2. 


constants called the coefficients of the series. 
More generally, a series of the form $77? , c, (x — a)" = co + c1 (x — a) + c2(x — a)? +--+ is called a power series in 
(x — a) or a power series centered at a or a power series about a, where a is a constant. 
(a) Given the power series ? 7- , Cn (z — a)”, the radius of convergence is: 
(i) 0 if the series converges only when x = a 
(ii) oo if the series converges for all x, or 
(iii) a positive number R such that the series converges if |x — a| < R and diverges if |x — a| > R. 


In most cases, R can be found by using the Ratio Test. 
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(b) The interval of convergence of a power series is the interval that consists of all values of x for which the series converges. 
Corresponding to the cases in part (a), the interval of convergence is: (i) the single point {a}, (ii) all real numbers; that is, 
the real number line (—oo, oc), or (iii) an interval with endpoints a — R and a + R which can contain neither, either, or 
both of the endpoints. In this case, we must test the series for convergence at each endpoint to determine the interval of 


convergence. 


. Ifa, = Ee then lim 
n 


= lim 


NX 1 
n+l n—o \ 14 1/ 


noo 


J = |x|. By the Ratio Test, 
n 


Gn 


n 


oo 
the series 5 converges when || < 1, so the radius of convergence is R = 1. Now we'll check the endpoints, that is, 


n=l 


n 


8 
Il 
Q 


oo 1 oo 
-1. When x = 1, the series $5 — diverges since it is the harmonic series. When x = —1, the series 57 
TL n=1 


n=1 
converges by the Alternating Series Test. Thus, the interval of convergence is [—1, 1) . 
. Ifan = (—1)"nz", then 


(—1)**! (n ES D)" 
noo (-1)* na" 


— lim |( + +) kl = |x|. By the Ratio Test, the 


oo 
series $5 (—1)"nz" converges when |x| < 1, so the radius of convergence R = 1. Now we'll check the endpoints, that is, 


x = +1. Both series X` (—1)"n(+1)” = 7 (F1)”n diverge by the Test for Divergence since lim |(F1)”n| = oo. Thus, 
n=1 n—oo 


the interval of convergence is J = (— 1, 1). 


/, n+l 1 
. Ifan = yn zr”, then lim ntt — lim | D DU — lim ants z| = lim ,/1+— |a| = |x|. By the Ratio 
noo Qn noo yne” noo n noo TL 


Test, the series $5 y/n z” converges when |x| < 1, so R = 1. When x = +1, both series $5 y/n (-E1)" diverge by the Test 
n=l 


n=1 


for Divergence since lim |j/n (-E1)"| = oo. Thus, the interval of convergence is (—1, 1). 


—1 T T 
. If an = c then 


(Hgt oa (-)e4n 


| 1 
lim | 29H li = lim $?/————- |z| = |z|. By the Ratio Test, 
n—090| An n—oo Jn + 1 (—-1)"z^ moro 3/n 4- 1 1 Acioo 1+ 1/n | | | | y 
the series X VES converges when |x| < 1, so R = 1. When x = 1, the series » ED converges by the Alternating 
n=1 yn ° ' ^ n=1 yn 
: nS bon Es f ; 
Series Test. When x = —1, the series 57 == diverges since it is a p-series (p = i < 1). Thus, the interval of convergence 
n=1 n 
is (—1, 1]. 
n pere unm 1 1 1 

. Ifa, = = x”, then Jim anit = im kg DE DERIT Jim = g= Jim 5 + 5n |x| = T By the 


Ratio Test, the series $7 = x” converges when E «1 e |a| <5,so R= 5. When x = +5, both series 


n=1 
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5 m=) = >> (+1)"n diverge by the Test for Divergence since lim |(+1)"n| = oo. Thus, the interval of convergence 
n= n=1 n—oo 
is (—5,5) 
n n+l „n+l 
. Ifan = 5. Piden lim [2H] = li TARTEL g| = |x| | = 5 |z|. By 
n n—oo An n—oo (n + 1) 5n gr n=>œ|n +1 noo \ 1+ 1/n 


oo gs 1 1 1 vnde | 
the Ratio Test, the series 57 vod converges when 5|r| <1 <= |a|< gi 80 R= E When x = 5 the series X` — 


n=2 n=2 n 


(=)" 


n 


; TRO. . i ; 1 ms . ; 
diverges since it is the (partial) harmonic series. When « = — 5 the series X converges by the Alternating Series 
n=2 


Test. Thus, the interval of convergence is l-5 3i 


575 
n n+l n 
Ifan — , then lim n+l! _ lim E de lim Dol: = lim lz| ] = LN 
3n n—00o| an noo (n + 1) grtl gn noo 3(n + 1) nso \ 34+ 3/n 3 
the Ratio Test, the series $7 5,34 converges when A «1 e |z|<3,so R= 3. When x = 3, the series $7 z diverges 
n=1 n=1 
UNE : . .. & (-1)* , f 
since it is the harmonic series. When z = —3, the series $7 converges by the Alternating Series Test. Thus, the 
n=1 n 
interval of convergence is [—3, 3). 
Ifa, = E x”, then 
1 
5 pat 1 242n4+1 1+2 1/n? 
lim 24] = [usu d = lim |2 727 7 Taek x| = lim IO TL |x|} = |z]. 
n—0o0| An n>œ| (n+1)+1 na" n—o0o n? + 2n n—0o 1-4 2/n 
. ES 5 . & n(+1)" 
By the Ratio Test, the series $7 x” converges when |x| < 1, so R = 1. When x = +1, both series 5; ———— 
n=1 n + 1 n=1 N E 1 


: : . : ; zr ; ; 
diverge by the Test for Divergence since lim 2 i= 1z 0and lim n( i ) does not exist. Thus, the interval of 
n 


noo n n—oo 


convergence is (—1, 1). 


n n+1 
n i 2n — 1 . 2n —1 ] 2—1 
Ifa, — — , then lim ont) — jim |= qm = lm (= |x|) = lim ZUM |x| | = |z|. By 
2n— 1 n—0o0| An n—oo|2n +1 x” n=>œ | 2n +1 noo | 2+ 1/n 
the Ratio Test, the series 57 7 X j converges when |x| < 1, so R = 1. When x = 1, the series 57 ET, diverges by 
n=1 = n=1 = 
direct i ith S : since > 1 and : 22 : diverges since it is a constant multiple of the harmonic 
in mparison wi I LI = — 
alae Lm m17 9n Den E 
: .. e (-1)" : ; . 
series. When x = —1, the series 57 On Onverges by the Alternating Series Test. Thus, the interval of convergence 
n=1 UU 
is [-1, 1). 
Ifan = = E , then 
n 
" TE n-4d1,.n-1 2 zx 2 2 
jas [eei es qua [Rmus o ae oi e CERTUS e 2 | ||| = 1?-|e| = lal. 
n>œ| An noo (n+ 1)? (—1)"a2" noo | (n + 1)? noo n+1 


[continued] 
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cp” 


n2 


(=1)"2" 


n2 


oo oo 
By the Ratio Test, the series $7 converges when |x| < 1, so R = 1. When z = 1, the series X converges 
n=1 n=1 


: : DRE RS Adieu : : 
by the Alternating Series Test. When x = —1, the series * 7 — converges since it is a p-series with p = 2 > 1. Thus, the 
n=1 M 


interval of convergence is [—1, 1]. 


x” 
Ifan = —, then lim 
n! 


noo 


— |z| lim — = |z| - 0 = 0 < 1 for all real x. 


£ 
n+1 


an 


So, by the Ratio Test, R = oo and I = (—oo, oo). 


Here the Root Test is easier. Ifa, = n"z",then lim %/|an| = lim n|z| = oo if x Z 0, so R = 0 and I = {0}. 


n 


x 
If an = nian? then 

n+1 A 4m 4 4 
20 | @n4i : x n4 . n x 3 n |x| 4 lel [a 
l zal . ex . zal ÉL = —. Byth 
2o | an |  n-e|(n-d-1)44mHi z^ | ndol nF E 4| me (X) 4 g cog c S 


: o ge” x c Q9 nq 
Ratio Test, the series > mI converges when i «1 e || <4,s0 R= 4. When z = 4, the series 57 E 
n=1 M n=1 n 


p” 


n^ 


oo 
converges since it is a p-series (p = 4 > 1). When x = —4, the series 57 converges by the Alternating Series Test. 
n=1 


Thus, the interval of convergence is [—4, 4]. 


a 2^*l(m 4+1)2a"tt n+1\ ; 
If a, = 2^n?z", then lim |==] = lim GEN = lim 2( 2 x| = 2 |x|. By the Ratio Test, 
n>œ| an n—oo 2ng2gyn noo n 
= 2 
the series $^ 2"n?z" converges when 2|z| <1 <=  |v| < 3, so R= 4. When = +3, both series 


T Pn? [iy em (+1)"n? diverge by the Test for Divergence since lim |(1)"n?| = oo. Thus, the interval of 


convergence is (-3, i 


— 


=] nan » —1 n+l 4n-41 „n+l 
If an = E eaten lim |24] = lim Eo . MO = lim ,/[— —. A|x| = 4|x]. 
Jn n= Qn n-—oo Vn + 1 (—1) 4^ pu noo n+ 1 


: . & (-1)" 4” ; 
By the Ratio Test, the series > ID x” converges when 4|z| <1 <= |a| « 1, so R= 1. When x = 4, the series 
n=1 


Vn 


œ (—1)" E . ee ss EE: f 
> (b converges by the Alternating Series Test. When x — -i, the series X$ —— diverges since it is a p-series 
n 


n=1 Vn n=1 


(p = 4 € 1). Thus, the interval of convergence is (— 1, 1]. 


oo _4)r-1 1 )2 ntl n 
jas d hers Sei | gm pepe. . qo gue mec ma tL HE 
nal no” n>œ| an n—oo|(n-4-1)5"*! (—1)"-iz" no>oo\n+1/] 5 5 5 
| 208 CI lal | 
By the Ratio Test, the series $7 ag. 2” converges when B «1 e |rz| « 5 so R= 5. When x = 5, the series 
n=1 
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(p 2 converges by the Alternating Series Test. When x = —5, the series $7 —— diverges since it is a constant 
n=1 ^ 


x, 


multiple of the harmonic series. Thus, the interval of convergence is (—5, 5]. 


n 
19. Ifan = ——— —— x", th 
a FFI x”, then 
: An+1 (n+1)a"*1 2^ (n? +1) n?-En?-n-1 fa 
lim | ——/ = lim E52 215... MM de dM Ee PR MM ML MUT NE dH 
n—00| an n—oo | 2 *1(n? + 2n + 2) na" noo n?-F2n?--2n 2 
og 1+1/n+1/n?+1/n? |æ]  |w| 
E ers 1 +2/n + 2/n? 2 2 
By the Ratio Test, the series » CET x” converges when a «1 e |a| < 2,so R= 2. When x = 2, the series 
n=1 
d 1 (—1)"n 
22 mu z diverges by the Limit Comparison Test with bn = —. When x = —2, the series 2 mau converges by the 
n 


Alternating Series Test. Thus, the interval of convergence is [—2, 2). 


qn a R gente n! |x a . 
20. If a4, — —-,then lim = lim . = lim = 0 < 1 for all real x. So, by the Ratio Test, 
n! n>œ| An n> | (n +1)! x?” n=>œ n + 
R = œ and I = (—oo, oo). 
Ada c2 aca dud | ope [Gem pL. z —2| lim XB pP oc. x — 2]. By the 
" DS n? --1 2 noo Qn noo (n 4-1)? +1 (a — 2)” noo (n 4-1)? +1 B DS. 
— 2)” 
Ratio Test, the series D c converges when |x — 2] < 1 [R=1] 1«r—2«1 e 1<a<3. When 
n=0 


oo 
converges by the Alternating Series Test; when x = 3, the series $7 converges by 


x = 1, the series X` (—1)” AFTI 
n=0 


n=0 n? F 1 


; : . es rl : ; 
direct comparison with the p-series Y 7 ui [p = 2 > 1]. Thus, the interval of convergence is J = [1,3]. 
n=1 


22. Ifan = CD (x — 1)”, then 


Mr | | (11) (x-1)  (2n—-1)2^ . 2n-1 |r-1| |r-1 : 

l = | = ——- = . By the Ratio Test, th 
Wow an ess] ORE DDE Cæ- 1| ausEI 2 EE re ee ae ea 
series $7 ze. a omes wien gad «1 e |r-1|«2 [R=2] 2<a-1<2 6 

ex On- 12 
—1 < x < 3. When z = 3, the series S 2n =) — converges by the Alternating Series Test. When x = —1, the series 
n=1 

ee 1 : ius . : 1 : , 

5 5 1 diverges by the Limit Comparison Test with b,, = —. Thus, the interval of convergence is (—1, 3]. 
n=1 A TL 

(x + 2)” (a + 2)"t? 2" Inn . Inn |lr-2|  |ax+2| . 
23. Ifan = —— ———,then li : ] = 
i 2^Inn' T nao | gni In(n4-1) (x4-2)" und In(n + 1) 2 Doe 

lim LU PM lim im lim lyg lim Ž tle lim (1+ 1 = 1. By the Ratio Test, the series 
n—co In(n + 1) z—oo ln(x + 1) aco 1/(x + D roo £ 1—00 x 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


24. 


25. 


26. 


27. 


SECTION 11.8 POWER SERIES 1115 


GI 


converges when «1 e |x+2|<2 [R=2] 2«r--2«2 & -4<2<0. 


= z+? 
EE 2 


n 


When x = —4, the series S CD 
n=2 


; ; nece diu, 
converges by the Alternating Series Test. When x = 0, the series 7 Im diverges by 
n=2 


the Limit Comparison Test with b,, = — (or by direct comparison with the harmonic series). Thus, the interval of convergence 
n 


is [—4, 0). 


If an = vn (x + 6)", then 


m [AGOE | 8" 
n= gt Vina + 6) 
1 |x+6| _ |z+6l| 


ze Ti 


An+1 
an 


lim 


n—oo 


By the Ratio Test, the series » Xn (x + 6)" converges when «1 e |r+6|<8 [R=8] e 


—8«r-c46«8 e -—14« x< 2. When z = 2, the series $5 yn diverges by the Test for Divergence since 
n=l 


lim |a4| = lim yn = oo > 0. Similarly, when x = —14, the series $7 (—1)” y/n diverges. Thus, the interval of 
n—oo noo n=l 
convergence is (—14, 2). 


— 2)” —2 : 
Ifan = ees then lim %/|an| = lim == = 0, so the series converges for all x (by the Root Test). 
R = œ and I = (—o0, 00). 
Ifan = CLAN then 

5n /n 

eS n+l n 2 e; E 
lim [27] = dim (2x — 1) 29 n | lim |2x — 1| "W- - m 2 1| | |2x 1 
n-oo Qn noo 5n+1, /n + 1 (2x — 1)" noo 5 m+ 1 n= 5 1 + Ua 5 
eo e — 1)” . 


By the Ratio Test, the series $7 «1 e 2rz-1|«5 e |z- 8| «$8 e 


converges when Déc 
£A Ra E 5 


oo 

; 1. ; . 

-2<a-4<3 e -2<a<3,s0R= 3. When z = 3, the series 2; a isa divergent p-series (p = $ < 1). 
n= 


.. & (-1)” ; f ' 
When x = —2, the series $7 ep) converges by the Alternating Series Test. Thus, the interval of convergence 


n=1 Jn 


is I = [-2,3). 


I 
Ifan = c x^, then 
n 


n+l 
TEES li ln(n + 1) , n 2 n In(n+1) " 
n—oo| an noo n+1 (In n) x” n>œ|n+1 Inn 
MEN" 
since lim Bru Z lim ey) = lim —— = lim ea 1. By the Ratio Test, the series 2 nny E 
no lnn noo 1/n no n--l no l-d1/n =4 n 
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converges when |x| < 1, so R = 1. When x = 1, the series 5 = diverges by direct comparison with the (partial) 
n=4 


oo 1 oo 
harmonic series 57 —. When x = — 1, the series 7 


n=4 N n=4 


converges by the Alternating Series Test. Thus, the interval 


(-1)" Inn 
n 


of convergence is [—1, 1). 


[1 


Ifa, = x”, then 

nlnn 

001A antt 

lim |= li (DE snin a lim A mn |x|} = 1-1- |a| = |z| since 
noo Qn n-oo (n+ 1) In(n + 1) (—1)"a" n— oo n+1In(n +1) 
. Inn uH. 1/n . nti , 1 : .. e (-1)” 
l =Í = | =] 14-— | = 1. By the Ratio Test, th ü 
icm c ae E T EN +2) Y be Bano Testte Kenes m aan 


(LE 


nlan 


converges when |x| < 1, so R = 1. When x = 1, the series $7 converges by the Alternating Series Test. When 


n=2 


(-1^(-1^ ga 


= diverges by the Integral Test. Thus, the interval of convergence is (—1, 1]. 
ninn nZ ninn 


oo 
x = —1, the series 57 
n=2 


an = (x — a)”, where b > 0. 


br 
lim %24] = lim (n-F1)|z -ant a = lim (1+ See gn 
n—o| an | n>% peti n|r —a|" n=% n b b C 
By the Ratio Test, the series converges when Brexdi «1 e |x-al<b [so R - 0] b«r—-acb & 
a—b«m«a-b. When [x — a| 2 b, lim |a,| = lim n = co, so the series diverges. Thus, I = (a — b, a + b). 
an = ——(x — a)", where b > 0. 
Inn 
- prt m n+l I 
lim ai li Cet) . zt = lim mri, b|x — a| = b |x — al since 
n=>œ| an n—oo In(n 4- 1) b^(x—a)"|  n»—eeIn(n + 1) 
lim LL LONE lim S E lim BE sigs lim Ž ESI lim Pe 1. By the Ratio Test, the series 
Y E reed nver hen b|r — a| < 1 |x Aen dg dart dot ead 
Inn Kr bie b b b b b 
1 1 v5 eie retis ; . : : 2c uem db. 
soR= p When z = a + p the series 57 Nus diverges by direct comparison with the divergent p-series $7 n since 
n=2 n=2 
1 


1 1 .. e (-1)* i : : 
— > — forn > 2. When z = a — +, the series $7 ev converges by the Alternating Series Test. Thus, the interval of 
Inn’ n b nZ Inn 


; 1 1 
convergence 1S I= ja— PE a+ b . 


(n 4- 1)! (2z — 1)*1 
nY(2x — 1)" 


An+1 
an 


= lim 


noo 


Ifa, = n! (2x — 1)", then lim 


noo 


= lim (n + 1) 2x — 1| — oo as n — oo 


for alla # i. Since the series diverges for all x i R= Qand I (i. 
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3.a nea” = nea” = na 
m7 2.4.6. (2n) | 2^n!  2"(n—1)" 
z 1)|r|"*! 2^(n— 1)! 1 
lim +1) — lim MUR BAL Min . ee = ili Linn læl = 0. Thus, by the Ratio Test, the series converges for 
n—oo| an no tin! n |x| no m? 2 


all real x and we have R = oo and I = (—00, co). 


33. Ifa, = oes then 
n 
2 n+1 3 3 3 
lim |—-|— lim Gres LE = lim |5z — 4| = lim |5x — 4| -— 


= [5x —4|-1= |5x — 4| 


By the Ratio Test, 57 Gr = a 


n=1 


converges when|br — 4| «1. & ja—#| «t > - 


oe 
^ 
8 
| 
oue 
^ 
oe 
t 


oo 
3 <a<l1soR= i. When x = 1, the series E3 is a convergent p-series (p = 3 > 1). When z = 3, the series 


n 


$ ( 


converges by the Alternating Series Test. Thus, the interval of convergence is / — [2, 1] , 


n=1 n3 
2n 2n+2 2 2 
34. Ifa, = E T ,then lim iiia e E MERECE nien. ex lim =. ME P =’. 
n (In n)?* n—oo| an n—oo | (n + 1)[In(n + 1)? gan noo (n + 1)[In(n + 1)]2 
oo 2n 
By the Ratio Test, the series $7 "YET converges when z? « 1 © |2| « 1, so R= 1. When z = +1, z?" = 1, the 
n=2 
series S = ew E converges by the Integral Test (see Exercise 11.3.31). Thus, the interval of convergence is 7 = [— 1, 1]. 
n=2 
x” 
35. If an = —— —— — ——., th 
AS TABS ee OES SED 
n+l 
; Gn--1 É x 1-3-5-----(Q2n—1) |x | 
l =] . = li 1. Th 
Wow an | pores oor ice On Ds d) g^ Quippe qM 
the Ratio Test, the series i» B converges for all real x and we have R = co and I = (—co, oo). 
nai 1-3-5- : (2n — 1) 
nla” 
36. If an = , th 
a 1-3-5. o (mn 
20 nga d (n+ 1)!a"tt 1.3.5... - (2n — 1) . (n-lix| ı 
l l . = l = 5 lal; 
moms] scelidur ec DO nian ub amp. 2 


By the Ratio Test, the series }> an converges when 3 |z| <1 = |a| < 2, so R= 2. When x = +2, 
n=1 
nl 2” See ee DA 


| 2:4.6: On 
1-3-5. (2n—1)  [1.3.5..-.(2n- 1] 1-3-5. 


aT — 1) 


[as] = > 1, so both endpoint series 


diverge by the Test for Divergence. Thus, the interval of convergence is J = (—2, 2). 
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37. (a) We are given that the power series 5 ^7. coz" is convergent for x = 4. So by Theorem 4, it must converge for at least 
—4 < x < 4. In particular, it converges when z = —2; that is, $ * , c, (—2)" is convergent. 


(b) It does not follow that X ^ 9 c, (—4)" is necessarily convergent. [See the comments after Theorem 4 about convergence at 


the endpoint of an interval. An example is cn = (—1)" /(n4").] 
38. We are given that the power series $ 7- , c, z^ is convergent for x = —4 and divergent when x = 6. So by Theorem 4 it 


converges for at least —4 < x < 4 and diverges for at least x > 6 and x < —6. Therefore: 


(a) It converges when x = 1; that is, X` cn is convergent. 


(b) It diverges when x = 8; that is, X` cn8” is divergent. 
(c) It converges when x = —3; that is, $ 7 c, (—3") is convergent. 


(d) It diverges when x = —9; that is, X` c,(—9)" = $;(—1)" c9" is divergent. 


nk 
39. If a4, — (lym, then 


lim (2| = lim (2 + 1) (kn)! |z| = lim (n 1^ |x| 
noo} an noo (n!)* [k(n + 1)]! noo (kn + k)(kn + k —1)--- (kn + 2)(kn +1) 


c [(n+1) (n+1) RiR] pl 
«n0 | (kn +1) (kn+2) — (kn 4- k) 


Sos | Bst lim "rl lim nel |z| 
n—0o [An+1 n-—oo kn 4-2 n-—oo kn 4- k 


k 
1 : : 
(+) lc| <1 «e |a| < k" for convergence, and the radius of convergence is R = k^. 


40. (a) Note that the four intervals in parts (a)-(d) have midpoint m = i(p + q) and radius of convergence r = i(q — p). We also 


oo 
know that the power series $7 x” has interval of convergence (—1, 1). To change the radius of convergence to r, we can 


n=0 
gn : DN f : 
change x” to (=) . To shift the midpoint of the interval of convergence, we can replace x with x — m. Thus, a power 
r 


series whose interval of convergence is (p,q) is }> (—*) , Where m = i(p + q)andr = i(q — p). 


n=0 


n 


(b) Similar to Example 2, we know that 57 Z has interval of convergence [— 1, 1). By introducing the factor (— 1)" 
n=1 
in an, the interval of convergence changes to (—1, 1]. Now change the midpoint and radius as in part (a) to get 


ZOMG 


n 


t-m” : 3 ; 
as a power series whose interval of convergence is (p, a]. 
T 


rT 


: eo I am ; : i 
(c) As in part (b), > z ( my is a power series whose interval of convergence is [p, q). 
n=1 


(d) If we increase the exponent on n (to say, n = 2), in the power series in part (c), then when x = q, the power series 


5 ui (- » my will converge by comparison to the p-series with p = 2 > 1, and the interval of convergence will 
n=1 


be [p, q]. 
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42. 


43. 


45. 


46. 
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No. If a power series is centered at a, its interval of convergence is symmetric about a. If a power series has an infinite radius 


of convergence, then its interval of convergence must be (—oo, oo), not [0, oo). 


The partial sums of the series » 7? , x” definitely do not converge to f(x) = 1/(1 — x) for x > 1, since f is undefined 


at x = 1 and negative on (1, oo), while all the partial sums are 12 f sess s, 


positive on this interval. The partial sums also fail to converge to f 
for x < —1, since 0 < f(x) < 1 on this interval, while the partial 
sums are either larger than 1 or less than 0. The partial sums seem 


to converge to f on (—1, 1). This graphical evidence is consistent 


with what we know about geometric series: convergence for 


|x| < 1, divergence for |x| > 1. 


We use the Root Test on the series X` cnx”. We need lim V/|c,z"| = |z| lim V/|cs| = c|v| < 1 for convergence, or 
noo n—- Co 


|z| < 1/c, so R = 1/c. 


. Suppose cn # 0. Applying the Ratio Test to the series $^ cn (x — a)”, we find that 


—q)rtt as m 
bog LC quo Suomi. uu Medie esc Te — ue qeu lo cell e Opdadlie 
n—90| an n—oo Cn z-a)” n—oo [e / €n.44 | lim [en / € | n—oo 
n— oo 
; |x — a| , Cn : Cn í 

series converges when ———————— «1 © |x -a| < lim . Thus, R= lim . If lim =0 
lim [en / €n4A] n= | Cn41 n= Cn41 noo | Cn4-1 
n—-co 


and |x — a| # 0, then (x) shows that L = oo and so the series diverges, and hence, R = 0. Thus, in all cases, 


For 2 < x < 3, X` cnx” diverges and X` dz" converges. By Exercise 11.2.89, X` (cn + dn) x" diverges. Since both series 


converge for |x| < 2, the radius of convergence of 5 (cn + dn) x” is 2. 


Since » cnx” converges whenever |x| < R, 35 cng?” = X cn (a7)" converges whenever |a?| < R <= |x| < vR, sothe 


second series has radius of convergence y R. 


11.9 Representations of Functions as Power Series 


1. 


2. 


If f(z) = Y cng” has radius of convergence 10, then f'(x) = Y, nceng”™t also has radius of convergence 10 by 
n=0 n=1 
Theorem 2. 
oo oo bn . 
If f(z) = Y5 bnz” converges on (—2,2), then f f(x) dz =C+ > no z^ *! has the same radius of convergence 
0 n=0 


n 


(by Theorem 2), but may not have the same interval of convergence—it may happen that the integrated series converges at an 


endpoint (or both endpoints). 
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3. 


10. 


11. 


4 4 1 4 1 4 2 2a \" oo ont 
Ta. MMC pO ef ENERGIE ec! ivalentl ~1)" n, 
Me ag (s + 273) 3 (s = on} 3 2^, j 3 ) Sr eduivalentiy; Do" Scu 


CHAPTER 11 SEQUENCES, SERIES, AND POWER SERIES 


E : "TU 1 : : 
Our goal is to write the function in the form 1 , and then use Equation 1 to represent the function as a sum of a power 
-r 


series. f(r) = juu Ts (=a) 2 g) = 2 { 1)"r" with |-a| «1 <= |a2| <1,soR=1landJ = (—1,1). 


oo 


1 oc : : 
. f(x)— — =r (=) =a Y (—2)”, or, equivalently, X` (—1)"z"*!, The series converges when 


n=0 n=0 


|-z|<1 e |æ|<1,so R= land I = (—1,1). 


1 æ e 
f(x) = TT > (a?)" = > x°”. The series converges when |z?| <1 <= |r| « 1,so R= 1and I = (—1,1). 
a n=0 n=0 
f(x) = =n 5 : =5 S (42°) =5 S 4" x°”. The series converges when |4x?| <1 <$ 
s 1— Ag? 1— Aa? n=0 n=0 f 


«i e |x| « $,s0R= $ and 1 = (—4, 1). 


2 2 1 2 2 A l x 
. f(x) 3 3 (s — 2) 3 29) (Ey or, equivalently, 2 > 541 &”. The series converges when H « 1, 


n=0 


that is, when || < 3, so R = 3 and I = (—3,3). 


The series converges when 


en that is, when |x| < 3, so R = 3 and 7 = (—3, 3). 


x? x? 1 r? 1 r? oo r\4 n s oo (-1)* An+2 
Je) = aF ees) (Scar) 16 " (5) | on eguivaleatly, Qus page — 


The series converges when 


-($)|«1 = IS|«1 = |x| «2,50 R= 2and I = (-2,2). 


f(x) = uy y (5 C zu] =x Y (—2a7)” or, equivalently, Y? (—1)"2"42"*. The series converges when 
BE n=0 n=0 
1 1 qr. wb 
—237| «1 > |a?|«li = al < ,soR= and = (- ; ) 
æli s <i > bie Te Ro 4 ri 
p-i m42-3 3 3/2 3 1 
= = 1 1 i! . 
IU oT a2 z42 z/2--1 2 1- (—a/2) 
3,28 zyr 3 3$ x\n L- & el 3e 
EPONE EPERE | 
2 2, 2 2 2 2 2 2 22 on gn+i 


The geometric series $7 (-) converges when I-5| «1 e |az| < 2,so R=2andI = (—2,2). 
n=0 


Alternatively, you could write f(x) = 1 — 3 Me and use the series for : found in Example 2. 
x+2 z42 
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1121 
ur 1 a 1 
0 a | S 
z 020 = Sl Calta lca 
Ty & a? n 12x rz? n oo (—1)*g7"*! oo (—1)"22" 
uuo (-5) gees (-5) mb» quent ti qunti 
: e id x? \" x 
The geometric series $7 (-3) converges when nm «1 e |z| a,so R= aand TI = (—a,a). 
n=0 
2a —4 2a —4 A B 
13. = SF M 2 4=A 3 B(r—1)Letz = 1t t 
fG) z? —4r+3  (r—1)(z-—3) = ENT = Qeon PE 
2 = —2A A= landz = 3to get 2 =2B <= B= 1. Thus, 
2x — 4 1 1 —1 1 1 oe poo d Ar eo 1 
2 =. m 1 us 
22—443 z- 1 z-3 7 I-s" ar m] d 329) = ( ): 


n=O 3n+1 
We represented f as the sum of two geometric series; the first converges for x € (—1, 1) and the second converges for 
x € (—3,3). Thus, the sum converges for x € (—1, 1) = I. 


2x +3 2x +3 A B 

14. = = = 2 —A 2)+B 1).Letzr = —1 to get 1 = A 
F(x) x?--3r--2 (x4 1)(x-42) pne NS Wrap De Tera ox 
and x = —2 to get -1 = —B B — 1. Thus, 


- Sor HE CY Ele] 


We represented f as the sum of two geometric series; the first converges for x € (—1, 1) and the second converges for 
x € (—2,2). Thus, the sum converges for x € (—1,1) — I. 


1 dí — d [x ; 
15. (a) f(x) = Gs > 74 (s =) =-< [Ei 1)” a [from Exercise 3] 
= 2» (—1)"t!ng^-! [from Theorem 2(i)] 
n=1 


= 3° (-1)"(n+1)2" with R= 1. 


In the last step, note that we decreased the initial value of the summation variable n by 1, and then increased each 
occurrence of n in the term by 1 [also note that (—1)"*? = (—1)"] 


1 1d 1 1d [s E 
(b) f(z) — (+2) 2 dz la "d Pr [Ei 1)"(n+ 1)x [from part (a)] 
=-3 *« 1)"(n Dna"! = 1 $i 1)" (n + 2)(n + 1)z" with R = 1. 
n=1 n=0 
©) f(a) = ws =g. TENTI =a. S (Dn +2)(n+1)a” [from part (b)] 
- i $^ (-1)^ (n 2)(n + Ya”? 
n=0 


To write the power series with x” rather than 2”* 


2, we will decrease each occurrence of n in the term by 2 and increase 
the initial value of the summation variable by 2. This gives us 2 


Ms 


n 


(—1)" (n)(n — 1)z" with R = 1. 
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l ds = ~In(1 — 2) + C and 


2 3 


1 2 x x EE AE 
dv = 14 Eee —- BI L—L xus — == f 1. 
lo z f rtr )dx (: rae )*e PP E or |x| < 


So —-In(1— z) — Y Z + C and letting x = 0 gives 0 = C. Thus, f(x) = In(1— x) 2 — Y — with R= 1. 
n=1 n=l 
oo r” oo "ua 
(DIU)-—sh(l—*)-2-q» ———-* 
n=1 N n=1 P 
T ae 1 ^. (1/2)? o ]" "m m 
(c) Letting x 5 gives In 5 2, a Inl—In2 2 OR In2 2 on 
1 20 NEES rs 
17. We know that (E BET peer) . Differentiating, we get 
—4 oo oo 
= —4)” aa _ 4 n+1 1 
(1 +4)? 2 )"na 2 ) (n+ 1)z^, so 
x =r —4 =7 ee 
— ee —4yrri 1 n — 84 1 n+l 
for |—4r| <1 = |a|<4,soR= I. 
1 1 lee eoe 7d d 1 d NEM | 
18. - - (2) - FUN - P 
2-x 960-3) 32./ 2 pnt 9a (=) dx ex mH” ) 
1 e 1 PIDE. 1 d (2 1 - 
= n d— a, n = 
gap Apae (aap) oe (Eee) 
2 81 c2 & (M$ 2(n$1) a 
2s 1 e 
C- r) 2 onI n(n — 1)z 2 2n43 
3 3 3 3 
x x x 2 z^ X (n+2)(n+1) co (n+ 2)(n 4+ 1) 
Th = mE = . =— n — n+3 
us, f(x) (5 E ;) (2— x)? 2 (2—2)3 2 a Qn+3 27. Qn+4 z 
for |Z| <1 © |z| «2,so R — 2. 
19. By Example 4, CERE = 20 + D)z". Thus, 
LFT 1 x eo ee 
= = = Da" 1 n-41 
NAS Gap Ta ap tape Atom tente 


= YVi(n4+1a"+ YO na” [make the starting values equal] 
n=0 n=1 


=14 Y [(n4-1)--n]z" =14 Y (2n 4- 22" = Y, (2n - De" with R= 1. 


1 Ge: ^ 
20. By Example 4, CEE = 22 + 1)", so 


a (a) > JL (x E 1)2") = TEST = Y: (n + Dnz^-!. Thus, 


dx w=0 n=1 
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eta x x x 2 x 2 
f(x) = 3 3 3 3 +5 3 
(1— x) (1— x) (1— x) 2 (1-2) 2 (1-2) 
2 
= 2 Y (n-einz^- +2 V (nt nz oe n ny y rym 
2 n=1 2 n=l n=1 2 n=l 2 
Eu» mn 1) e+ un k Du [make the exponents on x equal by changing an index] 
n=2 n=1 
o n?—m n 9 n? +n m : 
= Be z * Tr 2 z * [make the starting values equal] 
=g+ J ny" = Y` nr” with R=1. 
n=2 n=1 
dx 1 dx 1 SEN 
-1 -1 [ZE] 
a. O [ $5: - 75 | 1525s ot |e 5 | i 
1x ua oo g” 
za o Ay s. 
5 > 5" (n +1) 2 n5" 


Putting x = 0, we get C = ln 5. The series converges for |r/5| <1 < |a|<5,soR=5. 


5 ies 7 oo (g3)2 11 oo ot 3842 oo ort 
22. = z? tan” = —1)^ 327 — [by Example 7] = Y (-1)^C—— — = © (-1»* f 
f) = 2° tan (9) = à E C) 527 [y Example 7] = S Ci = 3 CU for 
lE peu & Jupe sog 
qz? " 1 ^ oo 2 oo 2 2 ; . 2 
23. f(x) = Sri a (s ( =x) a” Y (—a?)" = Y; (-1)" z?"*?, This series converges when |-37| <1 = 
= n=0 n=0 


z?«c1 e |r|« L so R= 1. The partial sums are s; = 2”, l 


S2 = S1 — T, 83 = S2 + £ , S4 = 853— T S5 = s4 +x", .... 

Note that sı corresponds to the first term of the infinite sum, 55 
regardless of the value of the summation variable and the value of the 

exponent. As n increases, s; (x) approximates f better on the [ON PAS " 


interval of convergence, which is (— 1, 1). 


—- 


=] 0 1 
oo x" oo gt” 
24. From Example 5, we have In(1 + z) = X (—1)"~* — with |z| < 1, so f(z) = In(14-2*) = Y; (-1)""? 7s with 
n=1 n n=1 
be] «1 e |x| «1. [R= 1]. The partial sums are s, = £f, $9 = Sı — 32°, 83 = S2 + su, 84 = 83 — gee 
$5 = S4 + aun .... Note that sı corresponds to the first term of 


the infinite sum, regardless of the value of the summation variable 
and the value of the exponent. As n increases, Sn (x) approximates 


f better on the interval of convergence, which is [—1, 1]. (When 


x = +1, the series is the convergent alternating harmonic series.) 
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25. f) =m( 1) -he2-m-22 | f 5s 


=f [Score È a= fta rr r? 4a -6)-(T-zT-a Hr? vx --.-..)dr 


n=0 n=0 
= | (2+207+20*4+..-)de= S 2z” de = O+ 3 n 
7 7 n=0 7 n=0 2n T 1 
oo 2g2r+1 oo 1 
But f(0) = In + = 0, so C = 0 and we have f(x) = 222841 with R = 1. If x = +1, then f(x) = +2 27 ET! 
which both diverge by the Limit Comparison Test with bn = E so å ° 
i 3 Ve 
; 23? 2x? 
The partial sums are sı = 1 ,82— S1 + 3 ,83 = S2 + gone 
52 2 

As n increases, Sn (x) approximates f better on the interval of 
convergence, which is (—1, 1). E 


26. f(x) = tan ! (2x) = 2f E P 2f S (-1)* (427)" dx = 2f D (—1)"4" a?" dx 


n=0 n=0 


oco (—1)*4"3?"*1 oo (—-1)999 ig n A 
t22 aF] p2 2n 4 1 Od "m ] 
: eo 1 
The series converges when |4a7|<1 <= |æ|< i, so R= $. Ifs = +4, then f(x) = 2. ( D" T1 and 


respectively. Both series converge by the Alternating Series Test. The partial sums are 


fle) = 3 Cy? 


n=0 2n +1’ 
m x CEN 212027 PS 2a 
1— 1? 2 = S1 3^" 3 = $2 Bate 


As n increases, s, (x) approximates f better on the interval of convergence, which is [- i il s 


t 1 
— 
1— t8 


27. 


ob o t oo 8n+2 . 1 
A Er s £o (y = 27 f n i Tm dt = C + zn EY The series for Tage converges 


when|f| <1 < |t| « L, so R = 1 for that series and also the series for £/(1 — t^). By Theorem 2, the series for 
t 
qus dt also has R = 1. 
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29. 


30. 


31. ——; = 


32. 
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ferc dur cd tye (-By = X (ipm oa t dC SCA I. The series for 
1-8 ^ 1-(-8) 5 En 14+t3 0 =O 3n4+2° 
1 : ; t 
Ta gs converges when |t| «1 e Jt| « Ll, so R= 1 for that series and also for the series Icd By Theorem 2, the 
: t 
series for dt also has R = 1. 
1-412 
oo xr” oo ght 
From Example 5, In(1 + 2) = $5 (—1)"~1— for |x| < 1, so a? In(1 +a) = 3; (-1)*! and 
n=1 n n=l 
2 = pj dm 
E ln(1 + z)dz = C + So (-1)"" TEE R = 1 for the series for In(1 + z), so R = 1 for the series representing 
n=1 nin + 


z? In(1 + x) as well. By Theorem 2, the series for Pe In(1 + x) dx also has R = 1. 


2n+1 -1 an 
oo x tan T oc x 
From Example 6, tan! a = iy for |x| < 1, so — — = 1)" d 
rom Example 6, tan x P ) XI or |x| so = P ) mod an 
qnt 


tan-!z eo n 
f Do4-OrECU ge 


—1 


tan} x 


dz also has R = 1. 


2 as well. By Theorem 2, the series for j: tan 


n=0 n=0 
ew es (—1)'a39"*! de = C4 S (-1)* QE Thus 
1-23 "^ J£ E— 3n +2 > 
0.3 2 5 8 11 0.3 2 5 8 11 
I- Í x ; de T E d (0.3) (0.3) + (0.3) (0.3) "P 
"p 2 5'8 1 ; 2 5 8 11 


The series is alternating, so if we use the first three terms, the error is at most (0.3)! !/11 ~ 1.6 x 1077. 


So I ~ (0.3)?/2 — (0.3)°/5 + (0.3)5/8 ~ 0.044 522 to six decimal places. 


We substitute 7/2 for x in Example 6, and find that 


x € n (z/2y" = n Ooan 
tan — dx = —1 d. 1 d. 
fæ an; dz JÈ ) ae £ sd ) n I) £ 


oo qnt? 
=C+ X CD auci ry 42) 
Thus, 
1/2 » x2 a xê x8 x1 1/2 
rf i a xg FD’ FO) 7(7(8'2)19 |, 
ld 1 1 1 1 
BN (3 ' MBG) 25(7(8)' Pio) 


The series is alternating, so if we use four terms, the error is at most 1/(21? - 90) zz 2.1 x 1078. So 
"ME 1 
^ 16 1536 61440 1,835,008 


& 0.061 865 to six decimal places. 
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R = 1 for the series for tan! x, so R = 1 for the series representing 


[continued] 
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33. 


35. 


36. 


37. 


38. 
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Remark: The sum of the first three terms gives us the same answer to six decimal places, but the error is at most 


1/1,835,008 ~ 5.5 x 1077, slightly too large to guarantee the desired accuracy. 


We substitute z? for x in Example 5, and find that 
oo 24n oo 2n+1 oo 2n42 
In(1 + z?) dz = Eaa uec -1 f dr=C a 
E ae x ) n E A n 2 tÈ ) n(2n + 2) 
Thus, 
0.2 4 6 8 10 0.2 4 6 8 10 
0.2) (0.2) (0.2) (0.2) 
Ix In(14-2?)d St ee diui ( 
[ mint eae Ea 26) ^ 308) 400 ^ |, 4 12 24 40 
The series is alternating, so if we use two terms, the error is at most (0.2)5/24 zz 1.1 x 1077. So 
2 2 
Ix Cx — ws & 0.000 395 to six decimal places. 


03. 42 p 22 " = (—1)^g n3 0.3 
— —4 dr r? x egy Lateran = 
] ze E => 


n=0 n=0 4n 4- 3 0 
33 37 311 


73x10 7x10 ' Ilxl10H 


The series is alternating, so if we use only two terms, the error is at most 


(21 


\" 34nt3 


11 


= 0.000 000 16. So, to six decimal 


11 x 101! 
03 2 3 7 
x 3 3 
l da x x0. ; 
places, f Tae £ 3x 105 7x10 0.008 969 
3 5 7 3 5 7 
By Example 6, arctan z = x 5 + - - + +++, so arctan 0.2 = 0.2 = + 02) ca | 


ae ; l 0.2)7 
The series is alternating, so if we use three terms, the error is at most (0.2) = 0.000 002. 


(0.1)? p (0.1? — (0.1)4 


0.1 2 3 1 


— 0.000 002. Thus, to four decimal places, 


3)? 12)? 
Thus, to five decimal places, arctan 0.2 ~ 0.2 — 02) + 02) & 0.197 40. 
xo x? gt 
By Example 5, In(1+ x) = x 7 + 3 1 +---,soln1.1 = ln (1 + 0.1) 
^P i ; (0.1)? 
The series is alternating, so if we use four terms, the error is at most 5 
(0.1)? (0.1)? (0.1) 

ln1.1 z2 0.1 — — z0. ; 
n 0 2 + 3 1 0.0953 
eo-X5 > ro- -SeA Ero 

n=0 n! B — ED + B 


(b) By Theorem 9.4.2, the only solution to the differential equation d f (x) /dx = 


so K = 1 and f(x) = 


f(x) is f(a) = Ke”, but f (0) = 


Or: We could solve the equation df (x) /dx = f(x) as a separable differential equation. 


[substituting n + 1 for n] 


f ()- X as : > f'o)- oe [the first term disappears], so 
egy = S CD'EN- lum m (pa? gm Captum 
iux (2n)! D pape à Gay 

XC --fe = f"eyefa)- 
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39. (a) Jo(a) = SSO dite) o Y CLIE and A) = Y CUPS DE e 
2 ; 5 | & (-1)'2n(2n - D)?" , g& (-1)"2na?" | g& (—1)" g?"*? 
ze) e) rr e) CS) E à GWy 7d GG 
m CM) nah = d^ Q (—13)2mp^ dw (Dar 
2 (wn à wm C weg 
| & (-1)"2n(2n — 1)z? œ (—1)"2nz s» (—1)^(—1)-!22n2g?^ 
2 22n (nl)? tX 22n (n)? +h 22" (nl)? 


2n(2n — 1) + 2n — T E 


-Žr | nnl) 


oeu] 22" =0 


=" | 22» nI? 


1 1 n 2n 1 2 4 6 
= e a O = f |t ro cm 
t» | Jo(x) dx =f bi (nlp dz = à 1 4 m 62 55i 4 dz 


| x? x? x | 1 1 1 


3-4 ^ 8-64  7-2304 * -l-13*399 1618" 


Since wise = 0.000062, it follows from The Alternating Series Estimation Theorem that, correct to three decimal places, 


Jo Jo(z) dz 2 1— d + shy © 0.920. 


(-1)* pnl 


DON Oa = ig aE inen 
2n4+3 ! 192n+1 2 
. An+1 A x ni(n + 1)!2 (3) . 1 
I I . = l — = 0for all x. 
Pay an een (n + 1)!(n + 2)! 22n43 gent 2 ID (n + 1)(n + 2) or all x 


So Jı (x) converges for all x and its domain is (—oo, oo). 


oo q?nti od ite " v 7 T * Qna 
6) (a) = $5 ED AG)- $ CO Qn Da nd gg) Z CD" Qn n)a 


E n! (n + 1)! 227017 o ni(n+1)!22r+1 " Ee n! (n + 1)! 2211 


a? Jy (x) + a Jy (x) + (3? — 1) J (£) 


(—1)* (2n + DOnt | 
nel n! (n + 1)! 2221 


(—1)" (2n + gers 
n! (n + 1)! 2221 


e 


is (- 1)" q?nt3 $ (—1)" à? 
So nl(n -1) 22991 — n! (n+ 1) 22 


(—1)" (2n + 1) (2n)z?"*1 a $ (—1)* (2n + 1)z?n*1 
n! (n + 1)! 2221 nao nl(n4 1)2?n*1 


5 (-1)” gent = (-1)* qoum Replace n with n — 1 
Be (n = 1)! n! 22n-1 E n! (n + 1)! 22n+1 in the third term 


ES (2n + 1)(2n) + (2n + 1) — (n)n- 127-1] ong _ 
2-3 2-0 n! (n + 1)! 22n*1 E oe 
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iUas DE. 


nzo 2?" (nl)? 


(-1" (ng » (—1)"*! 2(n + 1)z?n*1 


gin (n? 25 pane [n = DIP [Replace n with n + 1] 


Bla) = Y 


66 (=1)" qnl 


== > r+ (n F lnl [cancel 2 and n + 1; take —1 outside sum] = — Jı (x) 
n=0 . . 
4. (a) A(z) 2 14- D an, where an = Un so lim |22|— |z|? lim 1 =0 
' Bu — s ^7 2.3.5.6... (3n— 1)(3n)  noe| an | ^" ne (3n +2)(3n +3) 


for all z, so the domain is R. 


(b), (c) So — 1 has been omitted from the graph. The 
partial sums seem to approximate A(x) well 
near the origin, but as |x| increases, we need to 


take a large number of terms to get a good 


approximation. 


$5 $3 $1 —2 


To plot A, we must first define A(x) for the CAS. Note that for n > 1, the denominator of an is 


! ! n - 
(3n)! (3n)! eA JIk- (3k 2) q3” and thus 


e E E — 1): 3n = - " 
Bead COS aaday eck Gro) IDE) n (3n)! 
-14 S Iz Gk = 2) 5; ; ; t thi 
A(z) =1+ 5 Ge A . Both Maple and Mathematica are able to plot A if we define it this way. 
n=1 * 


Maple and Mathematica have two initially known Airy functions, called AT SERIES (z,m) and BI -SERIES (z,m) 


from AiryAi and AiryBi in Maple and Mathematica (just Ai and Bi in older versions of Maple). However, it is very 


_ V3AiryAi(z)- AiryBi(x) 
V/3AiryAi(0) + AiryBi(0) 


difficult to solve for A in terms of the CAS’s Airy functions, although in fact A(x) 


42. f(x) = 75.9 Cng”, where Cn44 = c» for all n > 0. So 


2 3 4 5 6 7 An—1 
S4n—1 = Co + C12 + cox ^ + caa? + cox + cix + cot” +0305 «edam 


2 3 
= (co + eux + coz? + caa?) (Lea Hat +. paint) EET ORT TOT asn — oo 
—mc 


[by (11.2.4) with r — x] for [z^] «1 e |x| <1. Also $45, S4n+1, S4n+2 have the same limits (for example, 


S4n = S4n—1 + coz ^" and x^" — 0 for |x| < 1). So if at least one of co, c1, c», and cs is nonzero, then the interval of 


Co dT cix + cox? + Ca? 


1—* 


convergence is (—1, 1) and f(x) — 
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43. f(x) = 1+ 2e +x? +203 4+ xt +---, where con = 1 and con41 = 2 forall n > 0. So 
S2n—1 = 1 + 2x + £? +22? +044 20° p op a7? 4277" 
= 1(1 + 2x) + a? (1+ 2x) + x^(14- 22) - a7"? (1+ 2x) = (14 2z)(1 +x? +24 +- +?) 
1-2" 142 
Eo — 


= (1+ 2x) = [by (11.2.3) with r = x°] = T as n — oo by (11.2.4), when |x| < 1. 
2n : 2n 1 : 
Also San = S2n—1 + X z since z^" — 0 for |x| < 1. Therefore, sn — T 42 Since 2n and 524.1 both 
142 : : 142 
approach T $ Z as n — oo. Thus, the interval of convergence is (—1, 1) and f(x) = 1 as um 
— -g 
: 1 S d (si 
44. Sd < "i gor T converges by the Direct Comparison Test. ae (Ss) a mE so when x = 2kr 
k an integer], "(x cesa) = L which diverges [harmonic series]. (a) = — sinnz, so 
[ g ; m g 
$5 f(x) = — SS sinnz, which converges only if sin nz = 0, or x = kr [k an integer]. 
n=1 n=l 
a” E n+l n2 n 2 
45. Ifan = —., then by the Ratio Test, lim | ——| = lim |-————- —|-|z| lim ( —— | = jz| <1 for 
n2 n—00| An n—oo (n + 1)? gn noooln+1 
convergence, so R = 1. When x = +1, SO |— -X3 z Which is a convergent p-series (p = 2 > 1), so the interval of 


convergence for f is [—1, 1]. By Theorem 2, the radii of convergence of f’ and f” are both 1, so we need only check the 


oo oo n—1 co n 
endpoints. f(x) = 2 a sanu e E => -r D and this series diverges for x = 1 (harmonic series) 
n=1 n=1 =0 
. À ; o ngt . 
and converges for x = —1 (Alternating Series Test), so the interval of convergence is [-1, 1). f"(x) = X 1 diverges 


n=l 


at both 1 and —1 (Test for Divergence) since lim — = 1 £0, so its interval of convergence is (—1, 1). 
n-—3oo TL 


46. (à) Y: na"! — YS ma" = z[EC |- £ Fed = qa) 2 TESTE |x| « 1. 


(b) (i) 3 iL =e xc nr" =r lx [from part (a)] = TF for |z| < 1 
T co n 1/2 
(ii) Put x = 5 in (i): 22 22 = PS = — = 2. 
M æ d [s d 
(c) Q) 2 n(n — 1)z" = 2? 2 n(n — 1)" 7? = 2? T [= na] =x Tr a 
2 2x? 
=s a = ü Z y for |x| < 1 
T " ES ana 2(1/2)? 
(ii) Puta = 5 2 n(n — 1)(3) a E 
oo n? oo n? -n oo 
(iii) From (b)(ii) and (c)(ii), we have 57 m 5 9n +> T 4+2=6 
n=1 n=1 n=1 
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47. f(x) = i : 2e Ie => f(x- TEST = È na" 1 => jf"(x)- du = X onn ju 
The power series representation of h(x) is 
h(a) = zf'(x) - i2f"(x) 2x M na”! + x? Y n(n —1)2"? = Z nz” + Y nln — nx" 
—gc 2 na” + Y nln — 1)r” = x + > [nz" + n(n — 1)z"] 
=ae+ x +n — l)nz” =x + 5) nea” = x nea” 


h(a) has the same radius of convergence as the power series representation of f(x), that is, R = 1. 


a5 r2 
Now, h (5) => a and using the function representation, we have 
n=l 
ENES (2) 22 E. on 2 = 6. Thus, SE =6 
24477917 M9 2 2] 2 (1-1/2)? 4 (1-1/23 ` em gni 
48. By Example 4, f(x) = d = 1 + 2g + 32? + 4r? +- $ nx" 1, with radius of convergence R = 1. We wish to 
De n=1 


substitute a value of x with |a| < 1 that will result in a denominator of 99? — 9801. Using z = 1/100, we get 


: zial egt ee : 4 > 
(1— 1/100)? . 100 100 100 


100? 2 3 4 98 1 1 2 3 4 98 E 


—1 ei Veg = qeu 
99? E 100 T 1002 a 100? T 10097 * 9801 104 T 106 u 108 i 1010 TOT 10198 


Observe that the series starts with 0.0001, that is, 1 ten-thousandths, and each subsequent term adds the next integer two 
decimal places deeper. This gives the initial pattern 0.00 01 02 03 0405 06 07 08 09 10 11. . ., which will hold until the 100th 
integer is reached, at which point digits will “carry down" from subsequent terms. We explore this behavior below, starting 


from the 98th integer. 


98 99 100 101 102 
10198 * 10200 i 10202 ' 10204 + 10206 


_ 98 99 1 100 | 1 ,í( 100 2 

10198 ' 19200 ' 10200 + 10204 ' 19204 | ' \ 10206 + 10206 "pes 
_ 98 100 1 1 1 2 

10198 ' 10200 ' \ 10202 + 10204 } © \ 10204 + 10206 ae 


98 1 1 2 |. 99 1 2 
tiger t7 = 39:9 * T02 T07 


~ 10198 ' 10198 ' 10202 


Thus, we see that the 98th integer is omitted and the sequence of integers repeats after the 99th integer (due to the repeated 


; be eal 1 
carrying from later terms). This gives the result 9801 ^ 0.00 01 02 03...96 97 99. 
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50. 
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oo 2n+1 
x 
By Example 6, tan"! a = > (—1)” 
y Example 6, tan ^x ul o3 


kc EM. S MM. e I E E 
have 7 = tan (=) po eet en (3) Bme” 


EN DEN e (10 
i y. 2» (2n + 1)3” A (2n + 1)3”" 


; 1 
for |x| < 1. In particular, for x = Wi we 


— 


(a) i ge = T dx 1 v3 u 2 (« 3 dx xm du 
ae = ee e ur ee ——— cz -— 
o x—r-4l o (x— 1/2)? - 3/4 2 2" V3 2/ 2 
=f amen pm us a-l 
-uvs (3/4? +1) 3 “Uva V3 6 3v3 
1 1 
b = n > 
Oa (a + 1)(z? —x +1) 
— 610) = (© +e =H) $ (D'a 
z?—r41 1423 1— (—23) nao 
= y (-1 29". y (—1Px9 fors <1 > 
n=0 n=0 
dz oo qn12 oo ql 
———— —— =C4 1)” 4 fi 1 > 
[z5 Ct ECU EE ur ane s 
V? /— dg ES i 1 1 1 & (-1)” 2 1 
f a A DNE na anan N aa ee + . 
o @-a4+1 i 4-8"(3n4-2)  2-8"(3n-4 1) 4 i= 8 38n+1  3n+2 
T 3/3 2 (—1)* 2 1 
B t (a), th: l = . 
y part (a), PH t 4 24, 8 Hts) 
Using the Ratio Test, the series $` cnx” converges when lim ml «l1 — 
n=0 n— oo n 
n+l 1 * 1 
lim | | = Je] lim | <1 > [se ———_—-=R = dm |5m|--. 
n—0o [oup noo 2 Cn41 noo} Cn R 
lim | —— 
"n—oo Cn 
Now, using the Ratio Test for the series Y^ nc,z"- |, we find 
n=1 
lim | +2 li M cae = lim (a + x) cue s = |z| lim | | = Ek Hence, the series 
n=>œ| an n— oo NCy xv” n—0o n Gy noo] Cn R 
e n-i |x| ; ; E PW dE ; 
SO neam converges when R < lor |z| < R. Finally, testing the series $7 cn X using the Ratio Test, we have 
n=1 n=0 n 
n+2 
lim e|- gg Cn41X nt 1|. (n+ 1)es4ic ejas (14 1/n)en441 
n—09|! An n—0oo n+2 Cn rtt n—0oo (n + 2)cs n—oo (1 + 2/n)en 
Cn+1 || 
= l wel 
iz] Nun Cn R 
oo n+1 oo co ua 
so Cn i also converges when |z| < R. Thus, both 3? ncaz"-! and Y? en i have radius of convergence R 
n=0 n n=1 n=0 


oo 
when 57 cng” has radius of convergence R. 
n=0 
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11.10 Taylor and Maclaurin Series 


oo (n) (8) 
1. Using Theorem 5 with $7 b,(x — 5)", bn = f (a) so bg = yi ). 


2. 


n= n! 8! 


£0), O 42 


(a) Using Equation 7, the Maclaurin series of f must have the form f (0) + m PT 


+--+. Comparing to the 


given series, 1.1 + 0.7z? + 2.22, we must have / (0) = 1.1. But from the graph, f(0) = 0.5. Hence, the given series is 


not the Maclaurin series. 


. : i . $ 1 HH 1 
(b) Using Equation 6, a power series expansion of f at 1 must have the form j K ) (r—1)-4 / i ) (x —1)?7 +- 


Comparing to the given series, 1.6 — 0.8(z — 1) + 0.4(a — 1)? — ---, we must have f’(1) = —0.8. But from the graph, 
f is increasing near x = 1, so f’(1) is positive. Hence, the given series is not the Taylor series of f centered at 1. 
g Ww 
BV cao POY, 
1! 2! 
given series, 2.8 + 0.5(x — 2) + 1.5(a — 2)? — 0.1(z — 2)? +--+, we must have 2 f” (2) = 1.5; that is, f” (2) is positive. 


(c) A power series expansion of f at 2 must have the form f(2) + —2)+ — 2)? +- --. Comparing to the 


But from the graph, f is concave downward near x = 2, so f” (2) must be negative. Hence, the given series is not the 


Taylor series of f centered at 2. 


. Since f™ (0) = (n + 1)!, Equation 7 gives the Maclaurin series 


oo (n) oo ! oo 
5 P0 s y (n+ D, = 3 (n + 1)z". Applying the Ratio Test with an = (n + 1)z" gives us 


r= 
n=0 n! n=0 n! n=0 

Hares +2 
li nl gp = |x| lim £ = |v| - 1 = |a|. For convergence, we must have |x| < 1, so the 
n>œ| an n>œ| (n+ l)z* n—oo n+ 1 


radius of convergence R = 1. 


. Since f^" (4) = ————— —., Equation 6 gives the Taylor series 


3" (n + 1) 
2 zl (a — 4) 2 3^(n 1-1) nl (x — 4) 2 3°(n +1) (a — 4)”, which is the Taylor series for f 


centered at 4. Apply the Ratio Test to find the radius of convergence R. 


_4)ynti _ n+l n i _ 
tn [e| tom (CU? 3*1) | uu [CDG- 2 0 
1 . ntl 1 
3-4 m vg qc 


For convergence, 4 |z 4|] <1 & |z —4| « so E — 3. 


Using Equation 6 with n = 0 to 4 and a = 0, we get 


PEE IN uin | 4 f?(0 0 1 2 3 4 

E i i DECE- = Fare Ge ge tatam 
1 | (@+1)e” 1 M 

2 | (r4-2)e* 2 2 G 

3 | (x4 3)e* 3 

4 | (x4 4)e? 4 
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3 f(m 1 " 
x "OQ 2)" = 5 (-2?-$(-2) 
= 6 
deo ed ec pera 
=}-}@-2)+ F@-2) - ile- 2 
3 gm) a 
n D s-8"- a 6-8 +B (s - 8) 
5 0. 
- ZE (s 8)? + BE (x — 8)? 
Bik aa P= 8) e angit 8)? + rz (4 8)? 

4 fO) . 0 F 
n | fe) | f") Dea ud Ge ae a ee a ee 
0 Ing 0 J > ( Dp? $ (x — 1) 
Sere — (A e- 
3 | 2x 2 
4 | -6/s | -6 
n | f) | f («/6 
0| sing 1/2 
1 COS X /3/2 
2 | —sinz —1/2 
3 | = cosx | —V3/2 
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10 > 1*0) (z — 0)" 1 a? Z x 4 à x 32 zê 
f Ta (nr) ma nl 0! 21 ' 4 6! 
n f£" (2) f™ (0) 
0 cos? x 1 —1- z?4 ic^ 2.0% 
1 | —2cosz sin g = — sin 2x 0 
2 —2cos2x —2 
3 Asin 2x 
4 8cos 2x 
5 —16sin 2x 
6 —32 cos 2x —32 
H n (4) 
11. (1— z)? = f(0) + f' (0)z 4 f Or + f as + f ias Tee 
n 59 f™(0) 
o| aaa | 3 = 1420+ $a? + Ba? Weste 
—3 oo 
E =1420 4-32? 4 4a? +584 += YS (n4 D2” 
2| 61-2) * 6 n=0 
3 | 24(1—2)7° 24 n+1 
( i lim [Z] = lim (cem z |= |z| lim Brat |z| (1) 2 |2| « 1 
4 | 120(1— x) 120 n=>œ| Gn noo} (n+ 1)a n—oo n + 1 
for convergence, so R = 1. 
H 
0 
12. In(14- z) = f(0) + f'(0)z + O, 
n T7913) f™ (0) ; 
" (4) (5) 
0| mü-z) 0 + £20) 2 , 00), , 00 5. 
1 1 Fi 1 : 
oy =O+a— 4a? + 2g? — Sot 4 249° — 
2 xp —1 z 2 6 24 120 
3 | 2(142)? 2 gi gh s g e (-1)"7"1 
ae Se Og a ee Oe ae 
4 | —6(1+2)~ —6 n=1 
5 | 24(1+2)~° 24 T qM on " 
lim lim —| = lim ——— = |z| < 1 for convergence, 
n—00| An ncoo|n-c-l x n—0o 1-4 1/n 
so R— 1. 


Notice that the answer agrees with the entry for In(1 + x) in Table 1, but we obtained it by a different method. (Compare with 
Example 11.9.5.) 


n n (4) 
= 1 2 1 4 
cos X 1 =1— z a+ 1 — 
— sing 0 5 
co m n 
ES = = —1)” A ith (16). 
COS X 1 2 ) Qn)! [Agrees with (16).] 
sinx 0 
2n+2 2n)! T? 
cos x 1 li eura li 7 . ms li =0<1 
wes ag | poe nA ae | noe Ona Daneel) 6 
for all z, so R = oo. 
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15. 


16. 


17. 


n f(a) fo) 
0 | 20+ — 322 4-3 3 

1 8x? — 6x 

2 243? — 6 —6 

3 48x 0 

4 48 48 

5 

6 0 0 


an] f? [FO | 
0 sin 3x 0 
1 3 cos 3x 3 
2 —9 sin 3x 0 
3 | —27 cos 3x —27 
4 8l sin 3x 0 
5 | 243cos3x 243 
6 | 729sin 3x 0 
FOS | FeO) 
0 

1 

2 

3 

4 
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n=0 n=0 n! 
—2 n+l „n+l ! 2 
ira | St tee | BS Hs. E Ad 
n-—oo Qn n-—oo n+ 1)! (—2)"x" noo m, + 1 


=0<1 forallz, so R = oo. 


f™ (£) = 0 for n > 5, so f has a finite Maclaurin series. 


f(x) = 224 — 32? +3 


D U n ) 
- 1041924 D), O se OF 


= 4 
=3 40r + 0? 0a? + Sat 3 3a? + 20% 


A finite series converges for all x, so R = oo. 


d. HO) £”) a, 3710) a, £50) a 
sin3z = f(0) + =- 1 + =y c + qp s t= Lee 
27 a, 243 5 S (—1)7 3t] ant 
Seay ee 2 Dr 
| 11 92n4+3 ,,2n--3 ! 
lim [2711 = lim (-1)"""3 x (2n 4- 1)! 
n—00| An n—0oo (2n + 3)! (-1)" 32n+1 p2n+1 
2 
= 422. lim ee 
=0 < 1 forall z, so R= oo. 
NE IO) ER o 
2 a. peat 
> n! " > n! 
n+l „n+l ! 
li An+1 lim (In 2) £ , n! 
n—0o| an noo (n 4- 1)! (In 2)" z^ 
li Una) lel oci for all z, so R = oo. 
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18. 


19. 


20. 


21. 


CHAPTER 11 


SEQUENCES, SERIES, AND POWER SERIES 


n n (4) 
xcosx = f(0) + f'(0)z + ro x 4 f w r? + f a zi 
0 -041240- S49 404 225 40- Tat 
£ COS x =0+ 1r + Tad t tg + BEES np ig 
1 —xsinx + cos x 
= abge 
2| —xcosx — 2sin x 2 4! 6! 
3 xsin gz — 3 cos x oo 
E 5 (-1)" 2n+1 
4 xcosx+4sinaz n=0 (2n)! 
5 | —xsinax + 5cosx i anpil i [2 ehpinda (2n)! 
6 | —xcosz — 6sinz S às | — anne (2n + 2)! f (-1)"22r+1 
7 xsinx — 7 cosx xd 
= li = 1 forall = oo. 
im (n 1 2)8n 4 1) 0< or all z, so R = oo 
F0) 0 ifn is even Uh » qni 
= so sinha = =. 
n | Fæ | FO 1 ifnis odd nao (2n + 1)! 
0 | sinha 0 "LS 
Use the Ratio Test to find R. Ifa, = —————, then 
1 | cosha 1 (2n + 1)! 
2| sinha 0 . a . z?"*3 — (2n 4- 1)! 2 q 1 
lim lim . —z^- lim ———————— 
3 | coshz 1 n—00| an n—oo|(2n--3)!  z?"*1 n—oo (2n + 3) (2n + 2) 
4 | sinha 0 =0<1 forall z, so R = oo. 
FOO) 1 ifn is even h > x?” 
= so coshz = 
n | f? () | FO 0 if nis odd nao (2n)! 
0 | cosha 1 ee” 
. Use the Ratio Test to find R. If an = , then 
1 | sinhr 0 (2n)! 
2 | coshz 1 Er gent? — (2m)! 2 q 1 
. lim |——|= lim |z——- =x". lim — —W—_ 
3 | sinha 0 n—00| an n—oco|(2n+2)! ax?" n—oo (2n + 2)(2n + 1) 
=0<1 forall z, so R = oo. 
f(x) = 0 for n > 6, so f has a finite expansion about a = 2. 
n| jf") 
scd S R99) a 
0 | 2° +2¢% +r 50 f(@) =° +2 +r = M x (x — 2) 
n=0 : 
1 | 5zf+6xr?+1 | 105 
dics E E NUN C EDUC ONT 
2 | 202? + 12x 184 or oaa 2) + Gp (6-2 + ap (@ 2)" + Spe — 2) 
3| 602^ +12 252 
4 120x 240 4! 5! 
5 120 120 = 50 + 105(x — 2) + 92(z — 2)? + 42(x — 2)? 
6 0 0 + 10(x — 2)* + (x — 2) 
7 0 0 A finite series converges for all x, so R = oo. 
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22. f(n)(z) = 0 for n > 7, so f has a finite expansion about a = —2. 
n f(a) fe 9 e, f (-2) 
0 | 2 —a2t+2 50 f(z) =- +2= Z d— (2) 
n=0 : 
l| 6zř — 423 —160 
2 | 30x* — 122? 432 =B +2- DD ata) + e+ 2)? E e2) 
3 | 1203? —24r | —912 
1416 a 1440 5 720 á 
4| 36072—24 | 1416 + Gr (@ +2)" — = (e+ 2)" + (t2) 
2 —144 
? id 0 = 50 — 160 (x + 2) + 216(a + 2)? — 152(x + 2)? + 59(x + 2)* 
6 720 720 : : 
7 " " = 12(a + 2)5 + (x + 2) 
8 0 0 A finite series converges for all x, so R = oo. 
oo (n) 
23. f(z) 2 Ing = $ LO) (s — 2^ 
n Lf LO qeu Gm 
0| I In2 In2 o, 1 1, ce 2, 2 3 
nz n at ( 2)? + TES (x — 2) SET (a — 2)* 4 393 (a — 2) 
1| 1/z 1/2 : 
—6 2 
2 | —1/a? | —1/2? "IET (a — 2) "gs (2 2)? + 
3| 2/a? 2/2? 
= = n+1 (n 5a 1)! n 
5 5 
5 | 24/x 24/2 on s B 1 eee 
z en n2" 
: —1)"t? (g — 2)” + n2" . |(-1)(@—-2)n n |x — 2| 
li n+1 l ( , —] I 
ies an | eres ll «oe TER (71) (s-23)| n| (n4 1)2 BO NT 
-2 
= ema < 1 for convergence, so |x — 2| < 2 and R = 2. 
24 pe)= t= FE CY oy 3p 
' MBA ERG n! 
-1/3, , 3)0 -1/3? 3) —2/3° ay? 
gc EEI ey Spr eoe eee) 
—6/3* —24/3° 
+ 2 (z +3)? + at (+3) + 
o» —nl/3"t moo ES HB)? 
= - (a + 3) aie grat 
n+l n+l 
Jim e. = Jim, (x I» : ot 3 Jim, EFI a x 3| <1 for convergence, 


so |x + 3| < 3 and R = 3. 


© 2021 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


1137 


1138 CHAPTER 11 SEQUENCES, SERIES, AND POWER SERIES 
SEMC) 
25. f(t) =e" => » (a — 3)" 
n f(a) f(3) n=0 : 
2x 6 6 2 6 4 7 
0 e e ec — 3)° + = ( -3) + Z («-3) 
1 2e?* 2c 0! 1! 2! 
2 2x 6 88 16e° 
2| 2e 4e tore + (r3) 4 
3 | 2e 8e? 
4| 2587 | 1665 s5 are (x — 3)" 
E n=0 ! 
2 tt 8 (¢ — 3)"tt n! 2 |x — 3| 
lim |] = li = li =0<1 forall = oo. 
ae An deron (n 4- 1)! 2ne9 (y — 3)" eee di +1 PS pralle SORES Ip 
26. 
n | f?) | FOU) 
0} 1/2? 1 
1| -2/z? -2 
2 | 6/z* 6 
3 | —24/z5 | —24 
4 | 120/z° 120 
1 f 1 f" 1 f" 1 fe 1 
f) -f0- (D o 1)+ i ve 1)? 4 + Nes 1)? + i re 1)* + 
2 24 120 
=1 ne 1) 4 G 1)? ar | Neer cal ae! ie 
S (-1)"(n +1 ! n = n n 
= $ CU Uo iso Byrne No - 1) 
n=0 n n=0 
—q1\n+1 L = n+l ap L 
er pice i cus 2 a a e a e E si a a 
n= Ün n= (—1)^(n L 1)(x — 1)" n— o0 (n + 1) noo ] + 1/n 
= |x — 1| < 1 for convergence, so R = 1. 
27. f(r)-—sinz-9; P0) (s — gy 
n [ £?€) [FH mo ni 
: —1 1 —1 1 
0| sing 0 T (z—m) + m (2 — r)? + 5 (z—m) + Z2 (r— m) + 
l| cosg -1 ; : i 
2 | —sinz 0 = S ( as ( jes 
3 | — cosx 1 
4 sin x 0 li n+1 lim (C0 Gere . (2n + 1)! 
5 | cosg -1 dnd em (2n + 3)! (Daan) ERE 
: NR 
6 | —sinz 0 — lim € — T E for all x, so R = oo. 
7 | — cosg 1 POR CRE S este) 
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28 f(x) = cosa = » fo (2/2) (z z) 
f Fa n! 2 
ag) zc E 
EET 2 3! 2 5! 2 7! 2 
œ (—])*tl 2n+1 
-y CD (s - z) 
% (2n 4-1)! 2 
2n+3 
—1)rt2 ( = z) 
lim |-2H lim s. d 2 Qni 
n—oo n—oo ! 2n+1 
an (2n + 3) (-1) (s - z) 
2 
N2 
(- 3) 
= lim ECE A for all xz, so R = oo. 
+ uw 
29. = = f(x) = sin 2x = f(z) 4 f e) (z-r)+ iD (x — 1)? 
n | f™ (a) | f") ' i l 
; n 4 
0 sin 2x 0 +f P (x — r)? + f aw (r— m) + 
1 2 cos 2x 2 
: 2 8 3 32 5 
2 | —4sin 2x 0 =0+ 7C mw) +0 x C T) +0+ zr (z-7) =- 
3 | —8 cos 2x —8 j à i 32 
4 | 16sin2x 0 pesce p eem 
5 | 32cos2x 32 
ns (up E 
im "I I (-1)"*1 92n+3 (x — 1)?"t8 (Qn+ 1)! 
noo] An n= 00 (2n + 3)! (—1)^ 2211 (y — q)2n*1 
2 2 
(es li = 0 < 1 forall z, so R = oo. 
(a — r) Jim, (On +3)On42) < 1 for all x, so oo 
oo (n) 
30. f(a) = vao Y, L9 «197 
FO) | r"as e on 
E 1 E E E ETE ee ee 2s8y 
LES rd p Os peor ne Pas oe 19) 
he She 
2 4 3 1 1 15 1 
Je us E 16)9 25 LCS 16)* 
"TXEE Basta 49 agere 
(4 48 1 oo coy E 2n — 3 " 
—44 =(x—16)+ X (-1)* POSENT ) (a — 16) 
5-3 3 1 8 n2 2n4 n! 
oF 8 45 1 2o 11:3-5- (m3) 
—4-4 z(z—16)4 pe 16)” 
iio Bo gine ar ae pl 95-2 n] Dem 
167 16 4 
[continued] 
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lim || im £27 1:375 (2n — 1)(z — 16)"*! 25n—2g] 
sce ue [xe 25n-3(n + 1)! (-1)"-11-3-5----- (2n — 3)(z — 16)” 
-— (2n — 1)|r —16|  |r —16]| ,. 2—1/n _ |r—16| , 
noo 25(n + 1) 32 noo 141/n 32 
|x — 16| 
= 16 « 1 forconvergence, so |x — 16| < 16 and R = 16. 
31. If f(x) = cos zx, then f "^U (x) = + sin x or + cos x. In each case, ua) < 1, so by Formula 9 with a = 0 and 
1 ; s 
M =1,|R,(2)| € (n 1i a |" **. Thus, | R, (z)| — 0 as n — oo by Equation 10. So lim R,,(x) = 0 and, by 


Theorem 8, the series in Exercise 13 represents cos x for all x. 


32. If f(a) = sina, then f "^P (x) = +sin x or + cos z. In each case, req) < 1, so by Formula 9 with a = 0 and 
1 
M = 1,|R,(x)| € hat! |x —7|"**. Thus, |Rn(x)| — 0 as n — oo by Equation 10. So lim R(x) — 0 and, by 


Theorem 8, the series in Exercise 27 represents sin x for all x. 


33. If f(x) = sinh, then for all n, f+ (a) = cosh z or sinh z. Since |sinh x| < |cosha| = cosh for all x, we have 
[recen] < cosh x for all n. If d is any positive number and |z| < d, then PC < cosh z < cosh d, so by 


cosh d 


(n4 DI az". It follows that | Rn (x)| — 0 as n — oo for 


Formula 9 with a = 0 and M = cosh d, we have | E, (z)| < 
|x| € d (by Equation 10). But d was an arbitrary positive number. So by Theorem 8, the series represents sinh z for all x. 


34. If f(x) = cosh, then for all n, f "^U (x) = cosh x or sinh z. Since |sinh z| < |cosh z| = cosh x for all x, we have 
|/ et) < cosh z for all n. If d is any positive number and || < d, then fe) < cosh z < cosh d, so by 


Formula 9 with a = 0 and M = cosh d, we have |R,,(x)| € EOS 


|< (n TJ |a|"*7. It follows that |R,,(x)| > 0 as n — oo for 


|x| < d (by Equation 10). But d was an arbitrary positive number. So by Theorem 8, the series represents cosh x for all x. 


s. JI-s-[ (Cap Y (7) (-2)" 


n=0 n 
1(_3 i 3)(_2 
=1+4(-2#)+ iC (2)? 4 al a) a) cig 8s 
1 9o Jy y Perdu ee (mex 8)] n 
: a4 § { Ease), 
1 e 3T 4n —5) 4 
= a a ` 


and|-z| c1 © |a|<1,soR=1. 
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36. 8T z— fs (1+ 2) =2(1+2)" -23 a (2) 


E 1 , & (-1"7.[:5.---- (3n—4) n 
2)i+ set E 3n.8". n! 

= & (-1)""7 [2-5 ++: (3n—4)] & 

=2+ i L 91501 


and |=] <1 € |r| «8so R= 8. 


1 1 1 g\-3 lg&[—-3Y mw 
87. —— = — = -(14+ 2 =- =} . The binomial coefficient is 
(2--x)  [2(1-2/2)? A 3 8 A )@) 


n n! n! 
2 (-1)*.2.3.4. 5... (n + 1)(n + 2) = (—1)"(n + 1)(n + 2) 
2-.n! 2 
Tus Lm cgo en o y COT we es € |r| «2,s0 R —2. 


A om 2! 3! 
3 ee (—1)*1(-1)^.3-[1.5-9- --- -(4n- 7)]]. n 
1 17t ad enl x 
3 o 1.5.9. (4n— 7) n 
1 1* spe. eig x 


and|-z| «1 © |2z|<1,soR=1. 


€ qenta 2 = gen = 1 4n+2 
39. arctan z = a 1) pnp? ©? f(x) = arctan(2*) = 22 1) URGET PX 1) epi , R=1. 
oo 2n+1 œ (z oed E 2n+1 
x T T 
40. si = nu f EN (5 ) = 1)” 4 1)” eH = . 
sing P» ) Qn Ji so f(x) = sin 1* Dak ) (2n 4 D)! oak ) 43e 2n + 1)! x R=co 
2n 2n 2n 2n 
oe c ee (22) eo 2:9 
41. eo > Qa = Y (—1)* ey cp f 
Ea Gage teat Nic A nye 
EE 2g = ad =ï n Pd 2n4-1 R Ux 
f(x) = xcos 2a = 2. ( ) [c ,R-oo. 
eo ue" sec(am)". Se (2a)? GOD qu - o9 D co 3” — 2” 
42. e? = E —-—p Vou ous = uA n i= 
É 5 n! ius f) E e x, n! 2 n! 2. n! 2 n! 2. n! , 5 = 
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= n ae Taa = n (icy = n p 
43. cosx = Dal 1) (Qn)! cos(x = Dal 1) (Qn)! ak 1) 2i Gn)" so 
oo " 1 ^ 
f(x) = x cos(4a?) = Dal 1) (On)! "tl R=0o 
oo n oo 3n oo 3n42 
44. In(14-z) = Y (-1)12 In(14-23) = Y^ (-1)^712 — so f(x) = z? n(1 + z?) = Y^ (21) 12 
n=1 n n=1 n n=1 n 


R=1. 


45. We must write the binomial in the form (1+ expression), so we'll factor out a 4. 


x x x x PAT gæfi LN” 
mn ia N NO 
4+ x? A(1--22/4)  24/1-a?/4 2 4 240 n 4 


2 1 3 242 1 3 5 2\ 3 
28) eae «Cla /2 Cute ur 
=o) Calg ore) 3i zu pes 
| rz rg 51:3:5-- (2n— 1) op 
2*32 CD n .4n . nl 
E US 541:3:5: (2n— 1) onpi z? le Hu 
=3 2 1) — Oo een. and 7 «1 e 5 «1 e ||«2, so R—2. 


x oo 1-3-5- (2n — 1) 
as 1)” T 
Va 22 [0 nl 22^ z 


x eo 51:3:5--- (2n— 1) n42 x 
=a A Ü nl g2nti/2 2^1" and A LM e ae 
stiri 1 & Dea)” æ (C1)Qay^] gm (yim 
47. sin? z = z(1—cos2z) = 5| 1- Z ~~} sll- SS = ——BsÁBL— 
sin^r zt cos 2z) Jl 2 (2n)! 2 2 (2n)! >, (2n)! 
R= œ 
"P co | 1n 2041 oo | 1n 2041 oo 2 1 n1,,2n-43 
"E SE | peces de DAE ptu A- sed x 
ERU GNO c (n4 1) "E =, (2n+1)! x | 9 (2n+3)! 
1 x =í n ,2n-t3 oo 1 nun 
Lig CDM m C) 


x3 f= (2n+3)! nao (2n 4- 3)! 


and this series also gives the required value at x = 0 (namely 1/6); R = oo. 
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49. (a) The Maclaurin series for e” is e^ = 1 4- z 4 E s xu x? +, 80 
=T 1 2 1 3 2 1 3 
e =1-r+ z (2) +z ay + SL Ota Xu Wr , and 
sinha = per-e) 3 |(1tet gett geet ) (: c a gr J 
e 2 1,2 a 1s 
-s[a- nee (ge a7)*(s« + ae) + 
1 d^ dones 3 5 S AE iiis 
[20 FQ egy E | mu Lab dis 25 Qn +i) 


(b) who (e ee) = zl ree grues) +(1 z+ 1 x? I uj «) 


3! 2! 3! 
eid q.d Mr as Boag s= di es 
= 3[0+0+@-a)+ (a^ *z2)*(s NET ay 
= Ge ae Si ee, y cadi 
EE 2! 4! P^ ral 4! — aco (2n)! 
2 3 4 
50. From Table (1), In( +2) =2- > +> -F +---,s0 


tanh-!g = 5in(*2) Peccata 


1 P x 243 R 245 " " 3 n 5 p oo qnl 
= T vs e = 
2| 3 5 qi s i nd 
(16) 2 g^ D 
51. cosx `= EM EE XT. ES 
n=0 (2n) Ty =T,=T,=T; 
7 " 66 (i (£?) 7 oo (—1)"2*” 
f(x) = cos(x ) = 2 (2n)! = De (2n)! 15 L5 
= ig^ i da Ac T, — T; — Ty — Ti 
i 
f 
PERS T,=T;=T,;=T, 


The series for cos x converges for all x, so the same is true of the series for f (x), that is, R = oo. Notice that, as n increases, 


T5 (x) becomes a better approximation to f(z). 
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52. n(1 +2) = Y (-1)""? = 
n=l n 
oo =À n—1 2\n oo EX n—1,.2n 
f(a) 21a?) = Y; OU" FC) 
n=1 n n=1 n 
-—g?— irt + dix — ia? +. 


The series for In(1 4 


-z)hasR—1and|i?| «1 © |z| <1, 


53. e 


55. 


so the series for f(x) also has R = 1. From the graphs of f and 
the first few Taylor polynomials, we see that T; (x) provides a 


closer fit to f(a) near 0 as n increases. 


x (11) em up Er = (—2)" - = adm 
remp soe 2 "ul zr x ap? 
—or cc n 1 n+l 

f(a) se = Y (-1)"= 

n=0 n 
=g- x? + $r? — trt + do? iti + 

X = _4)n-1 z- 
=> ) (n — 1)! 


The series for e^ converges for all x, so the same is true of the series 


for f(a); that is, R = oo. From the graphs of f and the first few Taylor 


polynomials, we see that T7, (x) provides a closer fit to f(a) near 0 as n increases. 


From Table 1, tan ! z = p» E n , SO Tis = Tis = d Tis = To = Tao 
o NP! Sd q9n43 
fle) = tan*(08) = X cap = Fay 
=x? — la? br” OF i , 
The series for tan! a has R = 1 and |a? | «1 e |al <1, T,7 T; 7 T» 
so the series for f(x) also has R = 1. From the graphs of f and 
the first few Taylor polynomials, we see that Tn (x) provides a zi 


7 
72 T2 Te 2 Tu To 2 Tis 5 Tis 


closer fit to f(x) near 0 as n increases. T; 2 Tu 2 T; =Ts T; 5 Ts 


S f E T ; 9o vp pem zx? at ag 

5 =5 (=) = 36 radians and cos x = ul ) (an)! 1 PT + 4 Gg +-+++,80 

cos T. — 1 — (7/36)? | (#/36)" _ (/36 |... ow 1 — (7/36) 0.99619 and adding 7/9. 4; 2.4 x 19-8 
36 21 4l 6l ce ET uM Ies 


does not affect the fifth decimal place, so cos 5? ~ 0.99619 by the Alternating Series Estimation Theorem. 
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co n 2 3 
56. 1/ Ve = e-/!? and e* = Y^ p s M 
noo n! 21 3 


sino QL 1 ,(/10* — Q/10 | Q/10* — (1/10* 


10* ad 3 toa gy ene 
2 3 4 5 
1— E s DR = CE + SUEDE & 0.90484 and subtracting 0/10) £z 8.3 x 1078 does not affect the fifth 
10 2! 3! 4! 5! 
—1/10 


decimal place, so e & 0.90484 by the Alternating Series Estimation Theorem. 


3 2y)-1/2 nouo (=3) (3) uuu C2C3C3, ay 
57. (a) 1/1 — 2? = [1+ (-a?)] "1-4 (-§)(-2”) 4 "e up n 3i (72) + 
i Be quive (2n — 1) 4, 
EAS oom 
NA UR 1 B o» PBs eases (2n— 1) 2n41 
(b) sin c= f = QU cO PEL EDO x 
abd eee (2n — 1) om l Tm 
ze =) Qn F 2^ - ni z?"*! gnce0 —sin !0— C. 


lon 4 3! 3! 
1 2 pesos (4n — 3) 
| 
1)” nm 
1 a” T 2 ( ) 4" . mJ 
(b) 1/ VIFT =1- {r+ dc — Bao? + Peat —.e.21/V14-1/4/1- 0.L so let x = 0.1. The sum of the first four 


terms is then 1 — 1(0.1) + 3; (0.1)? — 455 (0.1)? © 0.976. The fifth term is 355; (0.1)* ~ 0.000 009 5, which does not 


affect the third decimal place of the sum, so we have 1/ V1.1 ~ 0.976. (Note that the third decimal place of the sum of the 


first three terms is affected by the fourth term, so we need to use more than three terms for the sum.) 


59. / 14-23 = (1+ 4°)? = 3 (i) (z3)^ = S (i) er > [V Fric > (i) ae 


> 245 3n +1’ 
with R — 1. 
oo qnt 7 oo (rij oo q4nt2 
. si = —1)" — — > si = —1)” 2——— = —1)" ——_ => 
SD e oak y (2n 4- 1)! x A (2n 4- 1)! A (2n + 1)! 
2 2 =< oo 2 2) 4 C S 1 at hR 
x^ sin(z^) P ) Qn DI — J: sin(z^) dx +2 ) Cn + Dian qp oo 
2n 2n 2n—1 
(16) & x ee x cosg — 1 oe x 
61. = —1)” ts 1)” = —1)” => 
cos x P ) Qn)! cos x P ) Cn)! m pe ) Qn)! 
cosa —1 d C4 D (21) x” with R = co 
zo NUM. Open esee 
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oo » pnl E oo r (yat oo " gh t2 
62. arctan z = p SI =>  arctan(z^) = oa) Dna TS 220-0 CUT => 
f seh dx = C + 3 (-1)* a „with R= 1. 
AC Gat Dn +3) 
63. arctan z = Y (-1)"* = for |x| < 1, so x? arctan z = S cp t for || < 1 and 
S 2n 4-1 AO 2n 4-1 
n arctan x dz = C+ P» pup erc Since 4 « 1, we have 
= (2n + 1)(2n + 5) ? 
E E QUI cU E 
à 24 Cnt DnS) 1-5 37 5.9 FL 


(1/2)? a | (1/2)" & 0.0059 and subtracting (1/2)" 


zx 6.3 x 1079 t affect the fourth decimal pl. 
1.5 3.7 5-9 TG 6.3 x 10^" does not affect the fourth decimal place, 


so ff bd ? à? arctan x dx ~ 0.0059 by the Alternating Series Estimation Theorem. 


64. sinz = Y aya for all a, so sin(a*) = Y aa for all x and 
n=0 (2n + 1)! ] ier) (2n 4- 1)! 
[ oca — C4 y 1)” wn . Thus 
me (2n + 1)! (8n + 5) i 
1 oo 
[| sse = Sy" wes des ag pom NW 
RC + "E ~ 0.1876 and subtracting : zz 6.84 x 107° does not affect the fourth decimal place, so 
1-5 3!-13 5!-21 7! -29 


JS * sin(a*) dx ~ 0.1876 by the Alternating Series Estimation Theorem. 


œ fl œ //1N gônt! 
65. VIF Ti = (1-21)? — |? ("so f eoa dx =C+ >> |? and hence, since 0.4 < 1, 
nzo \ n nao \n}] 4n+1 
we have 
0.4 oo al (0 aye 
LS 1 4dz= és ee 
o POUR 2 B 4n 4-1 
a) Ot, $04* | 3C3) o4» HDB 6 , 1C CCS) 64 , 
0! 1! 5 2! 9 3! 13 4! T ME 
5 9 13 17 
a ee (0. (0.4) , (04)" 5(0.4) ict 
10 72 208 2176 
(0.4)? P 2 ee (0.4)° 
Now m £ 3.6 x 107? < 5 x 10 ^, so by the Alternating Series Estimation Theorem, J ~ 0.4 + ETE & 0.40102 


(correct to five decimal places). 
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0.5 0.5 oo (. 4^ ,2n42 oó 4)" V2n3 71/2 öd qn 
66. f ve” dx = 25 EDU dx — > E z | = = and since the term 
0 0 n=0 t 


n! nz (2n +3) Jo 2 n!(2n + 3)22n*3 
ithn = 2i < 0.001 > ay ! l 0.0354 
with n = 2 is 1 we use oe = a ee a. : 
1792 ^ nao nl(2n-4-3)22»*3 | 24 160 
S ND INC NN DIU ERE DC 352 7-373 a E o CTS 
(pdt E OUE C. mer cuc ugue quare c lea c nie 
z—0 x? r0 x2 z—0 x? 
afl ol D MEN M EN! 
= lim(3 32+ ie- iz +e) 
since power series are continuous functions. 
103 ap tl 4 6 
& dim 10597 Sg ett et att) 
s>0l+g— e? s>01+g-—(1+e+ år? + ir t iett grt drst.) 
1,2 4 | 1,6 
NS zt — qv twv — 
i I 1 1 i 
20 —5 a? — gr? — gat — ga? — gia? 
1 EP. Ta 1 
= lim a ae tat m —-—1 
= 1 I I 1 I =i = 
20 —4 — à — 42? — g2? — gc 370 
since power series are continuous functions. 
: 1,3 se nee eee Yd 1.3 
69 lg pL e egit E (x — år + Aye — Qv Tej-zrcit 
r0 x5 10 x 
"oa Bi cm due L im 1 x "s E NE 
20 P 250 51! 7! ' 9l 5! 120 
since power series are continuous functions. 
1 1 RIA 05 1 12.473 
10 im Vbkz-i-39 _ im (üt3r- ae +i? Spe 3. im quet: aie 
r0 x? x—0 x? r—0 x? 
= lim (-i + ic — ) = -i since power series are continuous functions. 
z—0 
n. li z?—3x--3tan !z ji z? —3z +3(x — $x? + i235 — qa +--) 
. lim. ———— ——— = limn SAA 9 Ht 
20 r5 z-0 x5 
: a? — 30 + 3a — a? + 32° — 3274... . 355 — Bg? +... 
= lim ———————————————————— -— lim 
20 Ty «0 z5 
= lim (2 — 3a? +---)= B. since power series are continuous functions. 
qd 
dc 3p m8 1,3 | 2.5 
tanz—az (a+ ix + ur Te)-c- 3v c-r oe 2 
72. lim — lim 3 ab = lim 3 n = lim (+ + Žr? + si 
r—0 x3 r—0 x3 r—0 x3 lim ( 15 ) 3 
since power series are continuous functions. 
2 4 6 2 4 
; 5 x x x x x 
73. From Equation 11, we have e ^ 1 + +--+ and we know that cos x = 1 — — + — —.--- from 
1! 2! 3! 2! 4! 
: —a2 x 2 1,,4 WA 1,4 ae : 
Equation 16. Therefore, e cos £ = (1 HP et En ) (1 =t Pigg has i Writing only the terms with 
—a«? = 12 1,4 2, 1,4, l44 _ 3,,2 4 25 
degree < 4, we get e cost =l =at 4X —z +50 4+ 50° to: —1—53X t$ ve 
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1 6 1 
74. secz = = E i 
os — l— 9a? + zt — 1,241054 
1— iz? + art 1 
2 
1— 5a° + DIS — 
"m 
ig? — Fat + 
Re 
hes 
From the long division above, secz = 1 + ia?-4 Xx. 
£ (15) £ 
p =i i 
sin £ X — zT? +2 see 
6 120 2, 7,4 
L+ $T + gaot tov 
gz- i 
b= hal + ha- 
ee ae) 
ee — 31207 T 
go æT t 
745 
3607 T 
pm 
360" T 
From the long division above, — =14+ i2 axe 
sin x 
2 3 2 3 4 
76. From Table 1, we have e? = 1+ 5 +5 + 5 +--+ and that In(1 + 2) =e- Z T — Te +.... Therefore, 
2 3 2 3 4 
y= +a)= (145+ 5 +54) (sc Z +5- +o). Writing only tems with degree < 3, 
we gete” In(1 + z) 2 z — 4x? + ia? +e? — da? + ja? tocat ha? Hir? to. 
77. y = (arctan z)? = (z E iz? + ia — ta! Te :) (a = ic? + tr” — ta! Tee ). Writing only the terms with 
degree < 6, we get (arctan x)? = z? — $a* + ix? — irt + ja? + ir? tooa? — att Brot... 


78. y = e” sin?z = (e* sin z) sina = (x +a? + ia? Tee ) (x = £a? Te :) [from Example 15]. Writing only the terms 


with degree < 4, we get e” sin?a = x? — tatt? + ice =r? +r’ ++ ix^. 
oo P. uu oo gi n E 
79. 2 04) perm = =e”, by (11). 
e pb 0m 1 (a*)” 4 
80. 7 (-1)"" zm 0 (c1) "im In(1-4- x^) [from Table 1] 
n=l n=1 
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82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


SECTION 11.10 TAYLOR AND MACLAURIN SERIES 


oo qnl oo (x /2)?"+1 " 
cj a ee py MPO t un ^(Z) from Table 1 
P ) 912m + 1) > ) on i1 an 5 [from Table 1] 
oo " pnl oo (ej? or 
P 1) in ET XC 1) On ET) sin 5 by (15). 
S CDE is the Maclaurin series for e” evaluated at x = —1. Thus »» E = e™! by (11) 
nzo N! Ei "ex nh YS 
2n 
e Hi eR eR LUN ER 
L 6 On)! P» Quy = 99$ = E by (16. 
Sani 95. _ & n-i(3/8)" _ 3 E: 
2 ( ) LT s 1) = In( 1+ EJ [from Table 1] = In = 
c 5 e (3/5)" 3/5 
= 11 
M59 M n sby AD) 
nfø{n\2n++1 
e (aya e (gy, 
> 42n+1(2n + 1)! 2 (2n 4- 1)! sin $ = yz: by (15). 
12)?  (In2? co (—In2)” - 
1-24 002 - 6» =>! E m -m2 esquina) ! 23-7 5L by (11). 
9 27 81 3b.3?.83* 3 se 3^" g3” š 
oho ort ar gy ort gy at as Doe BUD. 
1 1 1 1 oo p 1 
1.2 3.23 ^ 5.98 7.97 57 a 1) (2n + 1)227+1 
S nile -ı/1 
= —1 —t = fi Table 1 
P ) on r1 an 2 [from Table 1] 


If p is an nth-degree polynomial, then p (a) = 0 for i > n, so its Taylor series at a is p(z) = Y ; 
i=0 


n pê) 
Putz — a = 1, so that z = a + 1. Then p(a + 1) = = 
i=0 
"M n pO (a) 
This is true for any a, so replace a by x: p(w 4-1) = Y; 3 
ico 


Using the geometric series from Table 1, we have 


E rs 1 
14-22 ^" 1-(-22) 


È canem, 


n=0 


=z: can 


n=0 n=0 


The 21° term is obtained when n = 50 and is (—1)?9 5:19! = 21°". So the coefficient of x 


f C?) 


YR f° (9) = 1011. 


must equal 


101 


p (a) 
il 


(x — aŬ. 


1s 1 which, by Equation 7, 
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93. Using Equation 15, we have 


3 oo pojat oo RE oo girt 
esr) 2C ey 7 2 280" n 24” n 
The x??? term is obtained when n = 50 and is (—1)?? = = E z?93. So the coefficient of 279? is e. which, by 
101! 101! 101! 


_ 203! 


POO TNT fe) RES = 
101! 


(203) 
—————. Q———— SS 0 
203! 203! 101! f (0) 


Equation 7, must equal 


Spe SEE 0) 


94. The coefficient of x° in the Maclaurin series of f (x) = (1 + z?)?? is EB C But the binomial series for f (x) is 


(1 4- 23)% = 5 (2) x”, so it involves only powers of x that are multiples of 3 and therefore the coefficient of z^? is 0. 
n=0 n 


So f 99 (0) = 0. 
95. Assume that |f” (x)| € M, so f” (x) € M fora € x < a +d. Now f? f"(t)dt € f? Mdt => 


f'"(x)— f"(a) € M(x—a) => f" (x) € f"(a) + M(x — a). Thus, fe f" (t) dt < Ls [f (a) + M(t-a)dt => 


f(x) — f'(a) € f"(a)(g -a)- - 3M(r-a? => fi(x)< f(a) + f'(a)(x —a) + $M(x—a) 
f? fat € f? [f(a) + f"(a)(t a) + 3424(t-a]at => 

f(x) = F(a) € f'(a)(x — a) + 3f" (a)(z — a)? + 
f(x) — f(a) — f'(a)(x — a) — 3f" (a)(x — a? < &M(z — a)’. But 

R2(x) = f(x) — Ta(x) = f(x) — f(a) — f'(a)(s — a) — 3 f” (a)(x — a)?, so Ra(x) € gM(z — a)’. 


A similar argument using f" (x) > —M shows that Ro(z) > —& M (x — a)?. So |R2(z2)| € M |x — al’. 


M(x — a). So 


Ole 


Ole 


Although we have assumed that x > a, a similar calculation shows that this inequality is also true if x < a. 


—1/z? if 0 € —1/z? 
d AA so f'(0) = lim TG qu). lim Ê — lim Im — lim z 
0 if r=0 x20 r—0 r—0 xz z—0 el/z z—0 2el/z 


96. (a) f(2) = 


(using lHospital's Rule and simplifying in the penultimate step). Similarly, we can use the definition of the derivative and 
l'Hospital's Rule to show that f"(0) = 0, f (0) = 0, ..., f° (0) = 0, so that the Maclaurin series for f consists 


entirely of zero terms. But since f(x) 4 0 except for x = 0, we see that f cannot equal its Maclaurin series except 


atx = 0. 

(b) 0,002 From the graph, it seems that the function is extremely flat at the origin. 
In fact, it could be said to be “infinitely flat” at x = 0, since all of its 
derivatives are 0 there. 

—0.4 0.4 
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e fk 
n—1 n 
‘) NX + 2 (") NX 


; nj" s n with n + 1 | 


in the first series 


T 
+ 
2 
a 
8 
I 
m 
+ 
& 
Me 
A OM 
S cm 
uu 
3 
8 
3 
L 
II 
Me 
wt DIN, A n x 


L, a klk-1)(k-2) ext nep DOES n, S k(k — 1)(k —2)---(k—n-1)] n 
TUUM GFT +E [v ni 
— & (n+ 1)k(k —1)(k—2):-(k—m- 1) ý 
à (n1) e 
E 2» k(k — 1)(k — 2 (k —n-4 1) r” = rÈ B x” = kg(x) 
Thus, g'(x) = fate) 
(b) A(z) = (+2) ^g) = 
h'(x) = —k(1-- z)-*-!g(z) + (1+ z)^* g'(x) [Product Rule] 
= —k(1+a)~*"19(x)+(1+2)* zele) [from part (a)] 
= —k(1- 2) ^^! g(z) + k1- 2) ^1 g(z) = 0 


(c) From part (b) we see that h(a) must be constant for x € (—1,1), so h(x) = h(0) = 1 for x € (—1, 1). 


Thus, A(z) = 1 = (1 +x)" g(x) € g(x) =(1+2)* for x € (—1,1). 


98. Using the binomial series to expand 4/1 + x as a power series as in Example 9, we get 


oo n—1 n 
VITI = uec qut Ker qige HU ASTE 
1+ = (1+2) ESFE T E 
1 OO qs Big hl setts (2n — 3) 
1 2)1/2 = ip ag 
( £ ) 1 9* pn $c and 


V1—e?sin? 0 = 1 — je sin? @— Y pat n9) an sin?" 0. Thus, 


n=2 27 -n! 
a /2 7/2 89: ees es er = 
L =4a f V 1-— e? sin? 0 d0 = 4a T (- Ze? sin? 0 — 2» Ig On 9) din gm ) do 
0 0 = m 


2 oo H . e.s.. — 2 d: 
— 4a E E op ya noe) s. 
2 2 n=2 


4-6 2n 


7/2 ERE 
where Sn = j sin?" 0 d0 = 2 
0 2. 


[continued] 
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b= 4a(5)|1 ea ye (gy Or 


2 2 2 n! 2 6: 2n 
n 2 oo 2n 2. 2. 2 ee eee — 2 —, 
-na E m > e™ 1-3-5 (2n — 3)" (2n — 1) 
L 4 n=2 4 nl.2".mn! 
[ 2 2n 2 
T e ee e 1:3... (2n — 3) 
= 2ra a an 0] 
r 2 4 6 
[2 3e 5e Ta 2 4 6 
Sa hee x cusa. ce 4e? — 12 To 
ual 7 GL 358 | 12s. 56 — 64e e^ — be ) 


kios n(r) - sin(tan x) — tan(sin x) 
d(x) | arcsin(arctan x) — arctan(arcsin x) 
. . f . a 1 1.1838 
The table of function values were obtained using Maple with 10 digits of 64 0.9821 
precision. The results of this project will vary depending on the CAS and 0.01 2.0000 
precision level. It appears that as x > 0*, f(x) 2. Since f is an even 0.001 3.3333 
function, we have f(x) > 2 as z — 0. 0.0001 | 3.3333 
4 
2. The graph is inconclusive about the limit of f as x — 0. 
—0.01 0.01 
52; 
3. The limit has the indeterminate form 2. Applying l'Hospital's Rule, we obtain the form 2 six times. Finally, on the seventh 


application we obtain lim n (x) = E108 = 


i . MX) cas, 7390 — vag? t 
4. lim f(x) = iy = lim —— e 
rz—0 10 d(x) 1—0 BENEM + 755 0? Tee 
1,7 29 9 7 1 29 2 1 
cu Gar r do) ur cog eg Ro Si 
lim 1.7. 13.9 7 im roro 21.. 4 1 
(73527 + sega? +--+) /a 30 + 756% 30 
Note that n (a) = d? (£) = ij = —2999 — —168, which agrees with the result in Problem 3. 


5. The limit command gives the result that lim f(x) — 1. 


6. The strange results (with only 10 digits of precision) must be due to the fact that the terms being subtracted in the numerator 


and denominator are very close in value when |x| is small. Thus, the differences are imprecise (have few correct digits). 
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11.11 Applications of Taylor Polynomials 


1. (a) 
T, (a) 
0 sin x 0 0 
1 cos £ 1 x 
2 | —sing 0 x 
3 | —cosx —1 x i * 
4 sin £ 0 z— z 5 
5 cos © 1 z— ca? + me 
(b) 
© f To(a) Ti (x) = T(x) T3(x) = T(x) Ts (a) 
1 0.7071 0 0.7854 0.7047 0.7071 
3 1 0 1.5708 0.9248 1.0045 
T 0 0 3.1416 — 2.0261 0.5240 


2sec? x tanz 


Asec? x tan? x + 2sec* x 


z | 0.5774 
zı 
z | 1.7321 


(c) As n increases, Tn (x) is a good approximation to f(x) on a larger and larger interval. Because the Taylor polynomials 


are continuous, they cannot approximate the infinite discontinuities at x = +7/2. They can only approximate tan x 


on (—7/2, 7/2). 
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12 
n | f?) | FOU) 
0 e” e 
1 e” e 
2 e” e 
3 e? € 
2 fo) : J 
= J M Qn 1 
To(2) = 35 OY (s - 1) r o 
1.5 
7 
T, 
f 
M P 
=] 


2.5 


1.8 


6 2 
; a 
n £199 (a) f™ (0) 
0 e "sing 0 n 
1| e *(cosz — sin x) 1 : 
2 
2 —2e ?cosc —2 
3 | 2e "(cosz + sin x) 2 
3 g) 
Ba)= >) f d a^ =g g’ + gx -2 
n=0 : 
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T3 


wn e Of; 3 


T3 


—xsinx + cosx 


—g cos x — 2 sin x 


wn e oO|S3 


xsinx — 3 cosg 
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11. 


12. 


13. 


You may be able to simply find the Taylor polynomials for T, Ts 
f(x) = cot x using your CAS. We will list the values of f '? (1/4) 
for n = 0ton = 5. 
n 0 1 2 3 4 5 
fma) | 1 | -2 | 4 | -16 | 80 | —512 
5 fo? 7/4 m 
T= Y; Ee 8) 
n=0 n: E 


-1-2(s-3)92(e- i — 3(@— 4) + (0-3) - (0-5) 
For n = 2to n = 5, Tn (x) is the polynomial consisting of all the terms up to and including the (a — íi) term. 


You may be able to simply find the Taylor polynomials for 3 


f(x) = V1 x? using your CAS. We will list the values of f"? (0) 


for n — 0ton — 5. 


FO) a 


5 
T5(x) = 0; <a" —1- 3a? — gt 2: o 
n=0 n. 


For n = 2 to n = 5, Tn (x) is the polynomial consisting of all the terms up to and including the x” term. 
Note that 75 = T3 and T4 = Ts. 


(a) 1 f(x) = 1/a x T(x) 
" [7096 | f?) : : , 
0 1/z 1 = on D ms Du suc by 
2 2/a? 2 
3 | —6/a* 


M 
(b) | R2(z)| € 3 |z — 1|°, where | f" (x)| < M. Now0.7 z X13 > |r—1|€03 = |r—1|? < 0.027. 


Since | f" (x)| is decreasing on [0.7, 1.3], we can take M = | f""(0.7)| = 6/(0.7)?, so 


4 
|Rs(z)| < ELOD. (0.027) = 0.124531. 
(c) 0.04 From the graph of | R2 (x)| = E — To (x)|, it seems that the error is less than 
0.038 571 on [0.7, 1.3]. 
y = |Ro(x)| 
0.7 1.3 
0 1 
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SECTION 11.11 


f(a) = 27"? ~ Tu) 


14. (a) 
Pe) |f) 1/2 1/16 3/128 
= 40 248, gyi, 8/4487, 2 
=o 4) m (z—4) + 5i (a — 4) 
3 — 16(@ — 4) + gig (s - 4 
M 
(b) |R2(z)| € 3 |z — 4[5, where | f” (x)| < M. Now 3.5 <£ X45 > |r—4| €0.5 => jx — 4f? < 0.125. 
Since | f" (x)| is decreasing on [3.5, 4.5], we can take M = | f” (3.5)| = "e so 
ie i 8(3.5)72* 
|Ro(«)| < — 7 (0.125) ~ 0.000 487 
TU TO TET T m ) 
(c) 0:0904 From the graph of | Ra (x)| = |a~!/? — Tz (x)|, it seems that the error is less 
than 0.000 343 on [3.5, 4.5]. 
3.5 4.5 
0 4 
15. (a) f(x) = 22/3 gy T3(z) =1+ 2 (a 1) 22 x 1)? 4 S -1p 
=14+4(x@-1)—- §(x- 1)? + g(r-1P 


2,.-1/3 
37 


M 
(b) | Ra(x)| < T |£ — 1|*, where | f&() X M.Now0.8EXzx12 > 


2 | =r 

3| ga lr—1|€0.2 => ]|r-— 1|* < 0.0016. Since ewl is decreasing 

4 — 56 4,—10/3 

Sr on [0.8, 1.2], we can take M — | f^(o.8) = 95 (0.8). 19/2 so 
56 (Q,g)— 10/3 
|R3(a)| x & 2 (0.0016) z 0.000 096 97. 
(c) 0.00006 
From the graph of | Ra(a)| = |x? — Ts (x)|, it seems that the 
error is less than 0.000 0533 on [0.8, 1.2]. 
uu 1 L2 
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16. (a) f(x) = sinz ~ Ta(x) 
T an \2 PEN EVI 
r+ Be 8) - ¢(@- §) c 5) t as (v $) 
M T 5 T T T T T T 
(b) |Ra(x)| < = z — 8|, where | f (z)| < M. Now0 < 2 < 3 BS U- FSG |c-2|<% 
|z — z[l < eae Since Owl is decreasing on [0, £], we can take M = EKO) = cos0 = 1, so 
lm 
Ra(z) € = (Z) ~ 0.000328, 
ORRE 
(c) 0.0004 
From the graph of | Ra(x)| = |sin x — T4(z)|, it seems that the 
a | Ra(x)| , 
error is less than 0.000 297 on [0, 3]. 
Am 
0 a 3 
6 
17. (a) f(x) = secx ~ T»(z) = 1 + 42? 
n f(a) f™(0) 
0 sec x 
1 secx tana 0 
2 sec x (2sec? x — 1) 
3 | seca tanz (6sec? x — 1) 
M 
(b) | Ra(z)] € zy |al®, where | £9) < M.Now-0.2<2<02 > |x| «02 > |z|? < (0.2)*. 


f(a) is an odd function and it is increasing on (0, 0.2] since sec x and tan z are increasing on [0, 0.2], 


(3) 
so | f(a)| < f (0.2) ~ 1.085 158 892. Thus, | Ro(x)| < see) (0.2)? = 0.001 447. 


3! 
(c) 0.0004 
y = |R(x)| 
From the graph of | R2 (x)| = |sec x — T2 (x)|, it seems that the 
error is less than 0.000 339 on [— 0.2, 0.2]. 
—0.2 0.2 
0 
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18. m m (a) f(x) — In(1 + 22) zz Ts(x) 
n f(z) ee Sa 20 1) 25 1)? Lege 7 1) 
In(1 + 2x) In3 ? 2! 3! 
1 2/(1 + 22) i M n a 
« 2 s — 15, | | M.N Bua. 
2| —4/ 420)? -i (b) | Rs(x)| < d |x — 1[*, where |f? (x)| < ow0.5<xz<1.5 > 
4 
3 | 16/(1-4 22) 16 -05<2¢-1<05 > |r-1|€0.5 => |r—1|*X i and 
4 
£ ss + 27) letting z = 0.5 gives M = 6, so |Rs (x)| < Scd = = 0.015625. 
4! 16 64 
(c) 0.005 
From the graph of | R3(x)| = |In(1 + 2x) — T3 (x)|, it seems that the 
error is less than 0.005 on [0.5, 1.5]. 
22 2 
19. (a) f(x) =e Th) = 1+ Fa" =14+2° 
n f(z) 
0e 
e 
(b) |R3(x)| < PU M igi: where |/9 ) <M.Now0<2<01 => 
1 | e" Qu) 
2 | er (2 + 42?) < (0.1)^, and letting x = 0.1 gives 
ae 0:01 
3 (122 + 82?) TRE (12 + 048 + 0.0016) (^ 4. 0,000053. 
4 | e" (12 + 482? + 162) M 
(c) ^ 0.00008 
From the graph of | R3(x)| = e” -T (a). it appears that the 
y= |R3(x)| 
error is less than 0.000 051 on [0, 0.1]. 
0 0.1 
20. (a) f(z) = ane z Ts(z) = (x — 1) + 2(z — 1? — (æ — 1? 
n | fa | fq 
E 0 (b) |R3(x)| < — T ETE , where | f (z )| € M. Now 0.5 < z < 1.5 => 
1|lnz-cl 1 
9 ijs 1 z—1|zi => |z-—1|'X i.Since | FE) is decreasing on 
3 | =1/2? | -1 0.5, 1.5], we can take M = id fo (0.5). = 2/(0.5)3 = 16, so 
4 2/a? 
Rs(z)| € 28(1/16) = 4 = 0.0416. 
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(c) 0.008 


From the graph of |R3(a)| = |x na — T3(x)|, it seems that the error 


| is less than 0.0076 on [0.5, 1.5]. 
0.5 1.5 


0 1 
: 2 304 4 2 la 
21. (a) f(x) = zsinz © Ti(z) = 5 (y — 0) + a (e—- 9) zi de 
n f°) f™ (0) 
0 xsin x 0 ax 
1 sing + £ cos x 0 (b) |Ra(x)| < gp lel where | f (2)| < M. Now -1 <r<1 > 
a a alae : |x| < 1, and a graph of f 9? (x) shows that | f(a)| <5for-l<a#<l. 
3 | —3sinz — x cosx 0 5 1 
4: | er eee buen —4 Thus, we can take M = 5 and get |R4 (x)| < 8 1*- es 0.0416. 
5 


5sinx + xcosx 


(c) 0.009 
From the graph of |Ra(x)| = |x sin x — T4(x)|, it seems that the 
error is less than 0.0082 on [—1, 1]. 
-1 1 
0 
22. (a) f(z) = sinh 2x ~ T5(z) = 2x + $2? + a? = 2z + fr? + 42° 
n| f(x) | F0 
0 sinh 2x 0 
(b) |Rs(z)| € # a: [, where | f) < M. For z in [-1, 1], we have 
1 | 2cosh2x 2 | 
Asinh 2x 0 |x| < 1. Since f © (x) is an increasing odd function on [—1, 1], we see 
8 cosh 2a 8 that | fe) < f(9 (1) = 64sinh2 = 32(e? — e-?) ~ 232.119, 
0 


so we can take M = 232.12 and get |R5(x)| < 23232 . 1° ~ 0.3224. 
32 cosh 2x 32 


2 
3 
4 | 16sinh 2z 
5 
6 | 64sinh 2x 


(c) 0.03 
From the graph of |Rs (x)| = |sinh 2x — T; (x)|, it seems that the 


error is less than 0.027 on [—1, 1]. 
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; > EZ M ay ae 
From Exercise 5, cos x = — (z -3)+ HC: — $) + Ra(z), where |R (x)| < a |x — Z| with 


T — 4m ; ; 
+) = = radians, so the error is 


NIA 


KSO) = |cosz| < M = 1. Now x = 80° = (90° — 10°) = ( 
|R3 ( 2x) | <i = = 0.000 039, which means our estimate would not be accurate to five decimal places. However, 


Ts = T4, so we can use |f (€) | ge (57 = 0.000 001. Therefore, to five decimal places, 


x 
+ 
alr 
| 

|^ 
x 
w 
Q 
o 
= 
NI 
w 
D 
e 


e usc ML. HE 
cos 80° z ( 18 


From Exercise 16, sina = 4 + V3 (x £) — F(a zy Y3 (x y + s(r zy + Fa(x), where 


|Ra(x)| < a |x — =| with Fa) = |cosz| € M = 1. Now x = 38° = (30° + 8°) = (Z + 22) radians, 


so the error is |Ra (335) | < im (3x) ? ~ 0.000 000 44, which means our estimate will be accurate to five decimal places. 


V8 (an) (22) v3 (22)? 4 1 (22)* ~ 0.61566. 


H H i. 
Therefore, to five decimal places, sin 38° = 5 + 13 s au las 


et 


All derivatives of e” are e”, so | Rn (x)| < (n-E 1) [z|" **, where 0 < x < 0.1. Letting x = 0.1, 


eot 


R,(0.1) < ccm 


(0.1)”** < 0.00001, and by trial and error we find that n = 3 satisfies this inequality since 


R3(0.1) < 0.0000046. Thus, by adding the four terms of the Maclaurin series for e? corresponding to n = 0, 1, 2, and 3, 


we can estimate c?! to within 0.00001. (In fact, this sum is 1.10516 and e?! ~ 1.10517.) 


From Table 1 in Section 11.10, In(1 +£) = X (yt for |x| < 1. Thus, In 1.4 = In(1+ 0.4) = $5 (-1) 
n=l 


Since this is an alternating series, the error is less than the first neglected term by the Alternating Series Estimation Theorem, 
and we find that |ae| = (0.4)°/6 ~ 0.0007 < 0.001. So we need the first five (nonzero) terms of the Maclaurin series for the 


desired accuracy. (In fact, this sum is approximately 0.33698 and In 1.4 zz 0.33647.) 


1 1 ; ; 
sinz = £t — ae + ma — ***, By the Alternating Series 


Estimation Theorem, the error in the approximation 


1 : 1 
sinr—z-— a is less than st «0.01 & 


|z?| < 120(0.01) & |a| « (1.2) ~ 1.037. The curves 


y-rz-— ia and y = sin x — 0.01 intersect at x ~ 1.043, so 


0.9 


0.8 


the graph confirms our estimate. Since both the sine function 
and the given approximation are odd functions, we need to check the estimate only for z > 0. Thus, the desired range of 


values for x is —1.037 « x « 1.037. 
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28. 


29. 


30. 


31. 


32. 
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1 . : 
cost = 1 La? + 2 x gt +--+. By the Alternating Series 0.34 


y = cosx + 0.005 


Estimation Theorem, the error is less than -52° < 0.005 <= 


a? < 720(0.005) & |a| < (3.6) /9 = 1.238. The curves 
y=1- iz? +3 ayn" and y = cos x + 0.005 intersect at x ~ 1.244, 


so the graph confirms our estimate. Since both the cosine function y = cosx — 0.005 
1.22 
0.32 


1.26 
and the given approximation are even functions, we need to check 


the estimate only for x > 0. Thus, the desired range of values for x is —1.238 < x « 1.238. 


zx? x5 g 1 


arctan t = x 3 + 5 7 +- - . By the Alternating Series 


Estimation Theorem, the error is less than |- za" | «0.05 <= y = arctan x + 0.05 


|z"| «0.35. & |a| « (0.35)'/7 e: 0.8607. The curves 


1.2 


y= u- ia? + ia? and y = arctan x + 0.05 intersect at 


x ~ 0.9245, so the graph confirms our estimate. Since both the y = arctan x — 0.05 


arctangent function and the given approximation are odd functions, d 


we need to check the estimate only for x > 0. Thus, the desired y-x- llys 


range of values for x is —0.86 < x < 0.86. 


E Cu M up! did mo Rer à 
f(z) =e ar €-4" a $a pare 4) = ana) 4)". Now 
f(5) = S EAT = y (—1)"b, is the sum of an alternating series that satisfies (i) bn+1 < bn and 
n=0 n=0 


(ii) lim bn = 0, so by the Alternating Series Estimation Theorem, | R5(5)| = |f(5) — Ts (5)| € be, and 


be = S = — = 0.000196 < 0.0002; that is, the fifth-degree Taylor polynomial approximates f (5) with error less 
than 0.0002. 


Let s(t) be the position function of the car, and for convenience set s(0) = 0. The velocity of the car is v(t) = s'(t) and the 
acceleration is a(t) = s" (t), so the second degree Taylor polynomial is T5(t) = s(0) + v(0)t + 20) = 20t + t?. We 


estimate the distance traveled during the next second to be s(1) ~ T2(1) = 20 + 1 = 21 m. The function T(t) would not be 
accurate over a full minute, since the car could not possibly maintain an acceleration of 2 m/s? for that long (if it did, its final 
speed would be 140 m/s & 313 mi/h!). 
(a) The linear approximation is 

Ti (t) = p(20) + p'(20)(t — 20) = pso[1 + a(t — 20)] 
The quadratic approximation is 


p" (20) 
2 


T»(t) = p(20) + p'(20)(t — 20) + (t — 20)? 


= Poo[1 + a(t — 20) + $a? (t — 20)?] 
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(b) 8X 1077 (c) 225 x 1075 


4 T; 
T 


—250 1000 —30 80 


125 x 10 * 
From the graph, it seems that T; (t) is within 1% of p(t), that 


is, 0.99p(t) < Tı (t) € 1.01p(t), for —14°C < t < 58°C. 


-2 
q q _ 4g q q d 
SOECIM-(UIJS- Dé DUD D | (1« 5) | 


We use the Binomial Series to expand (1 + d/ D) ? 


b= Sof (1-2(5) 8) - 59) )] = BPG) 5) 5) -~] 
vie) m 


when D is much larger than d; that is, when P is far away from the dipole. 


fi fo 


34. (a) z> PE 


n2 — 1 N2Si Tl1 So 
l-i R 


) [Equation 1] where 


lo = y R? + (so + R)? — 2R(so + R)cosọ and 4; = y R? + (si — R)? --2R(s; — R)cosọ (2) 


Using cos ¢ & 1 gives 


= \/R?2 + (s, + R? —2R(so + R) = V R2 + s2 + 2Rso + R2 — 2Rso — 2R? = V82 = so 


n2 1 / nes; N1 So nı n2 n2 — N41 
( doe 


Si So 


and similarly, £; — s;. Thus, Equation 1 becomes “4 bo R 
So Si 


(b) Using cos 9 ~ 1 — $9? in (2) gives us 
fo = AJ R? + (so + R)? — 2R(s, + R)(1— 19?) 
= y R? + 823 + 2Rso + R2 — 2Rso + Rs,9^ — 2R2 + R29? = y 832 + Rsoq? + R29 


Anticipating that we will use the binomial series expansion (1 + x)” ~ 1 + ka, we can write the last expression for Zo as 


o4f/ 1+ e( “+5 => ES similarly, £; = 8iq/ 1 (2 . Thus, from Equation 1, 


1284 1180 ) 


UM ee 


ni£5! + nob; E 


zu nr 
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R RY)? m m2 NN 
1 1 
sez rail ts 9s s 


mfi fk RNJ mh. R RN 
R s; s R ' S) 82 


Approximating the expressions for £; ! and £ ;! by the first two terms in their binomial series, we get 


ni R mis n2 R R 
sw E a a) 


nig? R 


So " 2R Ns 
+ 
So 


ni n no; m , mg? RE dee NL R ERN me?(R RE 
i s2 2 2R \si s? 2s; (si 3 


i 


Tii nie? R R? N2 nad? R R? <= ne naQ? R R? Tli nid? R R? 
So 256 (2 T s2 T Si i 2si \ Si s? R e 2R Vsi s2 R g 2R \ so i s2 


c 
n-m mËf(R RN\(1,1\ e (R_ R\(1 1 
R 2 So 32 R 2 Si s2 R si 
_m-m mR (1, 1\/1,1\ né? (1 1\/1 1 
R 285 R` So R` So i 28; R si R si 


2 2 
-mm (qug | Mf LL ma fl 1l 
= R v E *ze(m Si 


From Figure 8, we see that sin 9 = h/R. So if we approximate sin ¢ with ¢, we get h = Rọ and h? = $? R? and hence, 


Equation 4, as desired. 


35. (a) If the water is deep, then 27d/L is large, and we know that tanh x — 1 as x — oo. So we can approximate 


tanh(2zd/L) z 1, and so v? = gL/(2n) & va /gL/(2n). 


(b) From the table, the first term in the Maclaurin series of 


n ee) Pu 
tanhz is x, so if the water is shallow, we can approximate 
0 tanh z 0 
tanh 274 4 SO ee s gL , 2nd © v gd. 1 sech? x 1 
L L 2r L 
2 —2sech? x tanh z 0 
3 | 2sech? z (3tanh? x — 1) —2 


(c) Since tanh x is an odd function, its Maclaurin series is alternating, so the error in the approximation 


n 3 3 
anh tanh 27 s Ri Ti is less than the first neglected term, which is If {Pl EJ = 5 (=) ; 


If L > 10d, diens 2nd in : 2T 1Y ul so the error in the approximation v? — gd is less 
SAL 3 10) 375 i x: 


gL T? 
than —— - — e 0.0132gL. 
Aer dy ^ 001329 
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36. First note that 


T 2 
AVEF- d) 2 2| VP +e 


[ R? R? 
=2|(a+ 2 e) d| x : 


2 
since for large d the other terms are comparatively small. Now V = Inkeo (Va? + R? — d) x ied 


d 


approximation. 


37. (a) L is the length of the arc subtended by the angle 0, so L = RO => 
0 = L/R. Now sec0 = (R+ C)/R => RsecO=R+C => 


C = Rsec0 — R = Rsec(L/R) — R. 


(b) First we'll find a Taylor polynomial T4 (x) for f(x) = seca at x = 0. 


n f (a) FO) | 
0 sec x 1 
1 sec g tan x 0 
2 sec z(2tan?z + 1) 1 
3 sec x tan z(6 tan?z + 5) 0 
sec z(24 tan*zx + 28 tan?2 + 5) 


CzR 


url LY 5 LM 
2A R 24V R 


(c) Taking L = 100 km and R = 6370 km, the formula in part (a) says that 


C = Rsec(L/ R) — R = 6370 sec(100/6370) — 6370 ~ 0.785 009 965 44 km. 


p. BB 100? 5-100* 
The formula in part (b) says that C ~ oR + JAR ^ 3.6370 + 24- 63708 & 0.785 009 9577 36 km. 


The difference between these two results is only 0.000 000 008 08 km, or 0.000 008 08 m! 
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38. (a) 4,/ — zp 4,/— T [1 + ( ? sin ?g)] A dx 
TRE qz 
1.3 y; X85 5 
=4,/= T h-z (-e sin ^g) + LX CE sin 2) — 233 (- sin’ z) +o [as 
IL 1-3\ 4.4 1-3-5\ 6.6 
=4 ——— en 
zy “b+ )e sin tot (3) sin ot (33) sin x + dx 
Lim 1 1 r 1-3 1.3 r 1-3-5 1-35 m 
=4 | A k? cot Wy eec qt À ko 4... 
HE GG z) “(HIG z) GEH 5) 
[split up the integral and use the result from Exercise 7.1.56] 
[L 12 4. 232745 GE oe 
(b) The first of the two inequalities is true because all of the terms in the series are positive. For the second, 


[É 12,4. 19:3? 4. Ee a 9 1882 77 4 
T = 2n g m tg" tag." 22.42.67.82" T 


<an [ede pedi pes] 


The terms in brackets (after the first) form a geometric series with a = tk? and r = k? = sin? ($60) «1 


IL k?/4 [L 4-3k? 
< . 
So T < 27 F |. =|= 2m J 4-— 4k 


(c) We substitute L = 1, g = 9.8, and k = sin(10? /2) ~ 0.08716, and the inequality from part (b) becomes 


2.01090 < T < 2.01093, so T ~ 2.0109. The estimate T zz 2 4/ L/g ~ 2.0071 differs by about 0.2%. 
If 09 = 42°, then k z 0.35837 and the inequality becomes 2.07153 < T < 2.08103, so T zz 2.0763. 


The one-term estimate is the same, and the discrepancy between the two estimates increases to about 3.4%. 


39. Using f(x) = Tn(x) + Rn(x) with n = 1 and x = r, we have f(r) = Ti(r) + Fa(r), where T3 is the first-degree Taylor 
polynomial of f at a. Because a = £n, f(r) = f(zx&) + f'(z&)(r — £n) + Fa(r). Butr is a zero of f, so f(r) 20 


and we have 0 = f (£n) + f'(zx&)(r — £n) + Fa (r). Taking the first two terms to the left side gives us 


1 "y = = Lord 1 f(x) _ Ri(r) , 
f'(an)(an — r) — f (an) = Ri(r). Dividing by f' (£n), we get £n — r c) Pay. By the formula for Newton's 


method, the left side of the preceding equation is x41 — r, so |an41 — r| = | 


) . Taylor's Inequality gives us 


|Ri(r)| € H zu r)| |r — £n|?. Combining this inequality with the facts | f” (x)| < M and | f’ (x)| > K gives us 
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APPLIED PROJECT Radiation from the Stars 


SrhcA-? m a 
ene/(AkT) 51 — eb/T) — 


1. If we write f(A) = "E then as A — 0°, it is of the form oo/oo, and as \ — oo it is of the form 


0/0, so in either case we can use l'Hospital's Rule. First of all, 


a (—5A~°) aT Ac? alU. At 
undi dar bT eb/ AT) c b n eb/ (AT) zm b i eb/ OT) xd 
(AT)? 
Also, i HOE im A BOE im AA? -wT im A 
up UU P Om eee ge e eon 


eb/ OT) 


(AT? 
This is still indeterminate, but note that each time we use l'Hospital's Rule, we gain a factor of A in the numerator, as well as a 
constant factor, and the denominator is unchanged. So if we use l'Hospital's Rule three more times, the exponent of A in the 


numerator will become 0. That is, for some {k;}, all constant, 


: H à AUC Ag : ac^ a ; At m : 1 
inc fem oboli eremi n cB 
: ; ; z? gx) j hc 
. We expand the denominator of Planck's Law using the Taylor series e^ — 1 4- z 4 3j i 3i +... with z = ART" and use 


the fact that if A is large, then all subsequent terms in the Taylor expansion are very small compared to the first one, so we can 


approximate using the Taylor polynomial 71: 


SrhcA 2 SrhcA ^? —  8theAT® 8nkT 


FO) = erora = he 1/he\? 1/ he V? 
1+ sent xr) i zx) HET 


which is the Rayleigh-Jeans Law. 


. To convert to um, we substitute A/109 for A in both laws. The first figure shows that the two laws are similar for large A. The 
second figure shows that the two laws are very different for short wavelengths (Planck's Law gives a maximum at 


A & 0.51 um; the Rayleigh-Jeans Law gives no minimum or maximum.). 


500 2x 10° 


Rayleigh-Jeans 
Rayleigh-Jeans TNR TAM 


30 


0 


4. From the graph in Problem 3, f(A) has a maximum under Planck’s Law at A ~ 0.51 um. 
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5. 1.25 x 10° 1.25 x 107 


Betelgeuse 
LENIN E mr 
2 


Sun 


As T' gets larger, the total area under the curve increases, as we would expect: the hotter the star, the more energy it emits. 
Also, as T' increases, the A-value of the maximum decreases, so the higher the temperature, the shorter the peak wavelength 
(and consequently the average wavelength) of light emitted. This is why Sirius is a blue star and Betelgeuse is a red star: most 
of Sirius's light is of a fairly short wavelength; that is, a higher frequency, toward the blue end of the spectrum, whereas most 


of Betelgeuse's light is of a lower frequency, toward the red end of the spectrum. 


11 Review 
TRUE-FALSE QUIZ 


1. False. See the WARNING after Theorem 11.2.6. 


oo : oo 
2. False. The series 5; n ^"! — YO FCU is a p-series with p = sin 1 ~ 0.84 < 1, so the series diverges. 
n=1 n=1 
3. True. If lim a, = L, then as n — oo, 2n + 1 — oo, $0 a2441 — L. 
n— oo 


4. True by Theorem 11.8.4. 


Or: Use the Direct Comparison Test to show that X` cn (—2)” converges absolutely. 
5. False. For example, take cn = (—1)"/(n6"). 


6. True by Theorem 11.8.4. 


. - 1 3 3 1 3 1 
T. False, since lim Burts lim 3 — lim R 3 HE — lim z= 
n : 1 ! . 1 
8. True, since lim 3| = lim i lim = O-<d. 
n-—oo An n—0o (n + 1)! 1 n-oo TL 1 


9. False. See the paragraph preceding “The Limit Comparison Test” in Section 11.4. 


: 1 -1 x e x” -1 V (-1)" 
10. True, since - = e and e” = $; —,soe = $, 
€ n=0 n: n=0 n: 


11. True. See (9) in Section 11.1. 


12. True, because if X |an| is convergent, then so is $^ an by the contrapositive of Theorem 11.5.3. 


Hl 
13. True. By Theorem 11.10.5 the coefficient of £? is f w = ; => j"(0)- a. 


Or: Use Theorem 11.9.2 to differentiate f three times. 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


1 an = —— 
” Yn 
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False. Let an = n and bn = —n. Then {an} and {bn } are divergent, but an + bn = 0, so {an + bn } is convergent. 
False. For example, let an = bn = (—1)”. Then {an } and {bn are divergent, but anbn = 1, so {anbn } is convergent. 
True by the Monotonic Sequence Theorem, since {an } is decreasing and 0 < an < aı foralln = {an} is bounded. 


True by Theorem 11.5.3. [X (—1)” an is absolutely convergent and hence convergent.] 


An+1 


True. lim 


n—00 An 


«1 = Jan converges (Ratio Test) = lim an = 0 [Theorem 11 2.6]. 


True. — 0.99999... = 0.9 + 0.9(0.1)! + 0.9(0.1)? + 0.9(0.1)? +--- = $5 (0.9)(0.1)^^! = = 1 by the formula 
n=1 


1—0.1 


for the sum of a geometric series [S = a1/(1 — r)] with ratio r satisfying |r| < 1. 


True. Since lim an = 2, we know that lim an+3 = 2. Thus, lim (a443 — an) = lim a5&43 — lim an —2—2-— 0. 


n—oo noo n— oo noo noo 


True. A finite number of terms doesn't affect convergence or divergence of a series. 


False. Leta, = (0.1)" and b„ = (0.2)". Then $5 a, = SO (0.1)" = ee A, 
n=1 n=1 1—0.1 9 
eo oc 0.2 1 ce eo 0.02 1 
bn = :2)^— =-=B, nin = .02)" = ——_ = —, but 
2 D A and d 2 02)" — F900, 40 
AB=}-4=% 
EXERCISES 
aan converges since lim 2+! = lim 2/n* E NT. 
13 2n3 i: ace Lone —os- ke int 42 Z 
gni 9 n . . 9 TL 
Ce RES 9. (3) „50 lim an =9 lim ($)' =9-0=0 by (11.1.9). 
n? n 
Jim Qn = lim Dx im Uni — oo, so the sequence diverges. 
. An = cos(n7/2), so an = 0 ifn is odd and an = +1 if n is even. As n increases, an keeps cycling through the values 


0, 1, 0, —1, so the sequence {an is divergent. 


i « 
— n? +1 


noo 


1 . ; 
"LS [as | — Oas n — co. Thus, lim an = 0. The sequence {an } is convergent. 


inn. Let f(x) = me for x > 0. Then lim f(x) = lim = lim Ug i : 


lng 


Thus, by Theorem 11.1.4, {an } converges and lim an = 0. 
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3 An 3 Ax 
(: + >) | is convergent. Let y — (: + 2) . Then 


1 3 
: .. ln(1-3/z) n |. 1438/2 (-&) 12 
lim ny = lim 4zln(1 =l = l =<] = 12 
2p nye i deia) i e doy a a eee 
3 4n 
lim y= lim (1+3) =e”. 
200 noo TL 
(—10)^ oe 10” — dO 10 109 10- 30 «107 eee 10 ic LON" 
: - . «1 
{ nl converges, since um "EDU PERS 10 lide ar 0 H > 0as n — oo, so 


lim EXE — 0 [Squeeze Theorem]. Or: Use (11.10.10). 


noo n! 


. We use induction, hypothesizing that an-ı < an < 2. Note first that 1 < a» = $ (1+ 4) = 3 < 2, so the hypothesis holds 


for n = 2. Now assume that ap—ı < ap < 2. Then aj, = i(axa +4) < (ax +4) < 3(2 + 4) = 2. So ap < ax41 < 2, 


and the induction is complete. To find the limit of the sequence, we note that L = lim an = lim a&441 => 
n—co 


n— oo 


4 


Then we conclude from Theorem 11.1.4 that lim n^e " = 0. . 


noo 


From the graph, it seems that 121e7 1? > 0.1, but n*e^^ < 0.1 


whenever n > 12. So the smallest value of N corresponding to 


€ = 0.1 in the definition of the limit is N = 12. E y=0.1 


[p=2>1] 
2 3 2 
+1 1 n ; + . 1-1 
Let an = “5 TI and bn = m lim z lim D — = im pm Ds =1>0. 


oo oo 
Since 7 b, is the divergent harmonic series, X` an also diverges by the Limit Comparison Test. 


n=1 n=1 


3 


3 oo 
= lim (1+ Ve = 1 <1, so ` L converges by the Ratio Test. 
n—oo n 5 5 nai 9" 


n a = 


5n+1 ` n3 


noo 


1 
Let b, = . Then by, is positive for n > 1, the sequence {bn } is decreasing, and lim bn = 0, so the series 
JR p quence {bn } g and lim 


—1)" : 
( 1 converges by the Alternating Series Test. 


X 


n=1 n+ 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


CHAPTER 11 REVIEW 1171 


Let f(x) — E Then f is continuous, positive, and decreasing on [2, 00), so the Integral Test applies. 
xz vInz 
oo t 1 1 Int ED Int 
7 f(x) dx = lim dx [e In z, du az] lim u du — lim E Vu | 
2 tooo Jo avVinax x too Jing t—00 In2 
= jim (2 Vint — 2 V2) = oo, 
so the series $7 diverges. 
n=2nVinn 
lim —— = : so lim In 2 = In à £0. Thus, the series 2 In = diverges by the Test for 
segun 3 ues On) ee A 3n41 ed 
Divergence. 
1 1 E= í ; . 
lan| = | - Tum SEHE < aa = G) , SO P» [a4 | converges by direct comparison with the convergent 
geometric series 57 (S) [r = 3 < 1]. It follows that $7 an converges (by Theorem 11.5.3). 
n=1 n=1 


2n 2 2n 


n n 1 1 eo n 
li V/|an| = li t — ]i = li = 1, ————— th 
un Via c HD IEORES| ONIS o IEexz 4 86 0 pega dis Dx De 
Root Test. 
20 anti . 1:3:5----- (2n — D) (2n +1) 5" n! . 2n -1 2 ; 
1 = l ON =, =] —— =-<l th 
aA dm | n=200 5H (n+ 1)! [335-71 esse) Se 
o 1.3.5... 2n — . 
5 sab Cos) converges by the Ratio Test. 
n=1 5” n! 
co (—5)" e 25V" 20 [asaa 25i n?.9^ 25n? 25 
= =. EU .N l —|= 1 aR eae =] ar Who a 1, 
Eni 27 n2 9 d ves Qn eas (n ae 1)? Ont 25" obs 9(n + 1)? 9 e 


so the series diverges by the Ratio Test. 


bn = x > 0, {bn } is decreasing, and lim b, = 0, so the series $` (—1)"^! nae converges by the Alternating 
n—oo n=l 


Series Test. 


_ vati- vrai | 2 


Use the Limit Comparison Test with an = ——— (rationalizing the numerator) and 
T n A ae mer A ) 


oo oo 
= 1, so since È` b, converges [p = 2 > 1], > an converges also. 
n=1 


1 an s 
a. = in —— 
n3/2* n= b, n—co J/n--1-- /n—1 n=1 


Consider the series of absolute values: 57 n—'/3 is a p-series with p = i < 1 and is therefore divergent. But if we apply the 


n=1 
1 oo 
Alternating Series Test, we see that bn = Yn > 0, {bn} is decreasing, and lim bn = 0, so the series Y (—1)"- | n- /? 
TU n— o0 n=1 
converges. Thus, $` (—1)"~1 n713 is conditionally convergent. 
n=1 
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5 \(—1)"~* n| = Y; n^? isa convergent p-series [p = 3 > 1]. Therefore, >> (—1)"-! n7? is absolutely convergent. 
n=1 n=1 n=1 

An+1 (—1)"*!(n +2)3 22m nt+2 3  14(2/n) 3 3 

= A = .2 = : 1 the Rat 
ae | 92n48 Crag) apt a iram a g SL ee the Rätid 
e (—1)"(n +1)3” , 
Test, PE CU Dg is absolutely convergent. 

lim Ve E lim 1/Qvz) — lim ve = oo. Therefore, lim Cp" Yn # 0, so the given series 57 Cv" Yn is 
2—0o lng T1—oo 1/x T1—0oo noo nn n=2 Inn 
divergent by the Test for Divergence. 

oo (=3)t=1 » oo (-3)"7! " oo (<3)"} » 1 99 (-3)-1 1 œ (3 n-1 Hu 1 1 
2, oe lom aS 2 ow 78:248 8A1- 3/8) 

8 11 1 

S Ed cse scd [partial fractions] 
V n(mnda3) £13n  3(n-43) 3 TERCER 

ness E i xu e. l — 1 — : (telescoping sum), so 

"Cà 3G43)| 3 6 9 3m+D 3m+2) 343) Er ara 

ico) 1 1 1 1 11 

= Pe eee epee ee 
IS NURES) LOC Be oe 
Y [tan !(n--1)— tan ! n] = lim s, 
Eri noo 
= lim [(tan ! 2 — tan ! 1) + (tan ! 3 — tan 1 2) +---+ (tan (n +1) — tan! nj] 
= lim [tan (n -1)-tan'1]-2 2-222 
co (—1)'-" ge 21 m 2 | Vn V? Jm. oo "E d 
AM os 1 : 1 ; = = ES 
3 m) lC Ga gee = SY" m vs See.) since vnam ec oa 
for all x. 
2 3 4 n n n 
€ € € EE Werner me) o.oo ree 
lego a ge cy E ET E mp7 sincee = Seog DUIS. 
M 326 | 326 326/10? 417 326 416,909 
4.17326 — 4.17 Ee = 4.174 | = 
5 105 d 108 1 — 1/108 100 99,900 99,900 


cosha = (e? + e7?) = 102 T Ey c) 


n= n! n=0 n! 
eat ee cc os Gog cu ce 
2 2) 3! 4 20, 3! — 4 
1 a? a^ lus Se 1 2 
(115 ra Ft alt ge Fi ay = lta" for all x 
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oo 
34. Y, (Inz)" is a geometric series which converges whenever |Inz|<1 => -1«lnz«1 > e™<gr<e. 


n=1 
co (—1)" 1 1 1 1 1 1 1 
35. 1 | 
= n5 32 T 243 1024 T 3125 7776 16,807 32,768 T 
. 1 oo a 7 (-1)"7? 
S bg = — 0.000031, es > z 0.9721 
ince ?s = 8s = 32768 ^ >, 2 a 
Se tb 1 1 eS 
36. (a) s5 = p» rs 1+ 26 Tec B6 & 1.017305. The series Èz converges by the Integral Test, so we estimate the 


oo —5 —5 
remainder Rs with (11.3.2): Rs < f EE | T | cec 0.000064. So the error is at most 0.000064. 
5 5 


xê 5 5 
?? da 1 1 a 
(b) In general, Rn < — = —. Ifwe take n = 9, then sg ~ 1.01734 and Rg < —~ 7 3.4 x 107°. 
wc go Dn» 5.95 
So to five decimal places S Teosed y 1.01734 
à i n=1 n5 B n=1 n? aS, : 


Another method: Use (11.3.3) instead of (11.3.2). 


37. 2 215 N Qu LIE &: 0.18976224. To estimate the error, note that 215 « pe so the remainder term is 
Rs = S l < S bonu e 6.4 x 1077 [geometric series with a = 4 andr = i] 
2+5 vB c qe 57 s. 
20 [andi . (n4-1)"*! (2n)! ; (n 4- 1)" (n 4- 1)! n+1\" 1 
38. l ze = 1 = 1 
e ges | nee [X(n4-1)l n^ | «e (n+ Ynt Dn ^X n ) 208n-41) 
1\" 1 
EI 14 = = 1 
jim ( | 2) eyo 
so the given series $^ ——— converges by the Ratio Test. 
qu (2n)! 
(b) The series in part (a) is convergent, so im à, = lim Qn) = 0 by Theorem 11.2.6. 
noo qn): 
A o 1 (23)a, n4 
39. Use the Limit Comparison Test. lim - — lim = lim {1+-}]=1>0 
n-—oo Qn noo TL n-—oo 


: ; . 1 
Since Y^ |a,| is convergent, so is $7 | (==) an 


, by the Limit Comparison Test. 


n+l 2rn 1 oo n 
40. lim |“? lim x 7 DES rs lim zT coe = lel so by the Ratio Test, X` (—1)” =Z 
n—oo An n= (n + 1) 5n+1 zn n—oo (1 + 1/n) 5 5 me n? 5n 
; uam nd vs 
converges when kl «1 e |2| «5,so R= 5. When x = —5, the series becomes the convergent p-series }> — with 
=n 


= 2 > 1. When x = 5, the series becomes = ( =v , which converges by the Alternating Series Test. Thus, J = [—5, 5]. 
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«1 e |r42| «4, so R= A. 


|z 4- 2j" n4" | 


lim ; n |c-2|| JEt] 
I n— oo (n+ 1) 4n+1 ja + 2|” noo = 


n+1 4 4 


E 2)” 
|r--2] «4 & -4<442<4 © -6 < x < 2, Ifw = —6, then the series $3 C2 becomes 
n=1 


eo 4)" co (—1)” 1 ; 1 : : . 
> ( 2 =) (=) , the alternating harmonic series, which converges by the Alternating Series Test. When x = 2, the 
n=1 M P n=1 n 


: ; y eo T ; . 
series becomes the harmonic series 57 2 which diverges. Thus, I = [—6, 2). 
n=l 
. an+1 : 2+1 (g copre. a) ; 2 . & 2" (x— 2)” 
l = l ———————  — = 1 — 2| = 0 < 1,soth —————— 
dm s lim CEST Tz = 2)" jim, [3 |= — 21 = 0 < 1, 80 e series 5; CERE 


converges for all x. R = oo and I = (—o0, oo). 


2 9ncl = n+l TL 
lim |27*1| = lim pcm UNES. [a eaa epic eee pen a erp e jz — 3| « 4, 
noo An n—oo Vn 4-4 2n(xy — 3) n—oo n+A4 


R=-1 3 1 1 3-1 5 7 F Uh ee 27(z—-3)" 
soR—53.|rv-3| «3 & -$3«rc—3«$ € $«mrc«i.Forz- $, the series >> 


n=1 vn 4-3 


(eT 
n+ 


becomes 


oo 


oo 1 1 
>, yn+3 2, ni/2* 


which diverges [ p= i < 1] , but for z = 5, we get >> , Which is a convergent 
n=0 


alternating series, so 7 = [3, 2). 


An+1 


oo 
lc ae ta 
. For 2 (nl)? x > lim 


= lim 


n-—oo 


manr Goei wie arar 4 


a (n!)? .. (2n+2)(2n+1) 


To converge, we must have 4|r| <1 = |2|<4,soR=4. 


n [ € [OR 
0 sin £ i 

1 COS x MS 

2| —sinz -i 

3 | — cosx — A 
4 sin x i 
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46. 
n f(a) fe (8) 
0 cos x i 
l| -sing mS 
2 | — cosg -i 
3 sin x 3 
4 cos £ i 
u(t (3) (= (4) (= 
serpere 2 eg  -3 IC 
TANS 3 3 2! 3 3! 3 4! 3 
1 1 TW 1 TM J/3 T 1 TAS 
-i| 26-3) hae a) |- 3 -6-9*36-3) E | 
12 1 m^ y3 2 1 qnl 
Mera e- 9" E E ener o5) 
2 4| (2n)! vou TuS A (2n + 1)! ng 
47 NN ! Sd x)" 5 1)" x” for|e| <1 => HR Y, (-1)" a"? with R=1 
"1er 1-(-2) ££ E l+a 6 n 
oco 2n4-1 
48. tan ! z = Y; (-1)* WENT with interval of convergence [—1, 1], so 
n=0 
j , oo (z2) mtl oo qf? , 
t = —1)” = 7 — , which h i 
an (z^) P ) eT pai ) an i ich converges When [-1,1] z € [-1,1] 


Therefore, R = 1. 


1 1 1 1f 929ymn 1 f 2 a” 1&2 a" 
a E E DE E (=) es Wo ha oe ee si A oer 
den á ib vm » ES a) Exe 4244 (n1) C © 


a. | ids cin — 2) + C and 


1 œ grt! oo uai oo y” 
In(4 | | + C. Putti =0, tC =ln4. 
n(4 — x) i " e C De quic) C 29 Jn C. Putting z — 0, we get C — In 


n 


Thus, f(x) 2 In(4— z) 2 1n4— Y a The series converges for |z/4| <1 ©  |x| « 4, so R= 4. 
n=1 


Another solution: 


In(4 — x) = In[4(1 — z/4)] = In 4 + In(1 — z/4) = n4 + In[1 + (-2/4)] 


=ina+ Y: (aye 2/4" som Table 1 in Section 11.10] 
TU 


n=1 
Side y Cae aad s Es 
ui P» ) n4” » 2l n4” 
on. co a” "P oo (22) P co 9n Pu " oo 9n gett 7 
50. e 24 al 27 x xe ee xi 2 EOM R= oo 
. oo (-1)* qnt . 4 oo (-1)" (xim H oo ( 1)” q5n*4 . 
51. = = = for all th f 
sing 2 Oni sin(x“) 2 (Qn +1)! 2r Qn 4- D! or all x, so the radius o 


convergence is oo. 
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A. = x” & (nios — & [n10] 2 (a0) 2” u 
e ae n! zd DELE. zi n! 2 n! $ RERS 
1 1 1 —1/4 
f(z)—-4 = = ya = $(1- 362) 
= Z J4 2 16 
vV16-z VA6(1— x/16) 4/16 (1 - 52) 
be E ( 2, EDE EDE eri a 
2 4 16 2! 16 3! 16 
|. 1 co 1-5-9.. (4n—3) , 1 oe 1-5-9-----(4n—3) n 
2 tE 2.4”. n! - 16^ 2 tE 26nt1 n! 


for -2| <1 & |2| « 16, so R — 16. 


=1+ for |-32|<1 © |a|<4,s0oR=H. 
! 3 3 
n=1 n: 
oo Pu e? 1x Pu oo g”! i gr} 1 co "um 
A s T = pe pam | d 
° às n! a T A n! A n! MSS » n! a > n! x 
e? oo qz" 
— dz = C + In|x ; 
f x ab Te) 2 n-n! 


n=0 3! 
ae ae ee p E Or Ge 
=1+52 qu + gt 
1 431/2 ES 1. 2.5 1,9 1.13 1 , 1 1 1 
so fy (1+ 2^) /* dz [z+ 5T 727 + sos? "Is 1+ ig — 73 + 308 


This is an alternating series, so by the Alternating Series Test, the error in the approximation 


Jol +04)'/? dz = 1+ 45 — d © 1.086 is less than 5L, sufficient for the desired accuracy. 


Thus, correct to two decimal places, fo + a*)\/? dx = 1.09. 


(a) Vex Tet) e 14 2 @-1)-*4 @-17+ Be 

n| f(a) f?) 1! 2! 3! 

1/2 —-1-4i(z-1)-i(z-1)-4(z-1»y 
0 x 1 = 2 gt 16 7 

—1/2 
TS gee 3 (b) 15 
2 -ig 3/2 -t 
3| 2x09 2 

—7/2 
a] ee | -m 
a 2 
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(c) | Rs (x)| € ale —1|*, where |; ()| < M with f(x) = -Ba/?. Now0.9<a2<11 => 


15 


—01zz-1x01 => (x- 1) < (0.1)*, and letting z = 0.9 gives M = T6(0.9)77” so 


15 


epe e 48 ~ 0. at 1075. 
|< 16(0.9)7/2 4! (0.1) 0.000 005 648 z 0.000 006 = 6 x 10 


|Rs(x) 


(d) 5x107% 
0. 


2 


58. (a) seca ~ T2(x) 2 14- im 
0 sec x 1 
1 sec g tan £ 0 
2 sec x tan? x + sec? x 1 
3 sec x tan? x + 5sec? g tan x 0 
b 1.2 
(b) g 
T, 
D onm 
0 iJ T 
0.9 6 


(c) | Ra (x)| € 5 ||*, where p? (x) < M with f® (x) = sec x tan? x + 5sec? x tan x. 


14 


3 
Now0zzz$ > z?« (4), and letting x = $ gives M = Iz so |Rə (x)| € —— (2) zx 0.111648. 


3-6 


0 6 
oS 2n41 3 5 7 3 5 7 
a X x x x . x x x 
59 ee x 1) Qn +1) £ 3l + 5i 7 - <., SO SINT T 3l + 5l 7 Lee and 
sinz—-z 1 a^ at, Thus lim 822 —9* = lim 1, 2 o x^ 4 T. 
z3 3 5g 7 ; 'i0 z3 — z—0V 6 120 5040 00 
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From the graph of |R (x)| = |/z — T3 (x)|, it appears that 
the error is less than 5 x 107° on [0.9, 1.1]. 
9 1.1 
0 


From the graph of | R2(x)| = |sec x — T2(x)|, it appears that 
the error is less than 0.02 on [0, £l . 


1177 


1178 CHAPTER 11 SEQUENCES, SERIES, AND POWER SERIES 


R? ONE D P 
60. (a) F = ED = (DENIS = mg 22 ( " (x) [binomial series] 
(b) We expand F = mg [1 — 2(h/ R) 3(h/R)? zs ]]. 0.015 


This is an alternating series, so by the Alternating Series 
Estimation Theorem, the error in the approximation F = mg 


is less than 2mgh/R, so for accuracy within 1% we want 


2mgh/ R 2h(R + h)? 
— 0.01 —————— .01. 
man? | < s a «00 ; 


This inequality would be difficult to solve for h, so we substitute R = 6,400 km and plot both sides of the inequality. 


It appears that the approximation is accurate to within 1% for h « 31 km. 


n=0 n=0 n=0 
(a) If f is an odd function, then f(—x) = — f(x) X (-1)"e,x" = M —cnx”. The coefficients of any power series 
n=0 n=0 
are uniquely determined (by Theorem 11.10.5), so (—1)" cn = —cn. 
If n is even, then (—1)" = 1, so cn, Cn 2cn = 0 Cn = 0. Thus, all even coefficients are 0, that is, 
CQ — C9 — C4 =:::=0. 
(b) If f is even, then f(—2) = f(x) D (—1)” cnr” = ` cena” => (-l)'es. = cn. 
n=0 n=0 
If n is odd, then (—1)” = —1, so —c, = Cn 2c, = 0 Cn = 0. Thus, all odd coefficients are 0, 
that is, c1 = c3 = C5 = --- = 0. 
eo qe 2. 29 (g?)" oo gn c Ta 
62.67 — 3] — = f(zm)-e =>> = $ — = M — x”. By Theorem 11.10.6 with a = 0, we also have 
n=0 n! n=0 n! n=0 n! n=0 n! 
EC EIU ; ; = feo) 1i (an) ny _ (2n)! 
f(x) = 2s got Comparing coefficients for k — 2n, we have "Un" ua => f“™(0)= T 
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i ; 2tan0 1 — tan? 0 
1. (a) From Formula 15a in Appendix D, with x = y = 0, we get tan 20 = ID so cot 20 — Au 
2cot 20 — 1—tan^0 = cot 0 — tan 0. Replacing 0 by +x, we get 2cot x = cot 4a — tan 1v, or 
=“ tan 0 ~~ : p. 8 y 5 ^ g mn 2 25 


tani jt = cot 5 ly — 2cotz. 


(b) From part (a) with 5 in place of z, tan == = cot = — 2cot = 
ae tan(r/2) 4 tan(«/4) x tan(r/8) deed tance?) 
2 4 8 
cot(z/2) cot(r/4)  cot( CP) cot( CIS) cot(x/4) 
= | ——— —cotr| + 
2 4 4 
n n— Lj n 
, [cot(z/2^)  cot(z/2"77) Hmm cot(x/2") 
2n 2n— ~ 9n-1 2n 
cot(r/2") ^ cos(z/2") _ cos(z/2") z/2 E. $i 1 "T 
x 


Now? EE eee ee 
a 2n 2” sin(x/2") x sin(a/2”) 
for x Æ 0. Therefore, if x 4 0 and x Z kr where k is any integer, then 


oo» d 1 
»» ganz = lim sn = lim (cote + get 


If x = 0, then all terms in the series are 0, so the sum is 0. 


x 


2n 


2. |APo|? = 2, |APs|? = 2 - 2, |APal? — 2+ 2? + (22), |APS? — 2 - 2? + (22)? + (23)? ... 
|AP,|? =2 +2 + (27)? +--+ 4+ (27-2? [forn 23] —2- (4447 +4 4--- 44-7) 


1 x 
, So the nth partial sum of pu LB; tan = is 


2n 


[telescoping sum] 


> oo since z/2" — 0 


) 1 
=—cotx+ — 
x 


4(4"~? —-1 41-4 2 4"! 
=2+ — [finite geometric sum with a — 4, r — 4] $ + 3 Ei + 3 
Pr n ash nl 
So tan LPa APn+1 = | Pa Pasil = 2 = E = i V3 as n — oo 
|AP;,| / qu V2 qe / NEN 
DRE 303g 3.45173 
Thus, 7PnAPn+1 > $ as n — oo. 
3. (a) At each stage, each side is replaced by four shorter sides, each of length 
$0 — 3 Lo =f 
1 of the side length at th ding stage. Writi d £o for th 
3 of the side length at the preceding stage. Writing so and £o for the ard. voi 
number of sides and the length of the side of the initial triangle, we $2 53.42? | b 2 1/2? 
generate the table at right. In general, we have sn = 3- 4" and s3 — 3.4? | (3 = 1/33 
t= (a) 5 so the length of the perimeter at the nth stage of construction 


is Pn = Snbln —3- 4^ ()^ =3- ($)". 


4” 
3n-1 


4\" 1 
(b) pn = -4(5) ‘ Since $ > 1, pn — oo as n — oo. 
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(c) The area of each of the small triangles added at a given stage is one-ninth of the area of the triangle added at the preceding 
stage. Let a be the area of the original triangle. Then the area an of each of the small triangles added at stage n is 


1 . : i : ; 
Qn =4: — = —.. Since a small triangle is added to each side at every stage, it follows that the total area A,, added to the 


9n gn’ 


n—1 
figure at the nth stage is An = s, 1: a, =3-4"'- "2 =a: ST Then the total area enclosed by the snowflake 
; 1 4 4? 4? s 
curve is A = a + Aı + Ag+ Aa ----—a-a- 3 +a. 33 +a: 35 +a. 37 + ---. After the first term, this is a 


: À : . 4 a/3 
geometric series with common ratio 9° soA=a+t po 
| 9 


x . But the area of the original equilateral 


zy s V8 28 


; TUA ; 1 , : 
triangle with side 1 isa = 3 1-sin rime So the area enclosed by the snowflake curve is ES 5 


1 
man M, n = 0, and 


4. Let the series S = 1+ $ +4 + 4+4 titi + +. Then every term in S is of the form yg 


furthermore each term occurs only once. So we can write 


oo mor i oo. or E Sov op, coms P] 1 1 
S= = MAR ae Em -— p 
24 ies 24 2 om 3 E ED 1-i 1-3 : 
5. (a) Let a — arctan x and b — arctan y. Then, from Formula 15b in Appendix D, 
tnat) tana — tanb tan(arctan x) — tan(arctan y) z—y 
an(a — b) = = = 
1+tanatanb 1+ tan(arctan x) tan(arctany) 1+ zy 
Now arctan zx — arctan y = a — b = arctan(tan(a — b)) = arctan TTY since -$«a-b«35. 
(b) From part (a) we have 
120 -i 28,561 
arctan 120 arctan z5 = arctan — 120 239^ — arctan E = arctanl = f 
1+ 355 335 38,441 
. * z + y 
(c) Replacing y by —y in the formula of part (a), we get arctan x + arctan y = arctan 1 . So 


icq 
= + = 
1-3 i 1) _ 55 . 5 — 5 5 
4arctan z= 2(arctan = t arctan i) — 2arctan [acr qe 2arctan 75 = arctan 45 + arctan 45 
55 
5 5 
fa 4E + ens 
= arctan —2 12.. = arctan 129 
dux, 55 25s 119 
12 ` 12 
js dix es 120 _ 1 mx 
Thus, from part (b), we have 4 arctan g — arctan 555 = arctan 415 — arctan 335 = F 
3 5 7 9 11 
zr zr £ zr £ 
(d) From Example 11.9.6 we have arctan x = x 3 5 7 + 9 Ti +, SO 


ae ee ee E jo cde. al 
5 3.55 5.55 7-57 9.59 11-51 


This is an alternating series and the size of the terms decreases to 0, so by the Alternating Series Estimation Theorem, 


the sum lies between s5 and se, that is, 0.197395560 « arctan i < 0.197395562. 
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1 1 1 1 
F th les i t t t +++, The third t is less th 
(e) From the series in part (d) we get arctan 239 ^ 239 3.2395 + 5.2395 e third term is less than 


2.6 x 10-55, so by the Alternating Series Estimation Theorem, we have, to nine decimal places, 


arctan zig & so £2 0.004184076. Thus, 0.004184075 < arctan 3 < 0.004184077. 


= 1 1 
(f) From part (c) we have m = 16 arctan = — 4 arctan zs, so from parts (d) and (e) we have 


16(0.197395560) — 4(0.004184077) < m < 16(0.197395562) — 4(0.004184075) = 


3.141592652 < m < 3.141592692. So, to 7 decimal places, 7 ~ 3.1415927. 


6. (a) Let a = arccot x and b = arccot y where 0 < a — b < m. Then 


1 1 


LU e 
iaces 1 Irene). cua coth * , cota cot b 


tan(a — b) tana — tanb cota cot b 


cota  cotb 


. 1+cotacotb 1-4 cot(arccotr)cot(arccoty) ^ 1+ zy 
= cotb— cota  cot(arccoty) — cot(arccotz) ^ y-—c 


ub 


1 : 
Now arccot x — arccot y = a — b = arccot(cot(a — b)) = arccot Y since0 « a — b « r. 
y—c 


TU Notethatl--zy — n?- n4 1 e 


1 
(b) From part (a), we want arccot(n? + n + 1) to equal arccot = 


zy =n? +n = (n + 1)n, so if we let z = n +1 and y = n, then y — x = 1. Therefore, 


1- n(n- 1) 


TEEN = arccot n — arccot(n + 1) 
n —n 


arccot(n? +n + 1) = arccot(1 + n(n + 1)) = arccot 


Thus, we have a telescoping series with nth partial sum 


Sn = [arccot 0 — arccot 1] + [arccot 1 — arccot 2] + - -- + [arccot n — arccot(n + 1)] = arccot 0 — arccot(n + 1). 


Thus, Y; arccot(n? +n -- 1) = lim s, = lim [arccot 0 — arccot(n + 1)] = 2 -0 = 2. 


n=0 noo n— oo 


2 — , 
7. We want arctan( =) to equal arctan m V. Note that 1 + ay — n? zy =n? — 1 — (n+ 1)(n — 1), soif we 
n E 


let x = n + 1 and y = n — 1, then x — y = 2 and zy # —1. Thus, from Problem 5(a), 


2 r—y 
arctan — arctan 
n2 1+ 


» arctan( =) ASS attan acl) ascent Say 


= arctan v — arctan y = arctan(n + 1) — arctan(n — 1). Therefore, 


k 
= Y; [arctan(n + 1) — arctan n + arctan n — arctan(n — 1)] 
n=l 


k k 
= Y, [arctan(n + 1) — arctan n] + J` [arctann — arctan(n — 1)] 
n=1 


= [arctan(k + 1) — arctan 1] + [arctan k — arctan0] [since both sums are telescoping] 
= arctan(k + 1) — $+ arctan k — 0 


[continued] 
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10. 


k k 
Now pM arctan( =) = lim 2 arctan( =) = Jim [arctian(k +1)- F + arctan k| LI 5 — F + 5 = —. 


Note: For all n > 1,0 < arctan(n — 1) < arctan(n + 1) < 5, s0 —$ < arctan(n + 1) — arctan(n — 1) < 5, and the 


identity in Problem 5(a) holds. 


. Let's first try the case k = 1: ao +aı = 0 ay ao 


lim (ao /n + arn + T) = lim (ao y/n — aov/n + 1) = ag lim (Jn — Vn + 1) Un 
n-—oo noo n—2o0o TU 


In general we have ao + a1 +--- + aj — 0 Ap = —ag — a, — +++ — Oki 
lim (ao /n taivnF1+a2x/n+24+-+-+anr/n+k) 


= lim (ao /n + aay/n +I +- c aki v/n 3- k I — aov/m 4- k aVvn+k—--:- axi v/n 4- k) 
= ao lim (vn-vntk)+a lim (vnt — Vn k) + + ak lim (Vn+k—-1-Vn+k) 


Each of these limits is 0 by the same type of simplification as in the case k = 1. So we have 


Jim (aov/n + ai /n - 1 4- a2 /n 2 4 -- E akv/n d k) = ao(0) + a1(0) +--+ + ax-1(0) = 0 


. We start with the geometric series $5 x” = LT |x| « 1, and differentiate: 
n=0 E 
eo d (4g d 1 1 oe em x 
n—1 n n n—1 
eee z = f 1 = Sat 
Zoo a (aa) gets? EeEeU-W» 
for |x| < 1. Differentiate again: 
ca E d x (1 — z)? — z-2(1— x)(—1) x+1 E ete 
2,,n—1 2 yn 
————— Se SS = — 
An dz (1— a)? O-z) CEE DU E 
> po ones: d x+a  (1-z)j(zr1)-(z +x)3(1-— x) (1) x? +4241 
24 dx (1 ay Q- z) (z) 
22 r? +4e? +a 
Y nba” = Gene? |x| < 1. The radius of convergence is 1 because that is the radius of convergence for the 
n=1 a 
geometric series we started with. If 2 = +1, the series is Y n? (2-1)", which diverges by the Test For Divergence, so the 


interval of convergence is (—1, 1). 


Place the y-axis as shown and let the length of each book be L. We want to Y^. a 
show that the center of mass of the system of n books lies above the table, NE D s r9 
that is, x < L. The x-coordinates of the centers of mass of the books are La = 
aS ie E nem Z | E | b ando on. L 
2 2(n—1) 2 2(n—1) 2(n-2) 2 2 


[continued] 
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Each book has the same mass m, so if there are n books, then 


= _ mxic MT +: EMIn _ £1 +22 +: Xa 


zr" xz ^ Uoc amu, tt 
ds ( ) ( L L 5) 
L L E al 
(zm 2n-23)" rtg" z| 
-H tetit E [e nitt -4< 


This shows that, no matter how many books are added according to the given scheme, the center of mass lies above the table. 
It remains to observe that the series i + + + i + i te = i >> (1/n) is divergent (harmonic series), so we can make the top 


book extend as far as we like beyond the edge of the table if we add enough books. 


1. m(1- =) =0(= = J M aa = In[(n + 1)(n — 1)] - Inn? 


TV TV TU 


= In(n + 1) + In(n — 1) - 21nn = In(n — 1) - Inn — Inn + In(n + 1) 


n—1 n 
In [Inn — In(n + 1)] = In - eT! 


k 1 n—1 n 
= — — = A > 
Lets; = 55 In (: >) X c In no z) for k > 2. Then 


n=2 n=2 n 

1 2 2 3 k—i k 1 k 
s= (in - m$) «(n$- m1) e (m E ngs) Ing Bri 
5 In{ 1— Eve lim sj = lim lái — ln 5 ín l1n1—1n1—1n2— n1 In 2 (or In 4) 
n=2 n? RNS ar Sd 2 k--1 = 2 "E Pd 


12. First notice that both series are absolutely convergent (p-series with p > 1.) Let the given expression be called z. Then 


io 3X3 qp. d 1 1 1 
1 2. zi fi 2. e 
rcm wi ee ae, DE 
2» | 3P 4P 2» 3» 4p 
ds 1 1 
(i-zz-£* )*( p tO ) 
= F 1 1 
Um sot 
2 t—RL—c.L ml ag tee 
= 2» 4» 6» 8 Er in 22 3e e =14+21? 
A a EU IRAE IRA 7 ae us. Tae 
2» 83» 4 2» 3» 4P 
1 
Therefore, x = 1 + 217?x r—2'?z=1 z(1—217?)-1 Tc 
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13. If L is the length of a side of the equilateral triangle, then the area is A = iL . uS = 3p? and so L? = aA. 


[o 


Let r be the radius of one of the circles. When there are n rows of circles, the figure shows that 


L 
L=V3r+r+(n—2)(2r)+r+ V3r 2 r(2n - 2-23), sor = ————EF——. 
2(n + V3 — 1) 
; ; n(n + 1) f . 
The number of circles is 1 + 2+---+n= d and so the total area of the circles is 
zb 2 
An — n(n-* 1) UID RE. * o. s 3 JX 
2 2 4(n+ V3 — 1) 
n(n + 1) 4A/ V3 n(n+1) 7A A) 


UU Uni a A XD 
An 0 n(nt1) m. XXX 


A (n+ VS-1) 28 E 


1+1/n Lx 
asm — oo Jar r 2r 2r or 3r 


[+ (v3-1)/n] 2/8 2v3 I L J 


N 
= 


(n — 1)(n — 2)an-1 — (n — 3)an-2 


, we calculate the next few terms of the sequence: 


14. Given ao = a1 = 1 and an = 


n(n — 1) 
asc 1-0-a4 — (—1)ao = 1 ds 2. 1-az2—0-a — 1 PT 3-2-a3—1-a2 = 1 It seems that a, — 1 
os 2.1 E us 3-2 NN tees 4.3 ~ 24 "om 
: ; ; ; 1 1 
so we try to prove this by induction. The first step is done, so assume a; = a and ap—1 = T- D Then 
k(k — 1) k—2 
k(k — 1)ay — (k — 2)ax—1 k! (k — 1)! (k — 1) — (k — 2) 1 ; TE 
à oS oe — —— — — . and the induction is 
Wie (k 4- 1k (k 4- Dk [kc1)4)(k—1) (k+! 
co oo 1 
complete. Therefore, 5; an = 5, — =e. 
n=0 n=0 N: 
15. (a) 1 The x-intercepts of the curve occur where sing —0 & r-mm, 
n an integer. So using the formula for disks (and either a CAS or 
0 40 sin? z — i(1 — cos 2x) and Formula 99 to evaluate the integral), 


the volume of the nth bead is 


zu Vn =T nup (e-*/? sin x)? dz = T fenir e 7/5 sin? z dz 
— 2507 Came = er) 


(b) The total volume is 


"fu e 5 sin? rde = V Va = 2507 D HR — e7”7/5] = 299  [telescoping sum]. 


n=1 


2507 e "7/5 (e m-m/5 — 


M 1), then we recognize > Vn 


n=1 


Another method: If the volume in part (a) has been written as Vn = 
as a geometric series with a = 2997 (1 — e77/5) andr = e77/5, 


101 
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16. (a) Since Pn is defined as the midpoint of P, 4 P3, £n = (vs 4 + £43) for n > 5. So we prove by induction that 


ian + @n41 + n42 + Ln+3 = 2. The case n = 1 is immediate, since i -0+1+1+0 — 2. Assume that the result 


holds for n — k — 1, that is, izkoi Jd £k + Xkq1 + Xk43 = 2. Then for n = k, 


1 1 1 
ZTk + Lk+1 + Le+2 + Le43 = 59k + Lk+1 + Tk+2 + 5 (r+3—4 +2£p43-3) [by above] 


= itki + £k + Cr41 + Xk42 =2 [by the induction hypothesis] 
Similarly, for n > 5, yn = 4 (Yn—4 + yn—3), so the same argument as above holds for y, with 2 replaced by 


iyi y2 t+ ys t ya =4-14+14040 = 3. So dyn + Yn+1 + Yn+2 + Ynys = $ for all n. 


(b) lim ($2n + fn41 + n42 + In+3) = i lim gn + lim £n41 + lim £n42 + lim £n+3 = 2. Since all 


noo 


the limits on the left hand side are the same, we get Z lim z,—2 => lim z,-— £, In the same way, 
n—oo 


noo 


7 4: 3 : 3 4 3 
5 lim Un —5 > lim y» = 2,80 P = (3,2). 


noo noo 


2n4-1 
n 


2n 4-1 


17. By Table 1 in Section 11.10, tan! z = Y; (—1) for |x| < 1. In particular, for x = 
n=0 


1 
—, we 
V3 


NN a! ed „0AT s, ANE 1 


6 g D" s (-1)" s ocu" m CU' 0m 
EPOLOVU LL ALIE ge du ues. SS c etis 
i V8 à (2n + 1)3” xl (2n + 1)3” ve > (2n + 1)3" nai (2n +1)3 23 
18. (a) Using sn = a + ar + ar? +--+ ar"! = AEn 
ih - (-2)™"] 152^ 
1— 2 23 2n—2 2n-1 _ = x 
rdz zr" c FL x 1— (2) Tp 
: 2 3 2n-2 2n-1 11-27" 
© f ü-zez —aq +e H T a d -f dz => 
0 o l+2 
ML UN Un q2n-1 gant l de 7 1 yn PANSA 
2'3 4 "2n-1 2n|, Jo 1+z Jo loc 
ibid. d uo 1 f dx ta ie 
2 3 4 2n—1 2n o l+2 o lc 
1 1 1 1 1 1 1 1 
Since 1 — = = ——,2--2- sete -—= ; f rt (b) that 
Homere Sipa w 34 Wal os ale om part (b) Ma 
1 1 1 ! dg Pe 
det] =— dx. Thus, 
La m (2n — 1) 2n) i IFz l (eee 


+ sere 1 -f dx | __ 
1.2 3.4 (2n — 1)(2n) o lc 


2n 
<a r0 <2 <1], 
x 
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Jne = e ette Stead laris ES Edd b 
te that E et = = = ] rt 
(d) Note a f qn [int va) n2an nr c ET arl o part (c) becomes 
l + ! Tec l —ln2| < ! In other words, the nth partial sum s,, of the given series 
Jum Sud (2n — 1) Qn) 2n 4l ! p A E 
atisfies |sn — In 2| < : Thus, lim sn = 1n2, that i : + : + l + : Te -—1n2 
cnc pq? "eade ner Dew ER quodi dua bag - RR 
: , ge. 23 ot 
19. Let f(x) denote the left-hand side of the equation 1 + PT + 1 + di + 8l +---=0. Ifa > 0, then f(x) > 1 and there are 
z? gt gS 8 
no solutions of the equation. Note that f(—x”) = 1 PT + 4 g + g^ ^70 The solutions of cos z — 0 for 
2 
x < Oare given by x = 7 — mk, where k is a positive integer. Thus, the solutions of f(x) = 0 are x = e mk) , where 


k is a positive integer. 


20. Suppose the base of the first right triangle has length a. Then by repeated use of the Pythagorean theorem, we find that the base 
of the second right triangle has length 4/1 + a2, the base of the third right triangle has length 4/2 + a?, and in general, the nth 


right triangle has base of length Vn — 1 + a? and hypotenuse of length Vn + a2. Thus, 0, = tan! (1 /Vn-1+@ ) and 


e9 1 
Y tan™' (=) . We wish to show that this series diverges. 


oo oo 1 
0, — tan || —————]- 
n=1 >, (= me) n=0 yn +a? 


oo 
First notice that the series p» = diverges by the Limit Comparison Test with the divergent p-series 2 —= 


2 
parejan am Oe = dim = lim | = lim mee 
noo i n—oo 


Sl- 


— 


n—0o (dym (noo n + a? 14 
a l also diverges. Now S tan ! ( l >) diverges by the Limit Comparison Test with Dae = since 
n=0 Vn + a? n=0 vn-ca o vn 
an !(1//n4- a? tan! (1/A/z + a? A 
lim ( / ) = lim ( / ) = lim ten (1/y) [y = Vz a? | 
n—0o 1/4/n + a? 100 1/Va24+ a? y—oo 1/y 
-1 2 
s ANNE MNT 
z—0t z z—0t 
Thus, 5^ 0, is a divergent series. 
n=1 
21. Call the series S. We group the terms according to the number of digits in their denominators: 
S= eid eU dE) ! (aps E) Tische FC Ea) WIE 
—— i < m < m 
gı 92 93 


Now in the group gn, since we have 9 choices for each of the n digits in the denominator, there are 9” terms. 


[continued] 
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1 


ipe [except for the first term in gi]. So gn < 9" - =r = 9(3)"7*. 


Furthermore, each term in gn is less than 


Now = 9(3)"7 is a geometric series with a = 9 and r = 2 < 1. Therefore, by the Comparison Test, 


n=1 


n 2 3 
— = ng” = sse Th 
1 5 ae £ Co + Cix + coz^ + car + en 
T = (1— x — z?)(co + cz + cox? + eaa? +-+) 


£ = corem C2? + caz? + cart + cga? +- 


Cox CLE C2X caz* CAX 


cox? Cit coz Cax? 


£ = co + (e — co) + (c2 — c1 — co)z? + (ea — c2 — ei)a? + °° 


Comparing coefficients of powers of x gives us co — 0 and 


€1— 00 —1 a=cot+1l=1 
€2—0€1— c0 = 0 c@=cat+eo=14+0=1 
c3 — C2 — C1 = 0 C3 =c2t+aq=14+1=2 


In general, we have cn = Cn—1 + Cn—2 for n > 3. Each c, is equal to the nth Fibonacci number, that is, 


Now fü) x os x e c _ Ax /5 _ 40 1 
I ice Fer d-i641 5 per 


The last fraction is the sum of a geometric series with r — HC + IP, which converges when HC + 2d <1 > 


-1< a+ = -—<r+e<— > Kr 


2 
(3 geo xe eu av 19 2 


Maclaurin series of f (x) converges when — R < x < R. (We are finding the radius of convergence of the Maclaurin series 


/5—1 
2 


;) «1 > v5 D a cud m L By Theorem 11.8.4, the 


, which 


of f(x) as opposed to the Taylor series centered at x = i) Thus, the radius of convergence must be R = 


| psi 


ensures the inequality obtained for the geometric series is still satisfied (sine 


2 2 
. . An+1 Cn+1 grt! Cn+1 
Another method: Applying the Ratio Test, we have lim = = lim mm = |x| lim x In 
. . . . TV 1 . 
Exercise 11.1.89(b), the preceding limit was shown to be lim vue D = ¢ (the Golden Ratio). Thus, the 
"n—oo Cn 


1 „5-1 


: ; 1 ; ; 
Maclaurin series of f (x) converges when |x| ó < 1 or |z| < F so the radius of convergence is R = "E 
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(b) Completing the square on x” + z — 1 gives us 


(242«1)-1-12 G3y -5- 2) - BY 


E ee uc MEUM 


2 2 2 


x —zx —2 ; : ; 
So = . The factors in the denominator are linear, 


1—a—<2? tel (v4 1E) (e+ 14) 


so the partial fraction decomposition is 


—2x A B 
= | T A(x + 45%) + B(x + 4%) 
(e+ 4448) (c+ 124) lc M gpa ° i 
Ifa = =, then -= = B /5 B-iX 
EN -1-5 14 VS 
If x 7 2, then z = A(-v5) A= LY. Thus, 
124 v5 1- J/5 14 J/5 2 1- v5 2 
T NNI (IEEE MN NEN TI NEN ENDE 
Doe seu. c bou - Onn 2 ere ten 2 
2 2 2 1+ V5 2 1— v5 
—1/4/5 1/5 1 2 2 hon. ih os 2 
1+ z 1+ x Sac 1+ v5 Bn=o\ 1— v8 
14 75 1- v5 


= Ela) - Gel 


æ | (—2)"(1+ V8)" - (-2)"(1- v5)” 
Em 25 = ( des) = (2) ( v5) z^ [the n — 0 term is 0] 
V5 nat (1-5) (1+ V5) 
i S (-2)" ((1 + v5)” - (1- v5)") : 
(O5 (1—5)* 
1 &l[(1-v5)-(- v5) 
a = (-4" = (-2)"-2"] 
oo 1-V/5) -ü-v5) 
From part (a), this series must equal $7 faz", so fn = Covey ee which is an explicit formula for 
n=1 n 
the nth Fibonacci number. 
E " 3 | zô | Pe | A g z” O Š af 
. u= Pal ten a p E Agro SM p T 


Use the Ratio Test to show that the series for u, v, and w have positive radii of convergence (co in each case), so 
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Theorem 11.9.2 applies, and hence, we may differentiate each of these series: 


du _ 3a? | 62^ | 92^ | Eq Te = 

dx — 3 6! 9! 20 B5 8l 
Sig TCU a CK nn peg a UH UE NN 
” dz 3 6 9! EE 4 7!" 10! 


So u’ = w, v' = u, and w' = v. Now differentiate the left-hand side of the desired equation: 


(u? + v? +w? — 3uvw) = 3u?u! + 3v? v! + 3u?w'! — 3(uvw + wvw + uw’) 
= 3u?w + 3?u + 3u?v — 3(vu? -- u2w + uv?) =0 = 


u? + v? + w? — 3uvw = C. To find the value of the constant C, we put x = 0 in the last equation and get 


18 +0? +0 —3(1-0-0) =C => C-1Lsow? +v? +w? — 3uvw = 1. 


n 1 ; 
To prove: If n > 1, then the nth partial sum sn = X- — of the harmonic series is not an integer. 
i=1 ? 


Proof: Let 2* be the largest power of 2 that is less than or equal to n and let M be the product of all the odd positive integers 
that are less than or equal to n. Suppose that s,, = m, an integer. Then M2*s,, = M2*m. Since n > 2, we have k > 1, and 
hence, M2*m is an even integer. We will show that M2" sn is an odd integer, contradicting the equality M2^s,, = M2*m 
and showing that the supposition that s,, is an integer must have been wrong. 


M2" 


i 


M2" sn = M2* DY-=5 .If1 <i € nand iis odd, then — is an odd integer since i is one of the odd integers 
1 i=l i 


z 
ll 


k 


that were multiplied together to form M. Thus, is an even integer in this case. If 1 < i < n and i is even, then we can 


M2* 2* M MA pied 
write i = 2"l, where 2" is the largest power of 2 dividing i and l is odd. If r < k, then v us ae = ger T which is 


. Z : M : 
an even integer, the product of the even integer 2*-" and the odd integer Y Ifr =k, then] = Lsincel 512122 > 


i = 2*1 > 2.2 = 2**1. contrary to the choice of 2” as the largest power of 2 that is less than or equal to n. This shows that 


k k 
— M,an odd integer. Since 


r = k only when i = 2". In that case, is an even integer for every i except 2" and 
y 8 Ty p 


k 


is an odd integer when i = 2^, we see that M2" sn is an odd integer. This concludes the proof. 
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